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ABSTRACT: The aim of this article is to introduce the notion of EPr bimatrices. This paper is concerned
solely with developing the properties of EPr bimatrices. Real and complex EPr bimatrices are studied for their
own inherent properties and a number of generalizations of the results analogous to EPr matrices have been
obtained.
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I. INTRODUCTION
The concept of a normal matrix with entries from the complex field was introduced in 1918 by
O.Toeplitz [6] who gave a necessary and sufficient condition that a complex matrix to be normal. Since, then
many researchers have developed the concept and many generalizations of normality were studied. First, results
about EPr complex matrices, a concept introduced by H.Schwerdtfeger in [5] as a generalization of normality
were obtained and then in [3,4] the notion of EPr was extended to matrices over arbitrary fields and applied to
obtain results about normal matrices.

In this paper we introduce the notion of EPr bimatrices as an extension of bimatrices. A complex

matrix A of order n is called EP if the range spaces of Aand A are equal. Greville in [6] termed an EP Matrix
as a range hermitian matrix.

Il. ON EP, BIMATRICES
Definition 2.1
Let Ay = A U A, be a bimatrix. Then the null space of Ay is defined by,

N (A )={xel /A, x=0thatis AxUAXx=0}.
Example 2.2
-3 6 -1 2 -4 1
Let A, =1 -2 2|u|-6 12 0|=A UA, (say)
2 -4 5 -4 8 3
2
Here X =|1 |such that A;Xx =0. Hence XxeN (Ay).
0

Definition 2.3
A bimatrix Ay €[] is said to be EP if it satisfies the condition AgX =0 <> A;x =0 (or)

equivalently N (AB) =N (A;)
Definition 2.4

A bimatrix A; = A U A, is said to be of rank r if both the components of A; ,thatis Ajand A, are of
same rankr.
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Example 2.5
1 0 3 1 1 3

Let A, =2 1 -1(u|l 3 -=-3|=AUA, (say)
1 -1 1 2 -4 -4
Since, both A and A, are of rank 3 then rank of A; is 3.

Remark 2.6
Throughout this paper we consider bimatrices whose components are of same rank.
Definition 2.7

A nxn bimatrix Ag with entries from the complex field LI .. is called EPr if it satisfies the

following conditions:
(i) Ag has rankr.

(ii)zn:ai A = 0if and only if Zn:o‘zi A =0
i=1 i=1

That is Zn:ai(Aii UAzi) =0 ifand only if i&i (AliuA;):OWhere a, ell,i=12,..,n
i-1 i=1

Remark 2.8
Here Ay denote the i"" row of the bimatrix Ag and Ag denote the i column

of A, (thatisboth A and A,).
Example 2.9
1 0 1 2 1 2

Let A,=|0 -2 0|U[1l 3 1|=AUA((say)
1 0 1) 2 1 2

a —a
N(A)=4| 0 |,| 0 |}, vaeR
—a a

n n
Here rank(A3) is 2, Since Ajand A, are of rank 2. Also the condition Zai A =0 < Z&iAg is
i=1 i1

satisfied.
Therefore Agisan EP, bimatrix.

Theorem 2.10
If Ag isabimatrix then the following statements are equivalent :

(i) Agisan nxn EPr bimatrix.
(i) A hasrank I and there isan nxn bimatrix N such that Ay = N A, .
(iii) A has rank I and there is a non singular Nxn bimatrix N such that A, = N A, .

(iv) Ag can be represented as,

D D.X: .
AB:Psl: - ' 2 :IPB

XBDB XBDBX;

D |DX*1 \ {Dz |D2X;—‘ -
—p| 2 " IpTUP P
l[XIDl X.DX; |1 XD, KD

WwWw.ijmsi.org 45|Page



On EPr Bimatrices

[
dysibyibaak

where Py is a permutation bimatrix and Dy is an rXr non singular bimatrix.

v) A E=0ifand only if A, &=0 where el , .
To Prove: V)= (i)
If part:

Suppose Z:oqABi =0where o, €lJ,i1=1,2...,n

i=1

That is ZaiAL_ =0and ZaiAZi =0
i1 i1
al

a,
Let £=| .7 |el]

n

a,

Then & A, =(ct t,..,) Ay
=@ a,...0)Au( e, ...a,) A

:an:aiAli uznllaiAzi
&'Ay =0 (sinceby (1))

Taking conjugate transpose on both sides,
(&'A) =A &
Applying (v) we have
A& =0
n
Thus, Z ahA;=0.
i=1
Only if part:

n .
Suppose Z:o_t,A,'3 =0where &, €[1,i=1,2,...,n

i=1

= Zn:&iAI‘ =0 and Zn:&iA; =0 (sinceA, =A UA,)

Let5=

v

M
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= LGNV ahA,
i=1 i
(&) A =0
Taking conjugate transpose on both sides,
(E'A) =A£=0
Applying (v) we have

A& =0
Thus, iai Ag =0

n n i
Hence Y oA, =0 ifandonlyif Y @Ay =0
i=1

i=1
= Agisan nxn EP, bimatrix.
To prove (i) = (iv)
Let Agbe EP.andlet therows A, A ,...,A and A, , A, , ..., A, be linearly independent.

|f2ﬁi AQ:Othen_Zr:/Z A, =0

Hence B, =f,=---= =0
Thus, B, =3, =---= . =0and sothecolumns A', A’, ..., A and A}, AZ, ..., A are linearly independent.
Since the rank of Ajand A, arer, the sub bimatrices D, and D, formed by the elements in the intersection of

rows A, A_,...A and the columns A, A, ..., A" of Aandalso the rows A, A, ,...A, and the columns
Azl, A;‘, ey Azr of A, respectively, are an IXr non singular bimatrix [5,P-52].

Now, Premultiply and postmultiply A and A, by the Permutation matrix P, , P, and
PP, respectively such that A and A,can be written in the form,

B=RAR = % & B,=P,APR= 2 5
1= "1 1 = Fl Gl 27 72 2~ Fz GZ

. [D, E D, E, Dy Eg
3BB=PBABPB{F1 Gl} IHFZ Gz}:‘{ﬁs GJ “

Since the first block row of B;and Bjare of the same rankr as A;and A, and thus Bgthere is an

(n—r)xr bimatrix Hy = H, U H, such that,
[F1 Gl]: Hl[D1 Ei]and [F2 GZ]: H, [D2 E2]
and hence by (1), such that

E D | . E D,| .

llelalnd 2:2H2

Gl Fl GZ I:2
If D,and D, have rank < r,then D,& =0and D,& =0
Sothat D& =0 (since D, =D, D, )hold for some & €[],
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D, _ D, ¢ — 0and D, _ D, ¢ ~0 Dg
T e N S T e N

Which is a contradiction to the assumption that the first block column of Bg has rank r.

With Hg as above, let

I, | 0 L] O] [, |0
QB: _HB IB,H ) _Hll |1n,rJU _H2||2n,r

0

D, D, O .
=A= Plil Ql |:O i|Q1 and A = P271 le |:0A2~‘0} le I:)271

SetPl Py, Xg =—Xgand Q -1 Wwe have,

b

To prove (IV) :>(III)
Assume that (1) is true.

St Qs =Q Q= { H [ X, llIOHXI m

e

D|0] . . [p0] . .
{O_ }_Q181Q1_Q1P1A1P1 Ql and|:4’70j|_Q2 BzQz_Qz P2A2P2 QZ

. | Dy 10
If QgAsQp :[6_8_‘_6} , where Qg = Q, U Q, is non singular and Dg is I'XI' non singular bimatrix then,

(@ AQ) =[(@Qua)(Aua)@uQ)]
-[(QAULQA)(Q V)]
=(QAQUQAQ)
-(QAQ) V(QAQ)

(QAQ) =QAQUQAQ

Pre multiply and post multiply by le and ng
Q' (Qe A Q:) & QM (QA QT UQ A Q)"
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-(QUQ) (A QUL AQ)(QUQ)”
=('UQ)(Q A QU A Q)T uQ)
—Q'QAQUQ'Q, AQ; (QTug™)

* o *x 1

=Q'Q AQQ UQ'QAQQ
(sin ce Al = A*’l)
=AUA
=(AUA,)
= A

. ~al(DuD) Pl
:>AB_ B|: O |OJQB

-1 D1* 0 -1 -1 Dz* ] -1*
- Ql |: 0‘_HH'91 UQz |: 0%’@2

-1 Dl* Dlil -1 Dl | -1
oMo o)

o oo {Se]

0 0

=N, AUN, A,
=(N,UN,)(AUA)
= Ng A

D'D* 0 D,’D,* 0
where N1:Q1{ lo;hHQrandNZZQz{ Zo%m
N,, N, are nonsingular.
Proof of (iii):>(ii) is evident.
To prove (ii):>(v)
Let Ay =Ng A
Let N(AB)denote the null space of A, andlet &N (Aa)
= A ¢=0
Thatis A &=0and A, =0
Then Aéé‘:(NB A3)§
(NN (AUA) e
:(N1A1UN2 Az)§

=(N,A)EU(N, A)E
= Nl(A.g)UNZ(AZé:)
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=N, (0)UN,(0)
= A £=0
=N(A)N(A)
But, since rank (A, )= rank (A;)
=dimN(A;)=n-rank (A;)
=n-rank (A;)
dim N (A;)=dimN(A;)
=N(A)=N(A)
Thus, if Ay £=0then A, £=0
Lemma 2.11
Let Agand By be nxn EPr bimatrices. Then R( A, )=R(Bjg)ifandonlyif N(A;)=N(B;).
More generally, let Agand By be nxn bimatrices of rankr then R(A;)=R(Bg)ifand only if
N(A)=N(Bg).
Proof

Let R(Aa): R(BB)

By known result, there is a bimatrix C such that
Be = A Cg
Then, By =(A; Cp)
= N(A))=N(By) (sinceN (A )= N(B) if B,=C/A)
Since rank (A;): rank (B;) , we have
N(A)=N(;)
Conversely,
N(A)=N ()
By known result, there is a bimatrix Cg such that
A =Cq By
(%) =(C3 B) =B G
A =By Cy
=R(B;)=R(A;)
But rank (A; ) =rank(B;)
We have R(Ag): R(B;)

*

Co A

*

Lemma 2.12
Let Ag and By be complex nxn bimatrices satisfying AgBg= By A; . Then

ABi0, <[N(A)+N(B,)]

Proof
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Let vell ,xeN(Ay)and yeN(B;)
= Ajx=0and B;y=0
(A;B;v,x+y):((BBAB)*V,X+Y)
:(V' BBAB (X+y))
=(V, By AjX+ By ALY )
= (v,BsAX+A,B,Y ) (sinceA,B, =B, A,)
=(v,Bs (AX)+ A, (Byy) )
=(v,0) (sinceby (1))
= ABive[N(A)+N(By)]
:A;B;Dng[N(AB)JFN(BB)T

@

v

Lemma 2.13

Let A; and By be complex nxn bimatrices, satisfying A;Bgz=BgA;. Then
A\;B;D n < N (ABBB)L
Proof
Let vel , and ze N(A;By)
= (ABg)z=0
(Angv,z):((BBAB)*v,z)
:(V’ By AZ)
:(V' 'ABBBZ) (SinceAaBB = BB'A\B)
~(.0)
(A;B;v, z) =0
= ABgveN ('AﬁaBB)l
Lemma 2.14
Let Ag and By be complex nxn bimatrices satisfying AgBg =Bz Ag. Then
B'(N(A) )= N(A)'
Proof

Let XeN(AB)l and yeN(Ag)

Now, A;(Bgy)=Bg(AY)
=0 (sinceyeN(A))

= ByyeN(A)

Hence (B;X, y) :(x, BBY)
=(x,0) (sinceByyeN(A))

= BixeN(A)"
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=B, (N(A) )=N(A)"
Theorem 2.15
Let rank(ABBB):rank (Bg) =r, and rank (B Ag) =rank (Ag) =r,. If A;B; and B, are

EPr, and Ay is EPr, then B A, is EPr,.
Proof

If A& =0 then B;jAE=0
Therefore, N(AB)g N(BBAB)
Since rank(Ag) =rank (B;A;)
We have N(A;)=N(B;A)
similarly N(Bg)=N(A;B;)

Then By Ag& =0
< AE=0
< ALE =0 Since A;is EPr,
© ByAS=0
< AgB;& =0 Since Agis EPr,
< Bg&=0
& Bé=0

< A B &=0

Hence N (B; Ay) < N(A; B;): N (Bg AB)*
But rank(B, A,)=rank(Bg A,)

There fore,
N(Bs A;)=N(A; B;)
= By A ISER,
REFERENCES
[1]. Adi Ben — Israel Thomas N.E.Greville, Genaralized Inverses Theory and Applications, Second Edition.
[2]. Irving Jack Katz and Martin H.Pearl, on EPr and normal EPr matrices,
[3]. Journal of Research of the National Bureau of standards — B.Mathematics and Mathematical physics, vol. 70B, NO.1, January —
March 1966.
[4]. M.Pearl, on Normal and EPr matrices, Michigan Maths.J, 6, 1-5 (1959)
[5]. M.Pearl, on Normal EPr matrices, Michigan Math. J and 33-37 (1961)
[6]. H.Schwerdtfeger, Introduction to linear algebra and the Theory of Matrices. P.Noordhoff, Groningen, 1950.
[71. Teoplitz,0., Das Algebraische Analagen Zu Einen Satz VVon Fejer, Matu, Zeitschrift, 2(1918),187-197.

WwWw.ijmsi.org 52|Page



