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ABSTRACT : In this paper, we have studied 3-dimensiona/ e-trans-Sasakian manifold. Some basic results
regarding 3-dimensional trans-Sasakian manifolds have been obtained. Locally ¢-recurrent, locally ¢-
symmetric and g-quasi conformally symmetric 3-dimensional e-trans-Sasakian manifolds are also studied.
Further some results on generalized Ricci-recurrent e-trans-Sasakian manifold were given.
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l. INTRODUCTION
In the Gray-Hervella classification of almost Hermitian manifolds [10], there appears a class W,, of Hermitian
manifolds which are closely related to locally conformal Kaehler manifolds. An almost contact metric structure on a
manifolds M is called a trans-Sasakian structure [17] if the product manifold M = R belongs to the class W,. The class

C. & C5 ([14]. [15]) coincides with the class of trans-Sasakian structures of type (a, B). In [15], local nature of the two

subclasses, namely Cs and Cg structure of trans-Sasakian structures are characterized completely. Further trans-Sasakian
structures of type (0, 0), (0, B) and (a, 0) are cosymplectic [2], B-Kenmotsu [11] and a-Sasakian [11] respectively. In 2003,
U. C. De and M. M. Tripathi [7] obtained the explicit formulae for Ricci operator, Ricci tensor and curvature tensor in a 3-
dimensional trans-Sasakian manifold. In 2007, C. S. Bagewadi and Venkatesha [1] studied some curvature tensors on a
trans-Sasakian manifold. And in 2010, S. S. Shukla and D. D. Singh [19] studied e-trans-Sasakian manifold. In their paper
they have obtained fundamental results on e-trans-Sasakian manifold.A Riemannian manifold is called locally symmetric
due to Cartan if its Riemannian curvature tensor R satisfies the relation VR=0, where V denotes the operator of covariant
differentiation [13]. Similarly the Riemannian manifold is said to be locally ¢-symmetric if p*(VyR)(X,Y)Z=0, for all vector
fields X, Y, Z and W orthogonal to & This notion was introduced by T. Takahashi [20] for Sasakian manifolds. As a proper
generalization of locally ¢-symmetric manifolds, ¢-recurrent manifolds were introduced by U. C. De and et al. [8]. Further
locally ¢-Quasiconformally symmetric manifolds were introduced and studied in [5]. In 2002, J. S. Kim and et al, [12]
studied generalized Ricci-recurrent trans-Sasakian manifolds. A non-flat Riemannian manifold M is called a generalized
Ricci-recurrent manifold [6], if its Ricci tensor S satisfies the condition,
(V5)¥,2) = AX)5(y, Z) + B(X) g(¥, 2).

Where V is the Levi-Civita connection of the Riemannian metric g and A, B are 1-forms on M. In particular, if the
1-form B vanishes identically, then M reduces to Ricci — recurrent manifold [18] introduced by E. M. Patterson.The paper is
organized as follows: In section 2, preliminaries about the paper are provided. In section 3, the expressions for scalar
curvature and Ricci tensor are obtained for three-dimensional e-trans-Sasakian manifolds. In section 4, three-dimensional
locally @-recurrent e-trans-Sasakian manifold are studied. Here we proved that 3-dimensional e-trans-Sasakian manifold with
a and B constant is locally ¢-recurrent if and only if the scalar curvature is constant. Further in section 5, three-dimensional
¢-Quasi conformally symmetric e-trans-Sasakian manifold are studied and proved that a 3-dimensional e-trans-Sasakian
manifold with o and B constant is locally ¢-Quasi conformally symmetric if and only if the scalar curvature is constant.
Finally in section 6, some results on generalized Ricci-recurrent e-trans-Sasakian manifold were given.

II.  PRELIMINARIES
Let M be an e- almost contact metric manifold [9] with an almost contact metric structure (o, &, 0, g, €)
that is, ¢ is a (1,1) tensor field, & is a vector field, n is a 1-form and g is an indefinite metric such that

2.1) e () = -Xx+n0E 7E) =1 ¢lE) =0 nep=0.
(2.2) gE. 8 =e nX) =eg(X.8)
(2.3) gloX, ¢¥) = g(X.¥) — en(XIn(¥),

for any vector fields X, Y on M, where ¢ is 1or -1 according as & is space like (or) time like.
An g-almost contact metric manifold is called an e-trans-Sasakian manifold [19], if

(2.4) (Vo) (V) = alglX.¥V)F —en(¥V)X} + BlglpX . V)F — en(V) X1,
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(2.5) (Vef) = el—apX + (X —n(X) E)),
(2.6) (Ve (¥) = —aglox. V) + glglx,¥) —en(X)q(¥)),
forany X, ¥ € I'(TM), where V is the Levi-Civita connection with respect to g.

Further in an e-trans-Sasakian manifold, the following holds true:

2.7 R, V)E =(a®— g MnWIx — n(XIV} + 2ain(¥) X — n(X) @V}
+ elva) X — (Xa)pV + (VB)@*X — (XB) V],
(2.8) REVIX = (a? — p*Heg (X, VIE —n(X)V} + 2apf{eg (9pX . VIE + n(X) ¢V

+ elXa) o¥ + egloX ., Vi grada)
—egleX, V) (gradp) + e(XR) (¥ — n(¥IE),

(2.9) R(E VI = {a? — g% — e} =Y + n(¥)E) —{2af + e(Fa) Ho¥),
(2.10) 2ef +elfa) =0,

(2.11) 5%, 8) = (2n(a® — B*) — (£8) )n(X) — el@X)a — e(2n — 1)(XR),
(2.12) Qf =e[(2n(a® — B2 - e(8))£ + ¢ (grada) — (2n — 1)gradf).
(2.13) 5(2.8) = 2n(a® - g% — l28)).

Definition 2.1. A non-flat Riemannian manifold M is called a generalized Ricci-recurrent manifold [12], if its Ricci tensor S
satisfies the condition
(2.14) (V). 2) = A5, 2) + B(X) (v, 2),

where V denotes Levi-Civita connection of the Riemannian metric g and A and B are 1-forms on M.

Definition 2.2. An g-trans-Sasakian manifold is said to be locally ¢-symmetric manifold [4], if

(2.15) ¢* (v, R)(X,¥)Z) = 0.

Definition 2.3. An £-trans-Sasakian manifold is said to be a ¢-recurrent manifold [3] if there exist a non zero 1-form A such
that
(2.16) ¢* (v, )X, ¥)Z) = AWIR(X, V) Z,

for any arbitrary vector field X, Y, Zand W.
If X,Y,Z and W are orthogonal to ¢ then the manifold is called locally ¢-recurrent manifold.
If the 1-form A vanishes, then the manifold reduces to a ¢-symmetric manifold.

111. THREE DIMENSIONAL e-TRANS-SASAKIAN MANIFOLD

Since conformal curvature tensor vanishes in a three dimensional Riemannian manifold, we get

3.1) R(X.Y)Z = g(¥.2)0X — g(X.2)Q¥ +5(¥,2)X — 5(x,2)¥
—f(g{f,z]x —gx.2)V),

where r is the scalar curvature.

Theorem 3.1. In a three dimensional e-trans-Sasakian manifold, the Ricci operator is given by

(32) ox =[Z—ela®— p2) — e@p))] x — [ + 28 — 3e(a® — g9 ()¢

t+elplgrade) — gradfin(X) —(@X)al — (XB)L
Proof: Substitute Z by & in (3.1), we get
(3.3) RX.YIE =gV, £)QX — gX.2)QY + 5(¥, )X — 5(X. )Y

- T (WX - (DY),

Putting Y=¢in (3.3), we get
(3.4) QX =RX.F)E+gx,2)Qf —5(F.5)x + 5(x.5)F

+Z0 - (08,
Using (2.2), (2.7) and (2.11) in (3.4), we get (3.2).
Theorem 3.2. In a three dimensional e-trans-Sasakian manifold, the Ricci tensor and curvature tensor are given by
(3.5) S, v) = [L— ela® - 87 + 28] g2,V
[+ 8 - 3e(a® ~ B2)] en(D)n(¥)

WwWw.ijmsi.org 23|Page



Some Results on e-Trans...

—en(X) [(@V)a + ¥B] — en(V)[(9X) & + X51.
and

(3.6) RO VIZ = [£— 26(a® - B7) + 268) | (V. D)X - g (X, 2)Y)

— £+ &8 — 3ela® - )] [g(v. DI(X)E — gx, Dn(¥)¢
+ en(¥In(Z2) X — en(X)n(Z) ¥]
+ elglgrada) — gradf) [g(¥.Zn(X) — g(X, Z)n(¥)]
— (X8 + (@X)a)[g(¥, 2)F — en(2)¥]
+ Vg + @V e)gx, 208 — en(2) X1 — e((92)a +28) [n(¥)X — n(xX)V].
Proof: Equation (3.5) follows from (3.2). Using (3.5) and (3.2) in (3.1), we get (3.6).
THREE DIMENSIONAL LOCALLY ®--RECURRENT e--TRANS-SASAKIAN MANIFOLD
Theorem 4.3. A three dimensional e-trans-Sasakian manifold with o and B constants is locally @-recurrent if and only if the

scalar curvature is constant.
Proof: Taking the covariant differentiation of the equation (3.6), we have

driiv]

(Vv R(X.V)Z = [

[dr(W )

—  t Vo (E8) — 6e(dalW) — dg {W]}] [g¥.Z)n(x)E

—g X IV i 4en(Viq(Z) X — en(X)q(2) V)
—[£+ 28 — 3¢(a® - B (9. 2T D) £ + 9V, 20O, €
— gX. ZWun(VIF — g(xX, 2 VIV, F + eBun(VIn(2)X
+ en¥)Vyun(Z)X — eRunX @)Y — en(XIV, n(2)Y]
+ eV (@ lgrada) — gradf)lg¥, Z2In(x) — g(X. ZIn(¥)]
+ e(¢plgrada) — gradB) gV, Z)V,n(X) — gx, ZIV,n(1]
— Vi (X8 + (9X) )alg(V. 2D — en(Z)¥] — (X8 + (¢X) &) [g(¥. 27 £
— My (Z)¥] 4V, (V8 + (@VlalglX. Z)F — en(Z)X]
+ (VB + (@Va)lglk, 2V — eVyn(2)X] — Wy (@2 o + Z8) (V) X — 5 (X)
—e((@Da + ZB) (Vypn(¥) X — Vyyn (XD ¥).

Suppose o and P are constants and X, Y, Z and W orthogonal to & Applying ¢? on the above equation and using (2.16), we

get
@1) AWIREVIZ = -2 (4. 2)X - g(x, 2V,

Putting W={e;} in (4.1), where {g;}, i=1, 2, 3 is an orthonormal basis of the tangent space at any point of the manifold and
taking summation over i, 1<i<3, we obtain

— 4e(da(W) — dp(W) + 2(?1*,{{;3]]] (g(¥,2)x — g(x,2)7)

(4.2) RX.VIZ =ilglv.2)Xx — g(xX.2)¥],

dried

48]

Corollary 4.1. A three-dimensional e-trans-Sasakian manifold with « and g constants is locally ¢-symmetric if and only if
the scalar curvature is constant.

where 4 = — is a scalar.

Theorem 4.4. A three dimensional e-trans-Sasakian manifold with a and f constants is locally ¢-Ricci symmetric if and only
if the scalar curvature is constant.

Proof: Now differentiating (3.2) covariantly along W we obtain

@ 0 =y

— E+ 28 - 3e(a® - g0] (T (£ + n(0)V,8)

+ elgplgrad) — gradp)V,,n(X) — (pX)aV,, £ — (XEIV,E
Applying ¢? on both side of (4.3) and using (2.1) we have,

(4.4) P (T @) =2 (X 4 9(08)
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(428 - 3¢(a® - 69) D977, D)
—(pX)ap® (Vi £) — () ¢* (Vy, £).

If X is orthogonal to &, we get

(4.5) 9? (7,00 (%) = —@x.

THREE DIMENSIONAL LOCALLY ®-QUASICONFORMALLY SYMMETRIC €--TRANS-SASAKIAN MANIFOLD
The quasiconformal curvature tensor on a Riemannian manifold is given by [5]

(5.1) CX¥)Z=aR(X.¥V)Z B[SV, 20X - 5(X,2)¥ + g(l’, Z) oxX — ,gEX,E]QF]
T ra
- E[E+ 2] [g(¥. 2)X — g(x. Z)¥],
where a and b are constants and r is the scalar curvature of the manifold.

Theorem 5.5. A three dimensional e-trans-Sasakian manifold with a and £ constants is locally g-quasiconformally
symmetric if and only if the scalar curvature is constant.

Proof: Using (3.2), (3.5) and (3.6) in (5.1) we have,

i . -—

Wy T = i _ ' i a 7% i '-‘Iz Faw brS oy
(5.2) CXVIZ=(a+ u,l[{;— 2e(a? — 3%) + 20580 (g (¥, 2)X — g(X. Z)Y)

- . S - - S -~ —-
—{-_— £ —3ela® — pj(gW. ZInX)E — g (X, 2In(¥) § + en(¥In(2)X

\
'
1

e f=" e s s . o om0 Fup - s P — "

—en WXl +elggrade) — gradfl gV, 2inlX) — glX. Zinl¥))
oy P P f o N e o o 1
—XE + X )allglV, 20 —enlZ)V) + (VB + (@V)al)lglX, 2} —enlZ)X)

I - L T T PET AT LN
—e(lglle + Z(nIVIY —5X)F)

Taking the covariant differentiation of the above equation and assuming o and B as constants we have,

. e e o fEEY - ey P, il . en oo e
(5.3) (Ve CIXYIZ=(a + u,l_{ —(gr.2)x — gx. 2)Y¥) —{ jgv.zmG0

—gX.ZmVIF + enVin(Z)X — en(XIn(Z1V)

r

’ P o . A — PR P - "
- {; + i — el — _S',lj [gl¥. Z X V(X )E + nlXIV,E)
—g(X. VW + nVIV,E) + eVyn(VIn(2)X

+en VIV, 21X — eV, X

P P
IZ)Y — en(X)VniZ)V]
4 5 P I T Ty (1 =y 'STal
+ elgigrada) — gradf N gV, 2V nlX) — gl X, 2V V) )
. e v r e e P
— |HX.5' 4 |\¢X§Igfll\g|\}- .J,"'::-_r-f — E'l.‘_:,.,;?lw__l ¥
o
07

P o e e _ o
+ (¥ .5," 4 |\¢|§- __||:;'__||\FIN2 -JJr'g-_rf — I:'r'g-_-?‘;'w-,h"f,'

—e(l@Zla + I8 (Vyn )X — V(X0 V)]
Now assume that X, Y and Z are horizontal vector fields. Using (2.1) in (5.3), we get
. driwd
(5.4) ¢ W, CIXV)Z = (a + ) [{2} g v, D)X - g, 2IV))].

Suppose ¢* (W, C*)X, ¥)Z = 0 then eithera + b = 0 or dr{W) = 0.1f a + b = 0 then substituting @ = —b in (5.1)
we find

(5.5) ¢* (Vi C* WX, ¥)Z = aC(X.V)Z,
Where C is the Weyl conformal curvature tensor. But in a 3-dimensional Riemannian manifold € = 0 which implies
C*=0andsoa + & # 0. Therefore dr{W) = 0.

Using Corollary 4.1 and Theorem 5.5, we state the following Corollary:

Corollary 5.2. A three-dimensional e-trans-Sasakian manifold is locally ¢-quasiconformally symmetric if and only if it is
locally ¢-symmetric.

V. GENERALIZED RICCI-RECURRENT e--TRANS-SASAKIAN MANIFOLD
Theorem 6.6. The 1-forms A and B of a generalized Ricci-recurrent (2n+1) dimensional e-trans-Sasakian manifold are
related by
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6.1) B(X) = 2ne[x(a® - g* — e(f8)) — (a® — g7 — (£8) JAX)]
—202n — 1M apX + o X B — 2(ae’X — foX) a.

In particular, we get

(6.2) B(®) = 2nels(a? — p? — e(28)) — (a® — 87 — e(8) JA(E)].
Proof: We have

(6.3) (VyS)Y,Z) =X5(v,Z) — S(V,¥.Z) — S(¥.V,Z).

Using (2.14) in (6.3), we get

(6.4) AXSY. 20+ B gy, Z2) = X5V, Z2) — S(V,¥. Z) — 5(¥.V,Z).
Putting ¥ = & = £ in (6.4), we obtain

(6.5) AXIS(E2) + eB(X) =X5(2,5) — 25(V,£.8),

which in view of (2.5), (2.11) and (2.13) reduces to (6.1). The equation (6.2) is obvious from (6.1).
A Riemannian manifold is said to admit cyclic Ricci tensor if

(6.6) V¥, 2) + V. 5Z X + (V5 X, ¥) =0.

Theorem 6.7. In a (2n+1)-dimensional generalized Ricci-recurrent e-trans-Sasakian manifold with cyclic Ricci tensor
satisfies

©7)  AESE V) = 2ne[(a® — g2 — e(78))AE) — (a® — B — (28))E] g (x. V)
—(@2n(a® - %) — @@ ) A 7(¥) + AW)y(x))
+ 2ne(a? — B2 — e(EB) J(ADnY) + AW (X))
+e(2n — 1(AXIYE + AWV XB) + e(AX) (@V)a + AV) (pX) &)
—2ne(a® - g2 — R )X + n(0)Y)
+202n — IM(agpX + ¢ X)An (V) — (appV + o X)Bn (XD}
+ 2{(ag?X — pX)an(¥) + (a@?¥ — oVlan(X)}

Proof: From the definition of generalized Ricci-recurrent manifold and (6.6), we get

AXSY, D +BX)gW,. 2+ AVSEX) +BV)gZ. X) + AGISX. V) + B2 g(X.¥) = 0.
Putting Z=¢ in the above equation we get,

AS(x.Y) = —B(F)g(x.¥) — A5V, E) — AWIS(X. £) —B(X)9(¥) — B(¥)n(X),
which in view of (2.11) and (6.2) gives (6.7).
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