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I. INTRODUCTION 

  Njastad [5], Levine [2] and Mashhour alet  [3] respectively introduced the notions of  - open, 

semi-open and pre-open sets.Since then these concepts have been widelyinvestigated. It was made clear that 

each  -open set is semi-open and pre-open but the converse of each is not true. Njastad has shown that the 

family 


  of  - open sets is a topology on X satisfying 


  . The families SO(X, ) of all semi–open 

sets and PO(X, ) of all preopen sets in (X, )are not topologies. It was proved that both SO(X, ) and 

PO(X, ) are closed under arbitrary unions but not under finite intersection. Lellis Thivagar alet  [1] 

introduced a nano topological space with respect to a subset X of an universe which is defined in terms of lower 

and upper approximations of X. The elements of a nano topological space are called the nano-open sets. He has 

also studied nano closure and nano interior of a set. In this paper certain weak forms of nano-open sets such as 

nano  -open sets, nano semi-open sets and nano pre-open sets are established. Various forms of nano  - 

open sets and nano semi-open sets under various cases of approximations sre also derived. A brief study of nano 
regular open sets is also made. 

 

II. PRELIMINARIES 
  

Definition 2.1  A subset A  of a space ),( X  is called 

(i) semi-open [2] if ))(( AIntClA  . 

(ii) pre open [3] if ))(( AClIntA  . 

(iii)  -open [4] if )))((( AIntClIntA  .  

(iv) regular open [4] if ))((= AClIntA .  

 

Definition 2.2 [6]  Let U  be a non-empty finite set of objects called the universe and R be an equivalence 

relation on U  named as the indiscernibility relation. Elements belonging to the same equivalence class are said 

to be indiscernible with one another. The pair ( ), RU  is said to be the approximation space. Let UX .  

 

(i) The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as 

X with respect to R and its is denoted by )( XL
R

. That is, })(:)({=)( XxRxRXL

x

R





U

, where R(x) 

denotes the equivalence class determined by x. 
(ii) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as 

X with respect to R and it is denoted by )( XU
R

. That is, )( XU
R

 = })(:)({ 



XxRxR

x


U

 

(iii) The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor 
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as not-X with respect to R and it is denoted by )( XB
R

. That is, )()(=)( XLXUXB
RRR

 .  

Property 2.3 [6]   If (U , R) is an approximation space and X, UY , then   

(i)  )()( XUXXL
RR

 .  

(ii)   =)(=)(
RR

UL  and UUU =)(=)(
RR

UL   

(iii)  )()(=)( YUXUYXU
RRR

   

(iv)  )()()( YUXUYXU
RRR

   

(v)  )()()( YLXLYXL
RRR

   

(vi)  )()(=)( YLXLYXL
RRR

   

(vii) )()( YLXL
RR

  and )()( YUXU
RR

  whenever YX   

(viii) 
c

R

c

R
XLXU )]([=)(  and 

c

R

c

R
XUXL )]([=)(  

(ix)  )(=)(=)( XUXULXUU
RRRRR

 

(x)  )(=)(=)( XLXLUXLL
RRRRR

 

 

Definition 2.4 [1] : Let U  be the universe, R be an equivalence relation on U  and 

)}(),(),(,,{=)( XBXUXLX
RRRR

 U  where X U . Then by propetry 2.3, )( X
R

  satisfies the 

following axioms: 

(i) U  and )( X
R

  . 

(ii) The union of the elements of any subcollection of )( X
R

  is in )( X
R

 . 

(iii) The intersection of the elements of any finite subcollection of )( X
R

  is in )( X
R

 . 

That is, )( X
R

  is a topology on U  called the nanotopology on U  with respect to X. We call  ))(, X
R

(U  as 

the nanotopological space. The elements of )( X
R

  are called as nano-open sets.  

 

Remark 2.5 [1]  If )( X
R

  is the nano topology on U  with respect to X, then the set B = 

)}(),(,{ XBXL
RR

U  is the basis for )( X
R

 .  

 

Definition 2.6 [1]  If ))(,( X
R

U  is a nano topological space with respect to X where UX  and if 

UA , then the nano interior of A is defined as the union of all nano-open subsets of A and it is denoted by 

N Int(A). That is, N Int(A) is the largest nano-open subset of A. The nano closure of A is defined as the 

intersection of all nano closed sets containing A and it is denoted by N Cl(A). That is, N Cl(A) is the smallest 

nano closed set containing A. 

 

Definition 2.7  [1] A nano topological space ))(,( X
R

U  is said to be extremally disconnected, if the nano 

closure of each nano-open set is nano-open.   

 

III. NANO  OPEN SETS 

Throughout this paper ))(,( X
R

U  is a nano topological space with respect to X where U,X  R is an 

equivalence relation on U , R/U  denotes the family of equivalence classes of U  by R. 

 

Definition 3.1 Let ))(,( X
R

U  be a nano topological space and UA . Then A is said to be   

(i) nano semi-open if ))(( AIntClA NN   

(ii) nano pre-open if ))(( AClIntA NN   

(iii) nano  -open if ))((( ANIntNClIntA N   

NSO( UU (),, NPOX ,X) and 



R

(X) respectively denote the families of all nano semi-open, nano pre-open 
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and nano  -open subsets of U .  

Definition 3.2 Let ))(,( X
R

U  be a nanotopological space and UA .  A is said to be nano  -closed 

(respectively, nano semi- closed, nano pre-closed), if its complement is nano -open (nano semi-open, nano 

pre-open).  

 

Example 3.3 Let },,,{= dcbaU  with }},{},{},{{=/ dbcaRU  and },{= baX . Then the nano topology, 

}},{},,,{},{,,{=)( dbdbaaX
R

 U  . The nano closed sets are }{ },,,{ , , cdcbU  and   },{ ca . Then, 

}},,{},,,{},,{},{,,{=),( dcbdbacaaXSO UUN , },{,,{=),( aXPO UUN  },{},{},{ badb ,    

,},{ da  }},,{},,,{},,,{},,{ dcadbacbadb  and   },,{},{,,{=)( dbaX
R




U  }},,{ dba .  We note 

that, ),( XSO UN  does not form a topology on U , since },{ ca  and ),(},,{ XSOdcb UN  but 

),(}{=},,{},{ XSOcdcbca UN . Similarly, ),( XPO UN  is not a topology on U , since 

),(},{=},,{},,{ XPOcadcacba UN , even though },,{ cba  and ),(},,{ XPOdca UN . But 

 the sets of )( X
R


  form a topology on U . Also, we note that ),(},{ XSOca UN but is not in 

),( XPO UN  and ),(},{ XPOba UN  but does not belong to ),( XSO UN . That is, ),( XSO UN  and 

),( XPO UN  are independent.  

 

Theorem 3.4  If A is nano-open in ))(,( X
R

U , then it is nano  -open in U .  

Proof: Since A is nano-open in U , AIntA =N . Then AAClIntACl )(=)( NNN . That is 

)( IntAClA NN . Therefore, IntAInt NN )(  )))((( AIntCl NN . That is, 

)))((( AIntClIntA NNN . Thus, A is nano  -open. 

 

Theorem 3.5 ),()( XSOX
R

UN


  in a nano topological spce ))(,( X
R

U .  

Proof: If )( XA
R


 , ))(()))((( AIntClAIntClIntA NNNNN   and hence ),( XSOA UN . 

 

Remark 3.6 The converse of the above theorem is not true. In example 3.3, {a,c} and {b,c,d} and nano semi-

open but are not nano  -open in U .  

 

Theorem 3.7 ),()( XPOX
R

UN


  in a nano topological space ))(,( X
R

U .  

Proof: If )( XA
R


 , )))((( AIntClIntA NNN . Since AAInt )(N , 

))(()))((( AClIntAIntClInt NNNNN  . That is, IntA N  ))(( AClN . Therefore, ),( XPOA UN . 

That is, ),()( XPOX
R

UN


 . 

 

Remark 3.8 The converse of the above theorem is not true. In example 3.3, the set {b} is nano pre-open but is 

not nano  -open in U .  

 

Theorem 3.9 ),(),(=)( XPOXSOX
R

UNUN 


 .  

Proof: If )( XA
R


 , then ),( XSOA UN  and ),( XPOA UN  by theorems 3.5 and 3.7 and hence 

),(),( XPOXSOA UNUN  . That is ),(),()( XPOXSOX
R

UNUN 


 . Conversely, if 

),(),( XPOXSOA UNUN  , then ))(( AIntClA NN  and ))(( AClIntA NN . Therefore, 

)))(((=))))(((())(( AIntClIntAIntClClIntAClInt NNNNNNNNN  . That is, 

))))((())(( AIntClIntAClInt NNNNN  . Also IntA N  )))((())(( AIntClIntACl NNNN   

implies that )))((( AIntClIntA NNN . That is, )( XA
R


 . Thus, 

)(),(),( XXPOXSO
R


 UNUN . Therefore, ),(),(=)( XPOXSOX

R
UNUN 


 . 
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Theorem 3.10 : If, in a nano topological space ))(,( X
R

U , XXUXL
RR

=)(=)( , then U ,  , 

))()(=( XUXL
RR

 and any set )( XLA
R

  are the only nano- -open sets.in U .  

Proof: Since XXUXL
RR

=)(=)( , the nano topology, )}(,,{=)( XLX
RR

 U . Since any nano-open 

set is nano- -open, ,U  and )( XL
R

 are nano  -open in U . If )( XLA
R

 , then =)( AIntN , since 

  is the only nano-open subset of A. Therefore =)))(( AIntCl NN  and hence A is not nano  -open. If 

)( XLA
R

 , )( XL
R

 is the largest nano-open subset of A and hence, )))((( AIntClInt NNN  = 

)(=))((=)))((( UNNNN IntXBIntXLClInt
C

RR
,  since =)( XB

R
. Therefore, 

UNNN =)))((( AIntClInt  and hence, )))((( AIntClIntA NNN . Therefore, A is nano  -open. Thus 

U ,  , )( XL
R

 and any set )( XLA
R

  are the only nano  -open sets in U , if )(=)( XUXL
RR

. 

 

Theorem 3.11 : U ,  , )( XU
R

 and any set )( XUA
R

  are the only nano  -open sets in a nano-

topological space ))(,( X
R

U  if =)( XL
R

.  

Proof: Since =)( XL
R

, )(=)( XUXB
RR

. Therefore, )}(,,{=)( XUX
RR

 U  and the members of 

)( X
R

  are nano  -open in U . Let )( XUA
R

 . Then =)( AIntN  and hence 

=)))((( AIntClInt NNN . Therefore A is not nano open  in U . If )( XUA
R

 , then )( XU
R

 is the 

largest nano-open subsetof A  (unless, U=)( XU
R

, in case of which U  and   are  the only nano-open sets in 

U ).  Therefore, )(((=)))((( XUClIntAIntClInt
R

NNNNN )    )(= UN Int  and  hence 

)))((( AIntClIntA NNN . Thus, any set )( XUA
R

  is nano  -open in U . Hence, U ,  , )( XU
R

 

and any superset of )( XU
R

 are the only nano  -open sets in U  

 

Theorem 3.12 : If U=)( XU
R

 and )( XL
R

, in a nano topological space ))(,( XU
R

 , then 

)(,, XL
R

U  and )( XB
R

 are the only nano  -open sets in U .  

Proof: Since U=)( XU
R

 and )( XL
R

, the nano-open sets in U  are )(,, XL
R

U  and )( XB
R

 and 

hence they are nano  -open also. If =A  ,then A is nano  -open. Therefore, let A . When 

)( XLA
R

 , =)( AIntN , since the largest open subset of A is   and hence 

)))((( AIntClIntA NNN  , unless A is  . That is,  A is not nano  -open in U . When AXL
R

)( , 

)(=)( XLAInt
R

N  and  therefore,  )))(((=)))((( XLClIntAIntClInt
R

NNNNN   ))((=
C

R
XBIntN    

AXLXLInt
RR

)(=))((= N . That is,  )))((( AIntClIntA NNN  . Therefore, A is not nano  -open 

in U . Similarly, it can be shown that any set )( XBA
R

  and )( XBA
R

  are not nano  -open in U . If 

A has atleast one element each of )( XL
R

 and )( XB
R

 , then =)( AIntN  and hence A is not nano  -

open in U . Hence, U ,  , )( XL
R

 and )( XB
R

 are the only nano  -open sets in U  when U=)( XU
R

 and 

)( XL
R

. 

 

Corollary 3.13 : )(=)( XX
RR


 , if U=)( XU

R
.  

 

Theorem 3.14 : Let )()( XUXL
RR

  where )( XL
R

 and U)( XU
R

 in a nano topological space 

))(,( X
R

U . Then U ,  , )( XL
R

, )( XB
R

, )( XU
R

 and any set )( XUA
R

  are the only nano  -open 

sets in U .  

Proof: The nano topology on U  is given by )(),(,,{=)( XBXLX
RRR

 U , )}( XU
R

 and  hence U ,  , 

)( XL
R

, )( XB
R

 and )( XU
R

 are nano  -open in U . Let UA  such that )( XUA
R

 . Then 
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)(=)( XUAInt
R

N  and  therefore,   )))((( XUClInt
R

NN )(= UN Int  U= . Hence,  ClIntA NN (     

))(( AIntN . Therefore, any )( XUA
R

  is nano  -open in U . When )( XLA
R

 , =)( AIntN  and 

hence =)))(((( AIntClInt NNN . Therefore, A is not nano  -open in U . When )( XBA
R

 , 

=)( AIntN  and hence A is not nano  -open in U . When )( XUA
R

  such that A is neither a subset of 

)( XL
R

 nor a subset of )( XB
R

 , =)( AIntN  and hence A is not nano  -open in U . Thus, 

)(),(),(,, XUXBXL
RRR

U  and any set )( XUA
R

  are the only nano  -open sets in U . 

 

IV. FORMS OF NANO SEMI-OPEN SETS AND NANO REGULAR OPEN SETS 
   In this section, we derive forms of nano semi-open sets and nano regular open sets depending on various 

combinations of approximations. 

 

Remark 4.1 U ,   are obviously nano semi-open, since UUNN =))(( IntCl  and  =))(( IntCl NN   

 

Theorem 4.2 If, in a nano topological space ))(,( X
R

U , )(=)( XLXU
RR

, then   and sets A such that 

)( XLA
R

  are the only nano semi-open subsets of U   

Proof: )}(,,{=)( XLX
RR

 U .   is obviously nano semi-open. If A is a non- empty subset of U  and 

)( XLA
R

 , then  =)(=))(( ClAIntCl NNN . Therefore, A is not nano semi-open, if )( XLA
R

 . If 

)( XLA
R

 , then UNNN =))((=))(( XLClAIntCl
R

, since )(=)( XUXL
RR

. Therefore, 

))(( AIntClA NN  and hence A is nano semi-open. Thus   and sets containing )( XL
R

 are the only nano 

semi-open sets in U , if )(=)( XUXL
RR

. 

 

Theorem 4.3 If =)( XL
R

 and U)( XU
R

, then only those sets contianing )( XU
R

 are the nano semi-

open sets in U .  

Proof: )}(,,{=)( XUX
RR

 U . Let A be a non-empty subset of U . If )( XUA
R

 , then 

 =)(=))(( ClAIntCl NNN  and hence ))(( AIntClA NN . Therefore, A is not nano semi-open in U . 

If )( XUA
R

 , then UNNN =))((=))(( XUClAIntCl
R

 and hence ))(( UNN IntClA  . Therefore, A 

is nano semi-open in U . Thus, only the sets A such that )( XUA
R

  are the only nano semi-open sets in U . 

 

Theorem 4.4 If U=)( XU
R

 is a nano topological space, then U ,  , )( XL
R

 and )( XB
R

 are the only 

nano semi-open sets in U .  

Proof: )}(),(,,{=)( XBXLX
RRR

 U . Let A be a non-empty subset of U . If )( XLA
R

 , then 

=))(( AIntCl NN  and hence A is not nano semi-open in U . If )(= XLA
R

, then 

)(=))((=))(( XLXLClAIntCl
RR

NNN  and hence, ))(( AIntClA NN . Therefore, A is nano semi-

open in U . If )( XLA
R

 , then )(=))((=))(( XLXLClAIntCl
RR

NNN . Therefore, 

))(( AIntClA NN   and hence A is not nano semi-open in U . If )( XBA
R

 , =))(( AIntCl NN  and 

hence A is not nano semi-open in U . If )(= XBA
R

, then )(=))((=))(( XBXBClAIntCl
RR

NNN  and 

hence ))(( AIntClA NN . Therefore, A is nano semi-open in U . If )( XBA
R

 , then 

AXBXBClAIntCl
RR

)(=))((=))(( NNN  and hence A is not nano semi-open in U . If A has atleast 

one element of )( XL
R

 and atleast one element of )( XB
R

, then  =)(=))(( ClAIntCl NNN  and hence 

A is not nano semi-open in U . Thus, )(,, XL
R

U  and )( XB
R

 are the only nano semi-open sets in U , if 

U=)( XU
R

 and )( XL
R

. If =)( XL
R

, U  and   are the only nano semi-open sets in U , since U  
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and   are the only sets in U  which are nano-open and nano-closed. 

Theorem 4.5  If )()( XUXL
RR

  where )( XL
R

 and U)( XU
R

, then U ,  , )( XL
R

, )( XB
R

, 

sets   containing )( XU
R

, BXL
R

)(  and BXB
R

)(  where 
C

R
XUB ))((  are the only nano semi-

open sets in U .  

Proof: )}(),(),(,,{=)( XBXUXLX
RRRR

 U . Let A be a non-empty, proper subset of U . If 

)( XLA
R

 , then =)( AintN  and hence, =))(( Aintcl NN . Therefore, A is not nano semi-open in U . 

If )(= XLA
R

, then 
C

RRR
XUXLXLclAintcl )]([)(=))((=))(( NNN  and hence 

))(( AintclA NN . Therefore, )( XL
R

 is nano semi-open in U . If )( XBA
R

 , then =)( AintN  and 

hence A is not nano semi-open in U . If )(= XBA
R

, then  =))((=))(( XBclAintcl
R

NNN  )( XB
R

   

C

R
XU )]([  and hence ))(( AintclA NN . Therefore, )( XB

R
 is nano semi-open in U . Since )( XL

R
 

and )( XB
R

 are nano semi-open, )(=)()( XUXBXL
RRR

  is also nano semi-open in U . Let 

)( XUA
R

  such that A has atleast one element each of )( XL
R

 and )( XB
R

. Then =)( AintN  or 

)( XL
R

 or )( XB
R

 and consequently, =))(( Aintcl NN  or 
C

RR
XUXL )]([)(   or 

C

RR
XUXB )]([)(   and hence ))(( AintclA NÚN . Therefore, A is not nano semi-open in U . If 

)( XUA
R

 , then UNNN =))((=))(( XUclAintcl
R

 and hence ))(( AintclA NN . Therefore, A is 

nano semi-open. If A has a single element each of )( XL
R

 and )( XB
R

 and atleast one element of 

C

R
XU )]([ , then =)( AintN . Then, =))(( Aintcl NN  and hence A is not nano semi-open in U . 

Similarly, when A has a single element of )( XL
R

 and atleast one element of 
C

R
XU )]([ , or a single element 

of )( XB
R

 and atleast one element of 
C

R
XU )]([  then =))(( Aintcl NN  and hence A is not nano semi-

open in U . When BXLA
R

)(=  where 
C

R
XUB )]([ , then  =))((=))(( XLclAintcl

R
NNN       

)( XL
R

 AXU
C

R
 )]([ . Therefore, A is nano semi-open in U . Similarly,  if BXBA

R
)(=  where 

C

R
XUB ))(( , then 

C

RR
XUXBAintcl )]([)(=))(( NN A . Therefore, A is nano semi-open in U . 

Thus, U ,  , )( XL
R

, )( XU
R

, )( XB
R

, any set containing )( XU
R

, BXL
R

)(  and BXB
R

)(  

where 
C

R
XUB )]([  are the only nano semi-open sets in U . 

 

Theorem 4.6  If A and B are nano semi-open in U , then BA   is also nano semi-open in U .  Proof: If A 

and B are nano semi-open in U , then ))(( AIntClA NN  and ))(( AIntClB NN . Consider 

 ))()((=))(())(( BIntAIntClBIntClAIntClBA NNNNNNN ))(( BAIntCl NN  and 

hence BA   is nano semi-open. 

 

Remark 4.7  If A and B are nano semi-open in U , then BA   is not nano semi-open in U . For example, let 

},,,{= dcbaU  with }},{},{},{{=/ dbcaRU  and },{= baX . Then },,,{},{,,{=)( dbaaX
R

 U      

}},{ db . The nano semi-open sets in U  are U ,  , }{a , },{ ca , },{ db , },,{ dba , },,{ dcb . If },{= caA  

and },,{= dcbB , then A and B are nano semi-open but }{= cBA   is not nano semi-open in U .  

Definition 4.8  A subset A of a nano topological space ))(,( XU
R

  is nano-regular open in U, if 

AAClInt =))((NN .  

 

Example 4.9  Let },,{= zyxU  and }},{},{{=/ zyxRU . Let },{= zxX . Then the nano topology on U 

with respect to X is given by }},{},{,,{=)( zyxUX
R

 . The nano closed sets are }{},,{,, xzyU  . Also, 

AAClInt =))((NN  for }{,,= xUA   and },{ zy  and hence these sets are nano regular open in U.  
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Theorem 4.10  Any nano regular open set is nano-open.  

Proof:  If A is nano regular open in ))((=)),(,( AClIntAXU
R

NN . Then  ClIntIntAInt NNNN ((=)(      

)))( A AAClInt =))((= NN . That is, A nano-open in U. 

 

Remark 4.11 The converse of the above theorem is not true. For example, let },,,,{= edcbaU  with 

}}{},,{},,{{=/ decbaRU . Let },{= daX . Then }},{},,,{},{,,{=)( badbadX
R

 U  and the nano 

closed sets are },,{},,{},,,,{,, edcececbaU . The nano regula open sets are }{,, dU  and {a,b}. Thus, 

we note that {a,b,d} is nano-open but is not nano regular open. Also, we note that the nano regular open sets do 

not form a topology, since },,{=},{}{ dbabad   is not nano regular open, even though {d} and {a,b} are 

nano regular.  

 

Theorem 4.12 In a nano topological space ))(,( X
R

U  ,if )()( XUXL
RR

 , then the only nano regular 

open sets are )(,, XL
R

U  and )( XB
R

.  

Proof: The only nano-open sets ( ))(, X
R

U  are )(),(,, XUXL
RR

U  and )( XB
R

 and hence the only nano 

closed sets in U  are 
C

R

C

R
XUXL )]([,)]([,,U and 

C

R
XB )]([  which are respectively ),(,,

C

R
XUU        

)(
C

R
XL  and )()(

C

RR
XLXL  . 

 

Case 1: Let )(= XLA
R

.Then 
C

R
XBACL )]([=)(N .  Therefore, 

C

R
XBIntAClInt )]([=))(( NNN  

= AXLXLXBCl
R

CC

R

C

R
=)(=]))([(=))](([N . Therefore, )(= XLA

R
 is nano-regular open. 

 

Case 2: Let )(= XBA
R

.  Then 
C

R
XLACl )]([=)(N ,  Then =)]([=))((

C

R
XLIntAClInt NNN                

AXBXBXLCl
R

CC

R

C

R
=)(=])]([[=))](([N . That is, )(= XBA

R
 is nano regular open. 

 

Case 3: If )(= XUA
R

, then UN =)( ACl . Therefore, AUUIntAClInt =)(=))(( NNN . That is, 

)(= XUA
R

 is not nano regular open unless U=)( XU
R

. 

 

Case 4: Since UNN =))(( UClInt  and  =))(( ClInt NN , U and   are nano regular open. Also any nano 

regular open set is nano-open. Thus, )(,, XL
R

U  and )( XB
R

 are the only nano regular open sets . 

 

Theorem 4.13 : In a nano topological space ( ))(, X
R

U  ,if )(=)( XUXL
RR

, then the only nano regular 

open sets are U  and  .  

Proof: The nano- open sets in U  are ,U  and )( XL
R

 And )(=)))((( XLXLClInt
RR

UNN  

Therefore, )( XL
R

 is not nano regular open. Thus, the only nano regular open sets are U  and  . 

Corollary: If A and B are two nano regular open sets in a nano topological space, then BA   is also nano 

regular open. 
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