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l. INTRODUCTION
Njastad [5], Levine [2] and Mashhour et al [3] respectively introduced the notions of « - open,
semi-open and pre-open sets.Since then these concepts have been widelyinvestigated. It was made clear that
each ¢ -open set is semi-open and pre-open but the converse of each is not true. Njastad has shown that the
family 7“ of « - open sets is a topology on X satisfying z < ¢ “ . The families SO(X, z ) of all semi—open
sets and PO(X,z ) of all preopen sets in (X,z )are not topologies. It was proved that both SO(X,z ) and
PO(X,r ) are closed under arbitrary unions but not under finite intersection. Lellis Thivagar et al [1]

introduced a nano topological space with respect to a subset X of an universe which is defined in terms of lower
and upper approximations of X. The elements of a hano topological space are called the nano-open sets. He has
also studied nano closure and nano interior of a set. In this paper certain weak forms of nano-open sets such as
nano o -open sets, nano semi-open sets and nano pre-open sets are established. Various forms of nano o -
open sets and nano semi-open sets under various cases of approximations sre also derived. A brief study of nano
regular open sets is also made.

Il.  PRELIMINARIES

Definition 2.1 Asubset A of aspace (X ,z) iscalled
(i) semi-open [2]if A < CI (Int (A)) .
(ii) preopen [3]if A < Int (CI (A)) .
(iii) « -open [4] if A < Int (CI (Int (A))) .
(iv) regular open [4] if A = Int (CI (A)) .

Definition 2.2 [6] Let U be a non-empty finite set of objects called the universe and R be an equivalence
relation on U named as the indiscernibility relation. Elements belonging to the same equivalence class are said

to be indiscernible with one another. The pair (U, R) is said to be the approximation space. Let X < U.

() The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as
X with respect to R and its is denoted by L, (X ). Thatis, L (X ) = [ J{R(x):R(x) ¢ X}, where R(x)

xeU
denotes the equivalence class determined by x.
(i) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as

X with respect to R and it is denoted by U , (X ) . Thatis, U (X ) = JA{R(X) :R(x)n X # ¢}
xeU

(iii) The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor
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as not-X with respect to R and it is denoted by B (X ) . Thatis, B, (X ) =U (X )-L.(X).
Property 2.3 [6] If (U, R) is an approximation space and X, Y < U , then
(i) L.(X)c X cU_(X).

(i) Lo(¢)=U,(4)=¢ and L (U)=U_(U)=U

(i) U (X UY)=U_(X)uU (Y)

(iv) U (X nY)cU_ (X)nU_(Y)

(V) L(XUY)o L (X)uL.(Y)

(Vi) Lo(XnY)=L (X)nL(Y)

(vil) Lo (X)c Lo(Y)andU (X)) c U_(Y) whenever X < Y

(Vi) U (X “) =L (X)]% and L (X ) =[U (X )]°

(iX) U U, (X)=LU_(X)=U_(X)

(X) L L (X)=U_L.(X)=L,(X)

Definition 2.4 [1] : Let U be the wuniverse, R be an equivalence relation on U and
7. (X)={U,¢, L. (X),U_(X) B.(X)} where Xc U. Then by propetry 2.3, r,(X ) satisfies the
following axioms:

(i) uandger (X).

(if) The union of the elements of any subcollection of 7, (X ) isin z (X ).

(iif) The intersection of the elements of any finite subcollection of z (X ) isin z,(X ).
Thatis, 7, (X ) isatopology on U called the nanotopology on U with respect to X. We call (U,z (X)) as

the nanotopological space. The elements of 7, (X ) are called as nano-open sets.

Remark 2.5 [1] If z, (X ) isthe nano topology on U with respect to X, then the set B =
{U,L.(X), B,(X)} isthebasisfor z (X).

Definition 2.6 [1] If (U,z. (X)) isanano topological space with respectto X where X < U and if

A < U, then the nano interior of A is defined as the union of all nano-open subsets of A and it is denoted by

N Int(A). That is, N Int(A) is the largest nano-open subset of A. The nano closure of A is defined as the

intersection of all nano closed sets containing A and it is denoted by N CI(A). That is, N CI(A) is the smallest
nano closed set containing A.

Definition 2.7 [1] A nano topological space (U,z (X)) is said to be extremally disconnected, if the nano
closure of each nano-open set is nano-open.

1. NANO o« - OPEN SETS
Throughout this paper (U,z. (X)) is a nano topological space with respect to X where X < U, R is an
equivalence relation on U , U/R denotes the family of equivalence classes of U by R.

Definition 3.1 Let (U,z (X)) be anano topological space and A < U . Then Ais said to be

(i) nano semi-openif A < NCI (NInt (A))

(if) nano pre-open if A < Nint (NCI (A))

(iii) nano « -open if A = NInt (NCI (NInt (A))

NSO(U, X ), NPO (U ,X) and z. (X) respectively denote the families of all nano semi-open, nano pre-open
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and nano ¢ -open subsets of U .

Definition 3.2 Let (U,7z. (X)) be ananotopological space and A < U . Aissaid to be nano « -closed
(respectively, nano semi- closed, nano pre-closed), if its complement is nano ¢ -open (hano semi-open, nano

pre-open).

Example 3.3 Let U = {a,b,c,d} with U/R = {{a}, {c},{b,d}} and X = {a,b}. Then the nano topology,
7. (X)={U,¢,{a}, {a,b,d}, {b,d}} . The nano closed setsare U, ¢,{b,c,d} {c} and {a,c}. Then,
NSO (U, X)={U,¢,{a},{a,c} {a,b,d} {b,c,d}}, NPO (U, X)={U,¢,{a}, {b},{d} {a,b},
{a,d}, {b,d} {a,b,c},{a,b,d}, {a,c,d}} and r:(X):{U,¢,{a},{b,d}, {a,b,d}}. We note
that, NSO (U, X ) does not form a topology on U , since {a,c} and {b,c,d} e NSO (U, X ) but
{a,c}n{b,c,d}={c} ¢ NSO (U, X). Similarly, NPO (U, X ) is not atopology on U , since
{a,b,c}n{a,c,d} ={a,c} ¢ NPO (U, X ), eventhough {a,b,c} and {a,c,d} e NPO (U, X ).But
the sets of 7 ; (X ) form a topology on U . Also, we note that {a,c} € NSO (U, X ) but is not in

NPO (U, X ) and {a,b} e NPO (U, X ) but does not belongto NSO (U, X ). Thatis, NSO (U, X ) and
N PO (U, X ) are independent.

Theorem 3.4 If A'is nano-open in (U,z, (X)) , thenitisnano « -openin u .

Proof: Since A ishano-openin U, NIntA = A.Then NCI (NIntA ) = NCI (A) o A.Thatis
A < NCI (NIntA ). Therefore, NInt (A) < NInt (NCI (NInt (A))) . Thatis,

A c Nint (NCI (NInt (A))) . Thus, A isnano ¢ -open.

Theorem 3.5 77 (X ) = NSO (U, X ) ina nano topological spce (U,z, (X)) .
Proof: If Aez (X)), Ac NiInt (NCI (NInt (A))) < NCI(NInt (A)) andhence A e NSO (U, X).

Remark 3.6 The converse of the above theorem is not true. In example 3.3, {a,c} and {b,c,d} and nano semi-
open but are not nano « -openin u .

Theorem 3.7 77 (X ) = NPO (U, X ) inanano topological space (U, 7z, (X)) .

Proof: If Aez2(X), A< NInt (NCI(NInt (A))) .Since NInt (A) c A,

Nint (NCI (NInt (A)) < NInt (NCI (A)) . Thatis, A = NInt (NCI (A)) . Therefore, Ae NPO (U, X ).
Thatis, 7 (X) < NPO (U, X).

Remark 3.8 The converse of the above theorem is not true. In example 3.3, the set {b} is nano pre-open but is
not nano « -openin u .

Theorem 3.9 77 (X )= NSO (U, X)NPO (U, X).

Proof: If Aer (X ),then Ae NSO (U, X ) and A e NPO (U, X) by theorems 3.5 and 3.7 and hence
A eNSO (U,X)nNPO (U, X).Thatis r, (X) < NSO (U, X)) NPO (U, X) . Conversely, if
AeNSO (U, X)nNPO (U,X),then Ac NCI(NInt (A)) and A < NiInt (NCI (A)) . Therefore,
Nint (NCI (A)) = NInt (NCI(NCI (N Int (A)) = NlInt (NCI (N Int (A)) . Thatis,

NiInt (NCI (A)) < Nint (NCI (NInt (A)))) .Also A< NInt (NCI(A)) < Nint (NCI (NInt (A)))
implies that A < Nint (NCI (NInt (A))) . Thatis, A<z (X).Thus,

NSO (U, X)nNPO (U,X)c z,(X).Therefore, 7, (X )=NSO (U, X ) NPO (U, X).
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Theorem 3.10 : If, in a nano topological space (U,z (X)), L, (X)=U _(X)= X ,thenu, ¢,

L, (X)= U_ (X)) andanyset A > L (X ) arethe only nano-o -open sets.in U .

Proof: Since L, (X ) =U (X )= X ,the nano topology, =, (X ) = {U,#, L, (X )} . Since any nano-open
set is nano- ¢ -open, U,¢ and L. (X ) arenano « -openin U . If Ac L_(X),then NiInt (A) = ¢, since
¢ isthe only nano-open subset of A. Therefore NCI (N Int (A))) = ¢ and hence A is not hano ¢« -open. If
Ao L (X), L,(X) isthelargest nano-open subset of A and hence, N Int (NCI (NInt (A))) =

Nint (NCI (L (X)) =Nint (B, (X Y°) = Nint (U), sinceB, (X ) = ¢ . Therefore,

NiInt (NCI (NInt (A))) = U andhence, A< NiInt (NCI (NInt (A))) . Therefore, Ais nano « -open. Thus
U,¢,L.(X)andanyset A> L (X) aretheonlynano ¢ -opensetsin U ,if L (X )=U_(X).

Theorem3.11: U, ¢ ,U (X)) andanyset A > U (X)) arethe only nano « -open sets in a nano-
topological space (U,z (X)) if L, (X)=¢.

Proof: Since L (X ) =¢, B (X)=U_(X).Therefore, r (X )={U,¢,U_(X)} and the members of
T,(X ) arenano  -openin U .Let Ac U_ (X ).Then NiInt (A) = ¢ and hence

Nint (NCI (NInt (A)) = ¢ . Therefore Aisnotnano ¢ —open inuU.If A>U_(X),thenU_(X) isthe
largest nano-open subsetof A (unless,U . (X ) = U, in case of which U and ¢ are the only nano-open sets in
U ). Therefore, NInt (NCI (NInt (A))) = NiInt (NCI(U (X)) = NiInt (U) and hence

A c Nint (NCI (NInt (A))) . Thus,anyset A > U _(X) isnano « -openin U .Hence, U, ¢ ,U_ (X)

and any superset of U _ (X ) are the only nano « -open sets in U

Theorem3.12:IfU . (X)=U and L, (X ) # ¢ , in anano topological space (U ,z_ (X)), then

U, g, L (X) and B, (X ) arethe only nano « -opensetsin U .

Proof: Since U . (X)=U and L_ (X ) # ¢ ,thenano-open setsin U are U,¢,L_ (X ) and B, (X ) and
hence they are nano « -open also. If A = ¢ then Alisnano « -open. Therefore, let A = ¢ . When

Ac L.(X),NInt (A) = ¢, since the largest open subset of A is ¢ and hence

Az Nint (NCI (NInt (A))) ,unless Ais ¢ . Thatis, Aisnotnano « -openin U .When L_(X)c A,
NInt (A) = L, (X ) and therefore, NInt (NCI (NInt (A))) = NInt (NCI (L, (X)) =Nint (B, (X))
=NiInt (L,(X)) = L,(X)< A.Thatis, A& Nint (NCI(NInt (A))) . Therefore, A isnotnano « -open
in U . Similarly, it can be shown thatanyset A < B, (X ) and A > B_(X ) arenotnano « -openin U . If
A has atleast one element each of L (X ) and B, (X ) ,then NInt (A) = ¢ and hence Aisnot nano « -
openin U .Hence, U, ¢, L (X ) and B, (X ) aretheonly nano « -opensetsin U whenU (X ) =U and
L.(X)=¢.

Corollary 3.13: 7 (X ) =z, (X),ifU (X)=U.

Theorem 3.14 : Let L (X )= U (X ) where L, (X )= ¢ and U _(X) = U inanano topological space

(U,z,(X)) . Thenu, ¢, L (X), B (X),U_(X) andanyset A > U _(X) aretheonly nano o -open
setsin U .
Proof: The nano topology on U isgivenby 7, (X ) ={U,¢,L (X ), B, (X),U (X)} and henceu, ¢,

L.(X),B.(X)andU_(X) arenano « -openin U .Let A c U suchthat A> U _(X).Then
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Nint (A) = U _(X) and therefore, Nint (NCI(U (X)) =Nint (U) = U .Hence, Ac Nint (NCI
(N Int (A)) . Therefore,any A > U (X ) isnano « -openin U .When Ac L_(X), NInt (A) = ¢ and
hence N(Int (NCI (N Int (A))) = ¢ . Therefore, Aisnotnano « -openin U . When A c B_(X),

Nint (A) = ¢ andhence A isnotnano « -openin U . When A c U _ (X ) such that A is neither a subset of
L. (X ) norasubsetof B, (X ) , NInt (A) = ¢ andhence A isnotnano ¢« -open in U . Thus,

U,g, L (X) B.(X)U_(X)andanyset A > U (X ) arethe onlynano « -open setsin U .

V. FORMS OF NANO SEMI-OPEN SETS AND NANO REGULAR OPEN SETS
In this section, we derive forms of nano semi-open sets and nano regular open sets depending on various
combinations of approximations.

Remark 4.1 U , ¢ are obviously nano semi-open, since NCI (NInt (U)) = U and NCI (NInt (¢)) = ¢

Theorem 4.2 If, in a nano topological space (U,z,(X)) ,U (X )= L,(X),then ¢ and sets A such that

A o L, (X)) are the only nano semi-open subsets of U

Proof: 7z, (X)={U,¢,L. (X )}. ¢ is obviously nano semi-open. If A is a non- empty subset of U and
Ac L (X),then NCI(NInt (A)) = NCI (¢) = ¢ . Therefore, A is not nano semi-open, if A c L, (X).If
Ao L.(X), then NCI(NInt (A) =NCI(L, (X)) =U, since L,(X)=U_(X). Therefore,
A < NCI (NInt (A)) and hence A is nano semi-open. Thus ¢ and sets containing L. (X ) are the only nano

semi-open setsin U ,if L, (X)=U _(X).

Theorem431f L, (X)=¢ and U (X ) # U, then only those sets contianing U , (X ) are the nano semi-
opensetsin U .

Proof: 7 (X)={U,¢,U_(X)}. Let A be a non-empty subset of u. If AcU_(X), then
NCI (NInt (A)) =NCI (¢) = ¢ andhence A ¢ NCI (NInt (A)) . Therefore, A is not nano semi-open in U .
If AU _(X),then NCI (NInt (A)) =NCI (U _ (X)) =U andhence A < NCI (NInt (U)) . Therefore, A

is nano semi-open in U . Thus, only the sets A such that A < U _ (X ) are the only nano semi-open sets in U .

Theorem 4.4 1f U . (X ) = U isanano topological space,thenu , ¢ , L, (X ) and B_(X ) are the only
nano semi-open sets in U .

Proof: 7 (X)={U,¢,L_ (X) B,(X)}. Let A be a non-empty subset of U. If Ac L. (X), then
NCI(NInt (A)) =¢ and hence A is not nano semi-open in uU. If A=L_(X), then
NCI(NInt (A)) =NCI(L,(X)) =L,(X) and hence, A< NCI(NInt (A)) . Therefore, A is nano semi-
open in uU. If A>S L (X), then NCI(NInt(A)) =NCI(L,(X)) =L.(X). Therefore,
A ¢ NCI(NInt (A)) and hence A is not nano semi-openin U . If Ac B_(X), NCI(NInt (A)) = ¢ and
hence A is not nano semi-openin U . If A= B_(X),then NCI (NInt (A)) = NCI(B.(X)) = B.(X) and
hence A < NCI(NInt (A)) . Therefore, A is nano semi-open in U. If A> B_(X), then
NCI(NInt (A)) =NCI(B,(X)) = B,(X)c A and hence A is not nano semi-open in U . If A has atleast
one element of L, (X ) and atleast one element of B (X ), then NCI (NInt (A)) = NCI (¢) = ¢ and hence
A is not nano semi-open in U . Thus, U,¢,L_ (X ) and B, (X ) are the only nano semi-open sets in U , if

U (X)=Uand L (X)=¢ . .If L. (X)=¢,U and ¢ are the only nano semi-open sets in U , since U
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and ¢ are the only sets in U which are nano-open and nano-closed.

Theorem45 If L (X)#U_(X) where L,(X)#¢ andU (X)=U  thenu, ¢, L (X), B (X),
sets containing U . (X ), L, (X)u B and B, (X)uw B where B = (U, (X ) € are the only nano semi-
opensetsin U .

Proof: 7 (X )={U,¢,L.(X), U, (X), B,(X)}.LetAbeanon-empty, proper subset of U . If

Ac L (X),then Nint (A) = ¢ andhence, Ncl (Nint (A)) = ¢ . Therefore, A isnot nano semi-openin U .
If A= L, (X),then Ncl (Nint (A)) = Ncl (L (X)) = L,(X)U[U,(X)]° andhence

A < Ncl (Nint (A)) . Therefore, L, (X ) isnanosemi-openin U .If A < B_(X),then Nint (A) = ¢ and
hence A is not nano semi-openin U . If A = B_(X ), then Ncl(Nint (A)) = Ncl (B (X)) = B,(X)u
[U,(X)] © andhence A = Necl (Nint (A)) . Therefore, B, (X ) isnanosemi-openin U . Since L, (X))
and B, (X ) arenanosemi-open, L, (X )u B (X )=U_(X) isalsonanosemi-openin u . Let

A c U _(X) such that A has atleast one elementeach of L, (X ) and B, (X ). Then Nint (A) = ¢ or

L. (X) or B, (X ) and consequently, Ncl (Nint (A)) =¢ or L (X)uU[U,(X )< or

B (X)U[U, (X )¢ andhence AUN cl (Nint (A)) . Therefore, A is not nano semi-open in U . If
A>U_(X),then Ncl (Nint (A)) = Ncl (U (X)) =U andhence A = Ncl (Nint (A)) . Therefore, Ais
nano semi-open. If A has a single element each of L (X ) and B, (X ) and atleast one element of

[U.(X 1€, then Nint (A) = ¢ . Then, Ncl (Nint (A)) = ¢ and hence A is not nano semi-open in U .
Similarly, when A has a single element of L, (X ) and atleast one element of [U _ (X 1<, or asingle element
of B, (X ) and atleast one element of [U _ (X 1€ then Ncl (Nint (A)) = ¢ and hence A is not nano semi-
openinuU .When A =L_(X)u B where B < [U, (X 1€, then Ncl (Nint (A)) = Ncl (Lo (X)) =

Lo (X) UU (X N = A. Therefore, A is nano semi-open in U . Similarly, if A = B_ (X )u B where
B (U,(X)) ", then Ncl (Nint (A)) = B, (X)U[U,(X)]° o A.Therefore, A is nano semi-open in U .
Thus, U, ¢, L. (X),U_(X), B.(X),anysetcontainingVU .(X), L, (X)uB andB_(X)uB

where B < [U . (X )] ¢ are the only nano semi-open setsin U .

Theorem 4.6 If A and B are nano semi-open in U ,then A U B is also hano semi-openin U . Proof: If A
and B are nano semi-open in U ,then A = NCI (N Int (A)) and B < NCI (N Int (A)) . Consider

AU B < NCI(NInt (A)) UNCI(NInt (B)) = NCI(NInt (A) U NInt (B)) = NCI(NInt (AU B)) and
hence A U B isnano semi-open.

Remark 4.7 If A and B are nano semi-open in U , then A n B is not nano semi-open in U . For example, let
U={a,b,c,d} with U/R = {{a},{c}, {b,d}} and X ={a,b}.Thenz (X)={U,¢.{a}.{a,b,d},
{b,d}} . The nano semi-opensetsinu are U, ¢, {a}, {a,c},{b,d},{a,b,d}, {b,c,d}.If A={a,c}
and B = {b,c,d}, then A and B are nano semi-open but A n B = {c} is not nano semi-openin U .
Definition 4.8 A subset A of a nano topological space (U ,z, (X)) is nano-regular openin U, if

Nint (NCI (A)) = A.

Example 4.9 LetU ={x,y,z} and U/R = {{ x}, {y,z}} . Let X = {x, z}. Then the nano topology on U
with respectto X is givenby 7. (X ) = {U ,¢,{x}, {y, z}} . The nano closed setsare U , ¢ ,{y, z}, {x} . Also,
Nint (NCI (A)) = A for A=U,¢,{x} and {y, z} and hence these sets are nano regular open in U.
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Theorem 4.10 Any nano regular open set is nano-open.
Proof: If Ais nano regular openin (U ,z. (X)), A= Nint (NCI (A)) . Then Nint (A) = Nint (NInt (NCI
(A)) = NiInt (NCI (A)) = A.Thatis, Anano-open in U.

Remark 4.11 The converse of the above theorem is not true. For example, let U = {a,b,c,d, e} with
U/R ={{a,b},{c,e}, {d}} .Let X ={a,d}.Thenz (X )={U,¢.{d} {a,b,d} {a,b}} andthe nano

closed setsare U, ¢,{a,b,c,e}, {c,e}, {c,d,e}. The nano regula open sets are U, ¢,{d} and {a,b}. Thus,
we note that {a,b,d} is nano-open but is not nano regular open. Also, we note that the nano regular open sets do
not form a topology, since {d} u {a,b} = {a,b,d} isnot nano regular open, even though {d} and {a,b} are
nano regular.

Theorem 4.12 In a nano topological space (U,z (X)) ,if L (X )= U _(X ), then the only nano regular
opensetsare U,¢,L, (X ) and B (X).

Proof: The only nano-open sets (U,z, (X)) are U,¢,L (X ) U, (X) and B, (X ) and hence the only nano
closed setsin U are U, ¢,[L, (X )],[U . (X)]and [B, (X )] which are respectively U, ¢,U (X ),
L(X ) and L (X)uU L (X ).

Case 1: Let A =L (X).Then NCL (A) = [B, (X 1< . Therefore, NInt (NCI (A)) = N Int [B, (X ne
=[NCI (B, (XD © = [(L(X) ] = L,(X)= A.Therefore, A = L, (X) isnano-regular open.

Case2:Let A= B, (X ). Then NCI (A) = [L (X )], Then Nint (NCI (A)) = NInt [L,(X)]° =
[NCI(L (X)) =[B,(X)1° =B,(X)= A.Thatis, A= B_(X) isnano regular open.

Case 3:If A=U _(X ), then NCI (A) = U . Therefore, NInt (NCI (A)) = NInt (U)=U = A.Thatis,

A =U _(X) isnotnano regular openunless U (X )=U .

Case 4: Since NInt (NCI (U )) = U and NInt (NCI (¢)) = ¢ ,Uand ¢ are nano regular open. Also any nano

regular open set is nano-open. Thus, U, ¢, L (X ) and B, (X ) are the only nano regular open sets .

Theorem 4.13 : In a nano topological space (U, 7, (X)) ,if L, (X ) =U . (X)), then the only nano regular
opensetsare U and ¢ .
Proof: The nano- open sets in U are U,¢ and L. (X) And Nint (NCI (L (X)) =U = L_(X)

Therefore, L, (X ) isnotnano regular open. Thus, the only nano regular open setsare U and ¢ .

Corollary: If A and B are two nano regular open sets in a nano topological space, then A ~ B is also hano
regular open.
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