International Journal of Mathematics and Statistics Invention (IJMSI)
E-ISSN: 2321 — 4767 P-ISSN: 2321 - 4759
www.ijmsi.org Volume 2 Issue 5|| May . 2014 || PP-49-54

a-¥ Contractive Type Mapping in Complex Valued G-Metric
Spaces

Parveen Kumar', Sanjay Kumar?
12 Department of Mathematics, Deenbandhu ChhotuRam University of Science and Technology, Murthal,
Sonepat-131039, Haryana (India)

ABSTRACT: In this paper, we introduce the notion of a-w contractive type mappings in complex valued G-
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l. INTRODUCTION

In the last few year ,fixed point theory has been one of the most interesting research fields in nonlinear
functional analysis.In2012 Samet et.al.[3] Introduced the notion of a-¥ contractive mappings and a-admissible
mapping in metric spaces.In2013,Alghamdi and Karapinar[4] introduced the notion of a-¥ contractive mappings
and o-admissible mapping in G-metric spaces Recently, Mustafa and Sims [1,2] have shown that most of the
results concerning Dhage’s D-metric spaces are invalid , therefore they introduced an improved version of
the generalized metric space structure which they called G-metric spaces. In 2006, Mustafa and Sims [2]
introduced the concept of G- metric spaces as follows:

Definition 1.1.[ 2] Let X be a non-empty set, and let G: X ®x X »x X = E* be a function satisfying the
following properties:
(G1) G(x,y,2)=0ifx=y =2,
(G2) 0= G(x,Y,2z) forall x,y € X with x # v,
(G3) G(x, x,y) = G{xy.z) forallx,y,z € Xwithy # z,
(G4) G(x,Y,2) =G(X,z,Y) =G(Y, z,X) =... (Symmetry in all three
variables),
(G5) G(x,V,z) = Glx.aa) + Gla,y.2) forallx, vy, z, a € X (rectangle
inequality).
Then, the function G is called a generalized metric or, more specially, a G-metric on X, and the pair (X, G)
is called a G- metric space. The idea of complex metric space was initiated by Azam et.al.[5] to exploit the
idea of complex valued normed spaces and complex valued Hilbert spaces.

Definition 1.2.[ 5] Let C be the set of complex numbers and =, z; € C. Define a partial order = on C as
follows:

7, % gz ifand onlyif Re (2;) = Re (zz) and Im (zy) = Im (23)

That is z; = z; if one of the following holds

(C1): Re (1) = Re (zz) and Im (24) = Im (z3)

(C2): Re(z1) = Re(2z) and Im (z1) = Im (z3)

(C3): Re(z1) = Re (2z) and Im (z1) = Im (23)

(C4): Re (1) = Re (zz) and Im (24) < Im (z3)
In particular, we will write z; £ z; if z; # 27 and one of (C2), (C3) and (C4) is satisfied and we will write
z; < zz if only (C4) is satisfied.

Remark 1. We obtained that the following statements hold:

(i) abeERand a=b=az=bzforallzeC

(i) 02z 5z =lzl<lzl

(iii) =zy =z and z3 <23 = =y < I,
In 2013, Kang et.al. introduce the notion of complex valued G-metric space[ 6] akin to the notion of complex
valued metric spaces [1] as follows:
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Definition 1.4.] 6 ] Let X be a non-empty set. Let G: X ®x X ®x X — C be a function satisfying the following
properties:

(CG1) G(x,y,2)=0ifx=y=2,

(CG2) 0= G(x,Y,2z)forallx,y e Xwithx #y,

(CG3) G(x,x,y)=G{xyz) forall x,y,z e Xwithy £ z,

(CG4) G(x,Y,2)=G(X z,¥) =G(Y, z,X) =... (Symmetry in all three

variables)

(CG5) G(x,V,2z) = Glx,aa) +Gla,y.2) forallx,y,z,aeX.
Then, the function G is called a complex valued generalized metric or more specially, a complex valued G-
metric on X, and the pair (X, G) is called a complex valued G- metric space.

II. THE COMPLEX VALUED G-METRIC TOPOLOGY

Apoint x € X is called interior point of a set AC X, whenever there exists 0 < r € C such that

Bs(x, ) ={yeEX:G(X,y,y) = r} S A
Apoint x € X is called limit point of a set A whenever there exists 0 < r € C,

Be(x, 1) N (A/X) % @.
A is called open whenever each element of A is an interior point of A. A subset BS X is called closed
whenever each limit point of B belongs to B.
Proposition 2.1.[ 6 ] Let (X, G) be complex valued G-metric space, then for any x; € X and

r = 0, we have

(1) If G(xpx.¥) < rthenx,y € Bylxyr),

(2) Ify € By(xp.r) then there exists a § = 0 such that Bg(y, 6§) © Bg(xp. 7).
Proposition 2.2.[ 6 ] Let (X, G) be complex valued G-metric space, then for all %, € X and r = 0, we have,

B, (x,_\,%r:l € By_(xg.7) € Bglxg.v).
where, dglx,v) = Glx, v, v} + G(x, x,¥).

1. CONVERGENCE, CONTINUITY AND COMPLETENESS IN COMPLEX VALUED
G-METRIC SPACES
Definition 3.1.[ 6 ] Let (X, G) be a complex valued G-metric space, let {x,} be a sequence of points of X, we

say that {x,} is complex valued G-convergent to x if for any & > 0, there exists k € N such that

Glx, xp.xm) < e, for alln, m>k. We refer tox as the limit of the sequence {x»} and we write x,, ﬂ X.
Proposition 3.1.[ 6 ] Let (X, G) be complex valued G-metric space, then for a sequence {x,} =X and point
x € X, the following are equivalent:

(1) {x.}is complex valued G — convergent fo x

() l6(xpxy.x)l = 0asn— o=

) l6{xpx.x}| = Oasn—= =

4) 16(xpxpx)l = 0asnm—= o=

Definition 3.2.[ 6 ] Let (X, G) and (¥, G) be two complex valued G-metric spaces. Then a function f:
X—X is complex valued G-continuous at a point %, € X if (B, (f(xgh.7)) € #(G). for all r = 0. We say f
is complex valued G-continuous if it complex valued G-continuous at all points of X; that is, continuous as a
function from X with the ={}- topology to X with = }- topology.

Since complex valued G-metric topologies are metric topologies we have :

Proposition 3.2.[ 6] Let (X, G) and (X, G} be two complex valued G-metric spaces. Then a function f :
X—X is complex valued G-continuous at a point x € X if and only if it is complex valued G-sequentially
continuous at x: that is whenever {x}is complex valued G-convergent to x we have (f{x,}} iz complex valued
G-convergent to f(x).

Proposition 3.3.[ 6 ] Let (X, G) be a complex valued G-metric spaces, then the function G(x,y,z) is jointly
continuous in all three of its variables.
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Definition 3.2.[6 ] Let (X, G) be a complex valued G-metric space, a sequence {x,} is complex valued G-
Cauchy if given € >0, there exists k € N such that G (xp.x. x 1} < £ for alln, m, 1 >k.

Definition 3.3.[ 6 ] A complex valued G-metric space (X, G) is said to be complex valued G-complete if
every complex valued G-Cauchy sequence is complex valued G-converg[ent in (X, G).
Proposition 3.4.[6 ] Let (X, G) be a complex valued G-metric space. Then the following are equivalent:

(1) The sequence {x]}is a complex valued G-Cauchy in X.For every £ > 0, there exists

k € N such that G{x,, % %) < & for all n,m>k.

(2) {x,lisa Cauchy sequence in the complex valued metric space (X, dz).
Proposition 3.5.[ 6 ] Let (X, G) be a complex valued G-metric space and {x,} be a sequence in X. Then
{xn} is complex valued G- convergent to x if and only if 16(x, xp.x,)l = Oasn, m— =,

Proposition 3.6.[6] Let (X, G) be a complex valued G-metric space and {x,} be a sequence in X. Then
{x,} is complex valued G- Cauchy sequence if and only if 1G(xpxm )l = 0asn, m— o=,

IV. PROPERTIES OF COMPLEX VALUED G-METRIC SPACES.
Proposition 4.1.[6 ] Let (X, G) be a complex valued G-metric space. Then, for any X, Y, z, a in X it follows
that:
(i) IfGKxyz)=0ifx=y=z
(i) G(x Y, 2)= Gxxy)+ Ghx 2)
(iii) G(x,y,Yy) = 26{y. x.x)
(iv) G(x,V,z) = Glx.az) + Gla.y.2)
(v) GV, 2) = 2/3(Glxy.a) +Glx.a.z) + Gla.y.2))
(i) G(x Y, 2) = (Gx.a,a) + Gly.a a) + Glz.a a)).
Proposition 4.2.[6] Let (X, G) be a complex valued G-metric space. Then, the  following are equivalent:
(i) (X, G) is symmetric.
(i)  G(xy,y) = Glxyal forallx,y,aeX.
(i)  G(x,y,z) = Glxy.a) + Glz.y.b) forall x, y,a, b € X.
Denote with y the family of non decreasing functions of y:[0,00)—[0,00) such that X, ¥™< +oo for each
t>0,where ™ is the nth iterate of .

Lemmal. For every function y:[0,00)—[0,0) the following holds, if w is non decreasing, then each t>0,
limy e @™ (£)=0 implies y(t)<t.

Definition4.1. Let (X,G) be a G-metric space and T:X—X be given mapping. We say that T is G-a-y
contractive mapping of type | if there exists two function a: XxX*xX—[0,0) and y€y such that
a(x,y,2)G(Tx,Ty,Tz)Zy(G(x,y,z)) for all x,y,zeX. Q)

Definition4.2. Let (X,G) be a G-metric space and T:X—X be given mapping. We say that T is G-o-y
contractive mapping of type A if there exists two function a:X*XxX—[0,00) and y€y such that
a(x,y, TX)G(Tx, Ty, T*X) S y(G(x,y,T°x)) for all x ,y, z €X. )

Definition4.3.[4] Let T:X—X and a:XxXxX—[0,0). We say that T is a-admissible if x,yeX, a(x,y,z)>1
implies a(Tx,Ty,Tz)>1. ?3)

Example 2[4 JLet X=[0,0) define T:X—X and a:XxXxX—[0,0) by
Tx= {2]11:{ 1fx#0 and a(x, Y, Z):{z if x2y2z

8 otherwize otherwise

V. MAIN RESULT
Now we prove our main results for a-wcontractive type mapping in complex valued G-metric space

Theorem 5.1 Let (X,G) be a complete G-metric space and T:X—X be an a-y contractive mapping of type A
and satisfying following condition:
(i) Tis a-admissible,
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(if) There exists, xy €X such that o(xg, Txg, Txy)>1;
(iii) T is G-continous. Then T has a fixed point, that is, there exists x*€X such that T x* = x~,

Proof Let xyeX such that a(xp, TXg, TXg)>1 Define a sequence {x,} in X as x,,,4=Tx, for all neN. If x,=x,,,
for some neN, then x"= x is a fixed point for T. Now we assume that x,# x,,, for all n€EN, since T is a-
admissible, therefore we have a(xg, x4, x3) =o(xp, Txg,Txg)>1 implies o Tx g, Txy, Txy)= o xy, Xg, x5)>1.
By induction we get,
(X, Xppy, Xpeq)>1 forall n=0,1,2.... (@)
Now  G(Xn,Xn+1,Xn+1)=G(Tx p_y, Ty, Txy)
:G(Txﬂ—LlTmezxn-l)
5()L(Xn-l:men)c':‘(-r-')':i‘!—!.l-l—-')':i'!1-|—2-')':r!—1.)
G(*m, Fns1, Xna1) FY(G(Xn, X, X)).
Since y non decreasing,by induction,we have
G(*n, *ner X¥ne1) = P(G(XoXe,Xq)) for all n>1. ®)

Using (G5) and (5),we have
G(‘Ti’!! Ii’r.! Irr.) EG(-T”, Ii’!+1| Ii’!+l)+G(xi’!+ll Ii’!+!l Ii’!+!)+
"""" +G(xm_1_, Ii‘ﬂ.l Ii‘T..)
G(xp, Xm, Xm)= EEL:_F.L Gl 10 X e
3 EEL:_nltlE"R ':G':IF:JIR+1J ch+1.I]'
Since, wey and0=G(x g, x4, x4), by Lemma 1, we get
Btk (Glxp x4, x4 ))|<o0. Thus, we have

i"lrLEoc |G{xi’!-'xrr.-xm:]| =0.

By Proposition 3.4 , this implies that {x,} is a G-Cauchy sequence in G-metric space (X,G).

Since (X, G) is complete , there exists, x*€X such that x,—x" as n—oo. From continuity of T, it follows
that x,.1=Tx,—Tx" as n—oo. By uniqueness of limit we get x*=Tx", that is, =" is a fixed point of T.

In next theorem we omit the continuity hypothesis of T.

Theorem 5.2 Let (X, G) be a complete G-metric space and T:X—X ba an a-y contractive mapping of type A
satisfying the following conditions:

0] T is a-admissible,
(i) There exists XgeX such that a(xg, Txg, Txp)>1;
(iii) if {x,} is a sequence in X such that a(xy, X414, Xnee)>1 for all n and x,—x€EX as n—oo. Then

(%, X, Xne1)>1 for all n.
Then T has a fixed point.

Proof . Following the proof of 5.2 we know that {x,} is G-cauchy sequence in G-metric space (X,G). Then
there exists x™€X such that x,— x* as n—o0. On the other hand (4) and hypothesis (iii)
o(Xn, X ,X ) >1 for all n>0 (6)
Using basic properties of G-metric together with (2) and (6), we have
G (Xns1, TX Xns2) FG(TXn, TX, T2X,)
= a(Xn X Xne1) G(TXn, TX,T2X0)
2y(G(Xn, X 1 Xns1))
Letting n—oo, using Proposition 3.1 and since vy is continuous at t=0,we get
lim,_.|G(x".Tx* x*)| = 0. By Proposition 4.1, we obtain X'=Tx".

Example 5.1 Let X=[0,0) be the G- metric space , where G(X, Y, z)=|x-y|+|y-z|+|z-X| for all X, y, zeX
Define the mapping T:X—X by

51’—% ifr=1

™X=y 2 fo=zx=1

a

0 ifx<0
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At first we obtain that Banach contraction principal can not be applied,
G(T1,T2,T2)=16>2=G(1,2,2)

Now we define the mapping o: XxXxX—[0,00)

_[1 if x,v.z e [0,1]
o ¥, Z)_{EI otherwise
Clearly, T is an a-y contraction mapping with w(t):tfz for all 0. Infact, X, Y, Z € X, we have,

a(x, Y, 2)G(Tx Ty, Tz)< 5 G(x, Y, 2)

Moreover, there exists xp, €X such that a(x g, Txg Txp)>1 infact xy=1, we have o(1,T1,T1)=I.

Obviously, T is continuous and so it remains to show that T is a-admissible.

Let X, Y€ X such that a(x, y, y)>1 implies x, y €[0,1], by definition of T and o, we have Tx = fE[O,l], Ty
= ':— €[0,1].Hence o(Tx,Ty,Tz)>1.

Tl;en T is a-admissible. Now all hypothesis of theorem 5.1 are satisfied, consequently T has a fixed point but
not uniqueness. Here, 0 and 13 are two fixed point of T.

Now, we give example involving a function T that is not continuous.

Example 5.2 Let X=[0,0) be the G- metric space , where G(X,y,z)=|X-y|+|y-z|+|z-x| for all x,y,zeX
Define the mapping T:X—X by

Sx — % ifr=1
T™X=9 2 ifo=x=<1

0 ifx=0
It is clear that T is not continous at 1. Then Banach contraction principle and also theorem 5.1 are not applicable
in this case.
. _[lif x,y.ze[01]
Define th XxXxX—[0,0) b =
efine the mapping o —[0,0) by a(x,y,z) { 0 otherwice

Clearly, T is an o-y contractive mapping with \u(t)=5 for all £0. Infact, for all x, y € X such that

a(x, ¥, Y)G(TX,TY,TY)<; G(X, ¥, Y).
Moreover there exists xy € X such that o(xg, Txg, Txg)>1and so for x;=1, we have a(1,T1,T1)=1. Let { x,} be a
sequence in X such that a(xy, Xp41,X441)>1 for all nand x,—x €X as n—o0. Since o(xy, Xpy1, Xner)>1 for all
n, by definition of a, we have x,€[0,1].Thus a(x,,x,x)>1.To show T satisfies all conditions of Theorem5.2,it is
sufficient to show T is a-admissible.
For this, let X, yeX such that a(x ,y, y)>1 implies x ,¥,€[0,1] and by definition of T and a we have Tx=§€[0,1],

Ty = ‘;1 €[0,1]and a(T x, Ty, T 2)=1i.e T is a-admissible. Here 0 and 13 are two fixed points of T.

To ensure the uniqueness of the fixed point, we will consider the following hypothesis
(H): For all x, yeX, there exists z € X such that o(x, z, z)>1 and a(y, z, z)>1.

Theorem 5.3 Adding condition (H) to the hypothesis of theorem 5.1 and theorem 5.2 we obtain uniqueness of
the fixed point of T.

Proof Suppose x*,¥", are two fixed point of T. From (H) there exists z € X such that a(x®, x*,2)>1
aly’y ,2)>1.
Since T is a-admissible, we get by induction that
a(x* X, T"z)>1and o(y* )y’ ,T"2)>1 forall n=1,2,.. (7)
Using (7) and (2), we have
G(x",T"z, x™)= G(Tx*, T(T™ 2), %)
Sa(x", T™ 2, Tx") G(Tx" T(T™ 1z), T°x")
2Y(G, T"2TX))= w(G(x . T™z,X)).
Thus , we get by induction that
G(x" Tz, x")= w*(G(x".z.x")) foralln=1,2,3 ...
By (CG4), we get
G(x*, x".T"2)% v* (G(x" x".2))
Letting n—oo,we get
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|G(x*, %", T"z)[=0. This implies that {T"z} is G-convergent to x*. Similarly, we get {T"z} is G — convergent to
y". By unigueness of limit we get,we get x*=y" that is , T has a unique fixed point.
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