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ABSTRACT. The aim of this paper is to introduce a new type of Intuionistic sets known as the star Intuionistic
sets and study some of its properties. 2000 Math. Subject Classi_cation: 54C10, 54C08.
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l. INTRODUCTION AND PRELIMINARIES
The concept of fuzzy sets were intoduced and investigated by "Zadeh[11]" in 1965.For the _rst time,
the concept of a topological structures was generalized to fuzzy topological spaces[5] in 1968 and the concept of
generalized Intuition- istic fuzzy sets was considered by K.Atanassov [2] in 1983."Intuitionistic fuzzy
topological space"were introduced by Coker in [7]. Intuitionistic sets in point set was also de_ned by Coker[8]
in 1996.In this paper, we de_ne a new operator on intuitionistic sets, which results again an intuitionistic set
which we call it as a star intuitionistic set. We also study some of their properties

De_nition 1.1. [9]
Let X be a non empty fired set. Then the set A= < X, A', A2 > Where A!

and A2 are subsets of X is called an intuionistic set if A'N A2=¢ The set Al
is called the set of member of A, A? is called the set of non member of A.Here

after let us represent the intuionistic set as IS-sets.
De_nition 1.2. [9]

(a)Let X and Y are two non empty fized sets.Let A = < X, A', A2 = and
B = < Y,B!,B?> = be two IS sets defined on X and Y respectively. Then
the image of A under f,denoted by f(A),is the IS in Y defined by f(A)=
<Y, f(AY), f-(A?) >, where f_(A?) = (f(A2)°)e.

(b)If X and Y are two non empty fired sets.Let A = < X, A', A2 = and
B =< Y,B' B? = be two IS sets defined on X and Y respectively. Then the
preimage of B under f,denoted by f~'(B),is the IS in X defined by f~'(B)=
< X, f~Y(B"Y), f1(B?) .

De_nition 1.3. [9] _
An intuitionistic topology(IT for short) on a nonempty set X is a family T

of ISs in X satisfying the following axioms:
(T) ¢, X e
(Ty) GiN Gy eT for any G1,Gy € T.
(T3) UG; € T for any arbitrary family {G; :i€ J } C .
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Definition 1.4. [9] Let (X, 7) be an ITS and A=< X, A', A2 = be an IS in
X. Then the interior and closure of A are defined by

Cl(A)=N{K : K is an ICS in X and AC K}.

int(A)=U{G : G is an 10S in X and GC A}.

Definition 1.5. [8] Let X be a nonempty set and p € X a fized element in X.
Then the IS P =< z,{p} {p}° > is called an intuitionistic point(IP for short)
in X.

IP’s in X can sometimes be inconvenient when express an IS in X in terms
of IP’s. This situation will occur if A= < X, A, A% > and p ¢ A,.Therefore

we shall define vanishing IP’s as follows:

Definition 1.6. [8] Let X be a nonempty set and p € X a fized element inX.

Then the IS pn. =< x,¢,{p}° > is called a vanishing intuitionistic point(VIP
for short) in X

Definition 1.7. [8] Let f: X — Y be a function.

(a)Let p be an IP in X.Then the image of p under f,denote by f(p),is defined
by f(p)=< Y {a}.{a}* >.where q=f(p) and

(b)Let p~. be a VIP in X. Then the image of p~ under f, denoted by f(p~)
,is defined by f(p~)==<Y, ¢.{q}° =, where g=f(p).

It is easy to see that f(p)is indeed an IP in Y ,namely f(p)=q where q=f(p),

and it has exactly the same meaning of the image of an IS under the function

f-f(p~) is also a VIP in Y, namely
f(p~) =p~,where g=f(p).

Definition 1.8. [9]

Let X be a nonempty fived set. Then the operators [|.<> are defined on an
intuitionistic set as [JA =< X, A!, (A')° > and <> A =< X, (A%)°, A% >.
Lemma 1.9. [9]

If A =< X, A, A2 > is an IS sets, then A = < X, A2, A! >.
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Definition 1.10. [9]Let (X, 7) be a ITS.

(a) m={G' :< X,G',G? =€ 7} is a topological space on X. similarly T9=
{G2 XA G T} is a family of all closed sets of the topological space
2={(G?)*:< X,G!,G? -€ 7} on X.

(b) SinceG! N G%2=¢ for each G=< X,G',G? =€ 1, we obtain G* C (G?)°
and G? C (GY)°. Hence (X, 11, 7) is a bitopological space.

1.  STARINTUITIONISTIC SETS
In this chapter, we de_ne a new IS namely star intuitionistic set and studied some of their basic properties.

Definition 2.1. Let X be a non empty fired set and A= < X, A', A2 > be
an intuitionistic set. Then we define the star intuitionistic set A* as A*=<

X, (A%)° — (AY)e, (A2) N (AY)e >, where Aland A? are the subsets of X.

Lemma 2.2. Let X be a non empty set and A= < X, A', A% > be an intuition-
istic set. Then A*=< X, (A%)° — (A1), (A%) N (AY)® > is also an intuitionistic

set.

proof:
To Prove:< X, (A?%)°— (AY)e, (A%) N (AN > is an IS, we have to prove that
((A%)° — (AH°) N ((A%) N (AY)°)=¢, which is so obvious and so

A* is also an intuitionistic set.

Corollary 2.3. Let X be a non empty set.Then ¢* = < X, ¢° — X, 6N X >
and X* = < X, X N ¢, X — ¢¢ > are also star intuitionistic set.

Theorem 2.4. Let X be a non empty set with A = < X, A', A2 > and B= <
X, B!, B2 > be two given intuitionistic sets with A*, B* (i=1,2)are subsets of X.
If A=< X, (A%)e—(AY)e, (AN (AY)° > and B> = < X, (B%)c—(BY)*, (B2
(BY)¢ > are star intutionistic sets on X, then A C B implies A* C B*.

proof:

Given A C B. Then A' C B! and B2 C A?

It is easy to prove that (A?)¢ — (A')° C (B?)° — (B')¢ and (B?) N (BY)° C
Arr(A)e Sa.-A¥C. B~
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Remark 2.5. A* = B* iff A* C B* and B* C A*.

Corollary 2.6. We can also prove the equalities
(i)A" = < X, A5 — A5, (A2) N (AD)e >=< X, (A2) N (AL)°, A5 — AS >.
(ii))UA: =< X, (NA2)° — (UAD)®, (NA2) N (UAD)® >.
(iii)NA =< X, (UA2)° — (NAD)<, (UA2) N (NA})e >.
(iv)A* — B*=A* N B*.

and it is easy to show that each R.H.S is also a star intuitionistic sets.

Corollary 2.7. The operators [|,<> defined on an intuitionistic set can also
be extended to star intuitionistic set as follows.

(D)1 A* =< X, (42)° — (A1)", (A%)° — (A1)°)° >.

Gil<> A*=< X, (A%) N (AL (A2 1) (A1)9)° >

Here are some of the basic properties of inclusion and complementation of

star IS.

Corollary 2.8. Let A; be IS’s in X where i € J,where J is an index set and
A} are corresponding star IS sets defined on X then

(a)A¥ C B* for eachi € J = UA} C B*.

(b)B* C A} for each i € J = B* C UA;.

(c)UA} = NAY; NAT = UA;

(@A € BB C A",

(e) ) = A"

(e =XFX> =,

Now we shall define the image and preimage of star ISs. Let X.Y be two

nonempty fized sets and f:X— Y be a function.
Let A and B be the IS sets on X and Y respectively.

Definition 2.9. (a)If B* = <Y, (B?)°—(BY)¢, B>N(B')* = is a star IS in Y,
then the preimage of B under f. denoted by f~1(B), is the star IS in X defined
by f~1(B*) = < X, f7H((B?)° — (B)°), f{(B*N (BY)°) >

(WIf A* = < X, (A%)° — (A1), A2 N (AY)° = is a star IS in X, then the
image of A under f, denoted by f(A*), is the star IS in X defined by f(A*)
= <Y, f((A%)° — (A1)%), f-(A* N (AY)°) . Where f_(A%N(AY)) = (f(A’N
(A1)°)9)°=Y — f(X — (A2 N (AY)9)).
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Lemma 2.10. Let A* = < X, (A%)° — (A", 42N (AY)° > is an Intuitionistic
set. Then A2 N (A D fF1(f_(A%2N (AY)°).

proof:

FH-(A2 N (A))=f1Y - f(X - (A*n (4)9))
=f=1(Y) - f~Hf(X - (42N (A1)
CX—(X-(42n(A4Y))

AN (A"

(AN (AY)) C A2 (A

Theorem 2.11. Let A} (i € J) be star IS sets corresponding to the IS sets A;
in X and Bj(j € k) be star IS’s corresponding to the IS sets Bj in Y, and
f: X =Y be a function. Then

(a)Af C Ay = f(A]) C f(A43).

(b) Bf € By = f~(B}) C f~!(B3).

(c)A* C f~1(f(A*)) and if f is injective, then A* =f~1(f(A*).

(d)f(f~Y(B*)) C B* and if f is surjective, then f(f~'(B*))= B*.

(e)f~1(UB})=Uf(By),

(F)f 1 (nB;)=nf~1(B}).

(9)f (VA7) = Uf(4}),

(h)f(NAF) CNf(A?),and if f is injective,then f(NAY) = Nf(A]).

(i)f 1 (Y*)=X",

(G)f (%) =0

(k)f(9")=0",

(l)f(j(:;‘)z?’/*, if f is surjective.

(m)If f is surjective, then f(A*) C f(A*).If furthermore,f is injective,then
have f(A*)=f(A%).

(m)(f~1(B%))=f~1(B").

Www.ijmsi.org 55|Page



A Study On Star Intuitionistic...

proof:
(a)Given A; C A3, where A} = < X, (A2)° — (AD)e, A2 (A})e -
5 = < X, (A3)° — (A}, 43 (4D

To Prove: f(A7) C f(A3)

By definition f(A7) = < Y, f((AD° — (AL)), £_(42 N (A))%) ». Where
f-(AF N (A})°) = (F(AF N (A})°)°)".

f(A3) = <Y, F((AD)° — (A3)°), f-(A3 N (A))°) =. Where f_(A3N (A3)) =
(f(A3 N (AD)°)°)e. Also e can prove that

F(AD° = (A1)°) C F((A3)° — (A3)°) and f_(ATN(A})°) 2 f-(A3N (4))°)

S F((AD)° — (ADF) C F((ADF — (AD)0).

Therefore A C Ay = f(A}) € f(43)

(b)Given B} C B3, where B} = < X,(B?)°— (B})%,Bin (B})* ~. By =
< X, (BY)° - (BY), By (BY): -

To Prove: f~Y(B;) C f~(B3)

By definition f~(Bf) = < X, f~((B})° — (B1)°), f (B N (B1)°) >

YB3 =< X, Y ((B2)°—(B})°), f Y(B2N(Bl)°) =. One can very easily
prove that £~ ((B3)° — (BY)) C F-1(B})° — (BL)) and £~(B} 1 (BI)?) 2
FH(BE N (By)).

hence: By C By = f~%(B}) C f~1(B3).

(c)To prove A* C f~1(f(A*)) and if f is injective.

To prove:A* C f~1(f(A*).

(A%)° — (AY)° C FH(f((A%)° — (A)?)) and

A2n(AYe C FU(f- (A2 N (AY)°).(By lemma 2.10)

Hence A* C f~1(f(A%).
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If f is injective then
F AN € F S B E)— A a0 )
& Y NG E— (AP L T AN &)
=< X, F1(f((A%)° — (A1), FH(F- (A% N (A1)9)) =~
Hence f~1(f(A*))==< X, (A%2)°c — (A1), (A2N (AY)°) =
=N ]
(d)f(f~Y(B*)) € B* and if f is onto, then f(f—'(B*)) = B*
FUF B ==Y (B)—(BYH: BN (B9 =)
=f(= X, fY(B*»)° — (BY, fFH(B>*N (BY)°) »)
I B ) =Y (B ) (B ) - (T (B m(B))) )
C Y, (B~ (B ) (B*n(B")) =
= B*
Notice that
F(~ (B —=(BY)) € (B)*=(B')
f O B2 0 (B =Y —f(X = BP0 (B))
=¥ —f(F () —F(BEM(BYH))
=¥ — O —EN @YY
DY — (¥ —(B*n(B")))
— B2N (BY)*

(BB ) 285 (B

(e) To prove f~1(UB;)*) = U(f~1(B;)*)

f~H(uB;) =FfY(RY,uUB;, NB2 )

f”l(UB;) = f (=Y, (ﬁBJQ-)C — (LJBJI-)c " (ﬂBJ?) N (UB})C =)
=< X, f~1((NB})*— (UB))°) , f1((NnB3) N (UB})* >))
=S XU (BHE—F B THF B NF B
=uUf-1Y, (BJQ-)C — (B})C 2 (B;?) N (B})c —
= U(f~1(B5)*)

Therefore f~1(UB;)*) = U(f~'(B;5)")

(f)We need f~1(NB;)*) = N(f~1(B;)*)

FINE) = <Y, (BL 1B >)

Now, f—l(ﬂB}‘) = (<Y, (LJBJQ-)c — (ﬁB})C : (UBJ?) N (|’1B})c =)
=N % FY (B = (B])%) » (B3 M(B3)°) &
=Nf~' <Y, (B})° — (B})°, (B}) N (B})° >
—=A(f(B;)")
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Therefore f~1(NB;)*) = N(f~(B;)")
(9) To prove f(UA;)*) = U(f(A:)")
f(UA;) = f(< X,UAl,NAZ >)
FUAD) = f(= X, (NA})° — (VA , (NA7) N (UAY)° >)
=< f(X), fF((NA) — (UAD)®) , f_((NA}) N (VAD)) ».......(])
Also
FUNAD) — (VA =F(NA) — F(UA})"
=Uf(A7)° —Nf(A})°
=U(f(A2)° — f(AD9)........ (1)
f-((NA7) N (UAD) =Y — F(X — ((NAF) N (UA})))
=Y — f(X) + f((NA7) N (UVA))9)
=Y — f(X) + f(NAD) N F((UA})°)
=Y — f(X) +Nf(AD) N (Nf(A))°)
=Y — f(X) + N(f(A7) N £(4)°))
FCF AN VAT e (2)
from (1) and (2) in (I)weget
=f(UAi)") = U(f(4:)")
(h)f(NA:)*) = N(f(A:)")
f(N4;) = f(< X,NA},UAZ »-)
f(NA}) = f(= X, (UAD)® — (NAD)® , (UAT) N (NA}) =)
=< f(X), F(VA})° = (NA})°) , f-((UAD) N(NA7))) =......(TI)
Notice that
F((UAD)® — (NAY)°)=f(UAD)® — fF(NA})°
=Nf(A7)° — Uf(A}°
=N(f(42)° - f(4})9........... (1)
f-((UA7) N (NAD)=Y — F(X — ((UA?) N (NA4))%))
=Y — f(X) + f((UA?) N (NA})°)
U FEADY P ) s cvonsssasans (2)
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from (1) and (2) in(I) we get
== f(X),N(F(A?)° — fF(AD) ,U(SF((AZ) N (A})°) =
=N < f(X), f(A2)° — fF(AD° ,.F((AZ) N F(A})° =
=f(NA)*") = N(f(A)D™)
Gl ) — T LV, P — P TT¥ =
=2 F A ) NPT ST ™) &
=< X, X —@d. oM P >
e X P — XL BN
=X,
G UP*) =F L <V, Yo — 5, YV Nt =
=L X Yo Y —d%), MY NP5 =
A TS
== X, X — @, X N @ =
=5~
(k) F(X)=F < X,¢°— X, 61 X >

=< f(X), f(¢° —| X)), f_(d N XC) »......... (1)
Notice that
f(¢° — X°) = f(¢°) — F(X?)
= =Y T (1)
fo(eNnXe) =Y — f(X —pNX°)
=Y — f(X) + f(¢ N X°)
=Y — f(X) + f(¢) N f(X°)
=Y — f(X) + f(¢) N f(2)
=F () OV F(D).ciivsas (2)
from (1) and (2)in (1) we get
=< f(X),¢°=Y*, f(&) N f(¥) >
== f(X),¢° =Y 0N~
=< f(X),¢6c =Y, 0NY" >
7
1) f(¢*)=¢*
f(@*)=f < X, X°~¢°, X N ¢* »
== f(X), f(X¢—¢°), (X Ng) >
=< Y, Y —¢°Y N¢° >==¢*
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Notice that
fXe—¢)=flo6—X)=f(¢) —fF(X)=od—-Y =Y°—¢°
f-(XNe¢°) =Y — f(X — (X Ng))
=Y — f(X) + f(X N ¢°)
= f(X) N f(¢°
—YN¢°
(m) f(A*)=f< X, (A2)c — (Al)c, A2 N (A1) >
= f < X, A%2N (AY)°, (A2)° — (AY)° >
=< f(X), F(A* " (41)%), f_((4%)" - (4%)) >
=<Y, f(A2N (AY)°), f_((A2)° — (A})°) >
fA%)=f < X, (42— (A1), AN (AT)" >

== fIX). F((A%)—(A)). F (A2 (Al)) >
=2V, I (A2 T (AYS), FU(A%)° — (AY)%) Suvanna (1)
since f is onto and f(A*) C f(A*)
f_(A2N (A1)°) C f(A%2 N (AY)°) and
Y —f(X — (47 (Al)) € F(A*M(A%))
Y — f(X) + f((A* N (A1)9))) C f(A? N (AY))
FA PN C AR TN (1)
(A2 — (A)) D f_((A2) — (A1)
(A2 — (A1) DY — f(X — (A2)° — (A1)
(A2 — (AY)9) DY — F(X) + F((AD)F — (A1)
FILAZ 1 — A A ) DA (LA — [ )5))ssnmmssnumansasmis (2)
from(1) and (2)in(I) we get
f(A%)=f< X;(A%)e — (AY)=, A2 N (AY)= >
(n)f~1(B*)=f"'<Y,(B?)— (B!, B2N (B!)* >
== 1Y), (B 0 (B)). [ (BY)— (&)Y
= XA~ (B9 U= (B ) >
FHB)=f <X, (BY)=- (B, B M(BY)F>
=< f-1(Y), f-1((B?)c — (BY)°), F~ (B2 N (B)) >
=< X, (B2 0B (B = (BY)) =

BB

Www.ijmsi.org 60|Page



A Study On Star Intuitionistic...

I1l. STARINTUITIONISTIC TOPOLOGICAL SPACES
Now we generalize the concept of ™ Star intuitionistic topological space" by means of Star intuitionistic

sets:In this case the pair X, T} is always known as an intuitionistic topological space and any set in T s
known as an intuitionistic open set in X.

Definition 3.1. Let (X,7) be an IS topological space. Let Ai=< X, (A?)¢ —
(ADe, A2 N (A > be a star IS set with A; € T
Then T* :{8* X, A7} is called as the star IS-topological space.

Example 3.2. Let X ={a, b, c,d, e} with the topology T ={¢, X,A;,As,A3,A4}
where Aj=<X{a,b,c} {d}>, As=<X{c,d} {e}~, A3==<X{c} {d.e}>, Ay=<X,{a,b,c,d} {o}.
Then (X, 7) is an intuitionistic topological spaces in X.

We define A*=< X, (A?)°—(AY)e, (A2)N(AY)¢ > and T* ={c,";*. %,A’[,A;,A}Ag‘}
where Aj=<X,{a,b,c} {d}>, As=<X{c,d} {e}>, Aj=<X{c} {d e}, Aj=<X{a,b,c.d} {o}>.
Then (X,7*) is an StarITS on X.

Definition 3.3. Let (X, 7) be a ITS and T={¢, X} U {G} :i € J}.
Then we construct two StarITS’s on X as follows:
) ﬂ:{&,)‘(’*} U{< X, ¢°— GS,pNGE i€ J}.
(b) #:{&,)’2’*} U{=< X, (GS)° — ¢5,G5N ¢ »: i € J).
Proposition 3.4. let (X,7) be a Intuitionistic topological space on X.Then

we can also construct several ITS’s on X in the following way:
(a) To1={[|G* : G* € J} (b) Too={<>G*: G* € J}.
Remark 3.5. Let (X, 7%) be a StarITS.

(a) T ={(G?)° — (G)° :< X, (G?)° — (G1)°,G2% N (G')¢ =€ 7*}is a topologi-
cal space on X.

similarly 75 ={G* N (G')° :< X, (G?)¢ — (G1)°¢ =€ 7} is a family of all closed
sets of the topological space 3 ={[G? N (G')°]° :< X, (G?)¢ — (G')¢ =€ 7*}on
X.

(b) Since(G2)e— (G NG2N(GY)°=¢ for each G*=< X, (G?)°— (GL)¢, 2N
(GY)° =€ T, we obtain (G?)° — (G)° C [G?N(G")]°andG? N (G)° C [(G?)* —
(GI)C]C.

Example 3.6. Let (X, 7*) be a StarITS .Let X={a,b} and consider the family

T*:{?J;*,X"*,A*,B*} where A*=< X, ¢, {a}~ ,B*=< X,c,z'),{b}>-,£;*:< X X %,

X*=< X,X,¢ >=.Then 7 ={¢ :< X, ¢,{a}>=€ 7*}is a topological space on X.
Similarly 5 ={{a}:< X, ¢,{a}~€ 7"} is the family of all closed sets of the

topological space
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m={{a}* < X, 0, {a}~€ 71"} on X
(b) Since pN{a}= ¢ for each G*=< X, ¢,{a}>€ 7%,
we obtained

¢ C {a}’

¢ C {b} and

{a} C {s}°

{a} € {a, b}

Hence we conclde that (X, 7{,75) is a bitopological space.

Definition 3.7. The complement A* of an Star I0S A* in an ITS (X,7) is
called an Star ICS in X. Now we define closure and interior operations in
StarITS'’s.
Definition 3.8. Let (X,7) be an ITS and A=< X, A', A? = be an IS in X.
Then the interior and closure of A are defined by
Let (X,7) be an ITS A*=< X, (A%)° — (41)¢, (A2) N (AY)® > be an IS in X.
Then the int and cl of A are defined by
Cl(A*)=N{K* : K* is an Star ICS in X and A* C K*}.
int(A*)=U{G" :G" is an Star I0S in X and G* C A*}.
It can be shown that Cl(A*) is an StarlCS and int(A*) is an StarlOS in
X, and A* is an StarICS in X iff Cl(A*) =A* and A is an StarlOS in X iff
int(A*)=A*.

Example 3.9. Consider the Star ITS (X, 7) in Ezamples 3.2 .If B*=< X, {a,c},{d} >,

then we can write doun

int(B*)=< X,{c},{d,e} > and Cl(B*)=< X, X, ¢ >

Proposition 3.10. Let (X, 7) be an StarITS and A,B be IS’s in X. Then the

followig properties hold:
(a)int(A*) C A*
(a') A C cl(AY)
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(b)JA C B = int(A*) C int(B")

(6') A € B = CI(4*) C Cl(B*)

(c) int(int(A*) = int(A*)

(c!) cl(cl(A*)=cl(A*¥)

(d) int(A* N B*) = int(A*) Nint(B*)
(d*) cl(A*N B*) =cl(A*) Ncl(B*)
(e) int( X)) =X

(%) cl(¢?) =¢°
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