International Journal of Mathematics and Statistics Invention (IJMSI)
E-ISSN: 2321 — 4767 P-ISSN: 2321 - 4759
www.ijmsi.org Volume 2 Issue 5 || May. 2014 || PP-55-58

Fixed Points for {-a Expansive Mapping in 2-metric Spaces

Poonam®, S.K.Garg?, Sanjay Kumar®
123 Departement of Mathematics, Deenbandhu Chhotu Ram University of Science and Techonology, Murthal,
Sonepat -131039, Haryana (India).

ABSTRACT: In this paper, first we introduce the notion of ((-a) expansive mappings in the setting of 2-metric
spaces and then prove some fixed point theorems for these maps. Also, we provide some examples in support of
our results.
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l. INTRODUCTION

The concept of 2-metric space has been investigated by Gahler [1] to generalize the concept of metric
i.e., distance function and has been developed broadly by Gahler [2, 3] and more. After this the cocept of
compatible maps, weakly compatible etc was introduced in 2-metric space and fixed point results was obtained
for such type of maps. Various authors [13, 14, 15] used the concepts of weakly commuting mappings,
compatible mappings of type (A) and (P) and weakly compatible mappings of type(A) to prove fixed point
theorems in 2-metric space. Commutability of two mappings was weakened by Sessa [14] with weakly
commuting mappings. Jungck [15] extended the class of non-commuting mappings by compatible mappings.
Iseki [4] set out the tradition of proving fixed point theorems for various contractive conditions in 2-metric
spaces. The study was further enhanced by Rhoades [8], Iseki [4], Sharma [9, 10, 11], Khan [5] and Ashraf [7].

Definition 1.1[1] Let X denotes a set of nonempty set and d : XxXxX— R be a map satisfying the following
conditions:

(1.1)  For every pair of distinct points a, b € X, there exists a point ¢ €X such that d(a, b, ¢) #0.

(1.2)  d(a, b, c) =0, only if at least two of three points are same.

(2.3)  The symmetry: d(a, b, ¢) =d(a, ¢, b) =d(b, ¢, a) = d(b, a, ¢) = d(c, a, b) =d(c, b, a) forall a, b, ceX.
(1.4)  The rectangular inequality: d(a, b, ¢) <d(a, b, d) + d(b, ¢, d) + d(c, a, d) for all a, b, ¢, d € X.

Then d is called 2-metric on X and (X, d) is called a 2-metric.

Definition 1.2 A sequence { x,} is said to be Cauchy sequence in 2-metric space, if for each a € X,

lim d(x,.x.a) =0.
mA—m

Definition 1.3 A sequence { x,} in 2-metric space is said to be convergent to an element  x X, if for each
aeX,

Definition 1.4 A complete 2-metric space is one in which every cachy sequence in X is convergent to an
element of X.
lim, . d{x,x.a) =0.

In 2012, Shahi et.al. [12] gave a notion of ({-a) expansive mapping in metric spaces as follows:
Let x denote all the functions {:[0,00)—[0,%0), that satisfies the following properties:

() { is non decreasing;

(ii) 2mZ,{"(a) < +oo for each a > 0,where {" is the nth iterate of (;

(iii) {{a +b5) =)+ {(b) forall a, b € [0,00).

Definition 1.5 [12] Let (X, d) be a metric space and T : X —X be a given mapping. We say that T is an (&, a)-
expansive mapping if there exist two functions & € y and a : X x X —[0,+o0) such that
Hd(Tx, Ty)) > a(x, y) d(x, y) forall x,y € X.

Definition 1.6 [6] Let T : X—X and a : X xX—[0,+x). T is said to be a-admissible, if X,y € X, a(x,y) >1
implies a(Tx, Ty) > 1.
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Now we introduce the notion of ({-a) expansive mappings in the setting of 2-metric spaces akin to the notion
of ({-a) expansive mappings in the setting of 2-metric spaces .

Definition 1.7 Let T: X—X and a: XxXxX —[0,0). T is said to be a-admissible for 2-metric space X if
X, Y €X, a(x,Y, a)>1implies a(Tx, Ty, a) > 1 for all aeX.

Example 1.1. Let X be the set of all non-negative real numbers.
Let a:X x X x X —[0,00) be defined as

_ [ ifxz vy,
o(xy.z) = {U otherwize.

Defineamap T : X—X by Tx =2x+1 for all X € X. Then T is a-admissible.

Definition 1.6 Let (X, d) be a 2-Metric space and T be a self map on G-metric space X. We say T is ({, o)
expansive mapping if there exists two functions {€y and a: XxX*xX—[0,0) such that
§d(Tx, Ty, ) = a(x, y, @) d(x, y, a) forallx,y,a€eX. (1.5)

. MAIN RESULTS
Before proving our main results we need the following Lemma.
Lemma 2.1. [12] If ¢ [0,00)—[0,0) is a non decreasing function,then for each a > 0, lim,_,,.. {" (&) = 0 implies

{(a) <a.
Now we present our main theorem as follow:
Theorem 2.2. Let (X,d) be a complete 2-metric space and T: X—X be a bijective ({,a) expansive mapping
satisfying the following conditions:
(2.1) T~ *is o-admissible;
(2.2)  There exists x4€X such that a(xg, T 1x, a) > 1, forall a € X;
(2.3) T is continous.
Then T has a fixed point, that is, there exists u € X such that Tu = u.
Proof. Let us define a sequence{x,} in X by xy = Txy,4, foralln € N.
Since T is bijective, S0 xp.q =Tt x,,.
For xy € X,we have a(xg, T 1xp a) >1,1e., a(ty x5, a) > 1.
Now if x, =x,,, forany n € N, then x, is a fixed point of T by definition of x,.
Without loss of generality, we can suppose x, # x4 for eachn € N.
Now a(xg, x4,a) >1and Tt is a-admissible.
Therefore, we have o(T ~txy, T™1x,, @) > | implies a( %y, ¥z, a) > 1.
By induction we have, o Xy, ¥p+4,a) > 1 foralln € N. (2.4)
Consider d(xy, Tpa1, @) < 0 Xp, Tpoy, @) d(Ep, Xpeq, Q)
< {(d(Txy, Txnsy, @)
= {(d(xp-y.¥p, ).
In the similar manner,we have,
d(xp, ¥neq, @) <{"d((xg, x4, @) foralln € N.
For any n > m, we have,
d(¥m,%n,U) < d(Xm, Xme1, ¥n) + A(Fm Xmeq, Q) + d(Xmeq, T, )
<d@®m, Tme1, Xn) + d@m, Tmer, @) + d(@mat, Fmez, ¥n) + (@ me1, Tmaz, Q)
+d(Xmez, Xn, )
<2{™d((xp, x4, ) + 2{™d((x g, x4, ) +--+ 27" d((xg, x4, @), foralla e X.

Now from Lemma 2.1, It follows that {x,} is a Cauchy sequence. Since (X, d) is complete 2-metric space, so
there exists u € X such that x;,—u as n—co. From the continuity of T, it follows that x,=Tx,,;— Tu as n—oo.

So by uniqueness of limit we have u = Tu, that is, u is fixed point of T.

We now relax the continuity of map T by using the following condition:

Condition [P] If {x} is a sequence in X such that o *y, Xy+1, 8) >1 for all n € N and {x,}—x as n—oo, then
oTx,, T tx,a)>1forallneN. (2.5)

Theorem 2.3 In Theorem 2.2 ,we replace the continuity of T by condition [P] , then result still holds true.
Proof We know that {x} is a sequence in X such that o Xy, Xpn44, 8) > 1,

foralln € N and {x}—u as n—o.
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From (2.5) we have

T tx, Ttx,,u)>1 forallneNandac€ X. (2.6)
Now d(T~tu,u, @) <d(T~tu, U, xpye) + AT, Xpyy, @) + d(Fpay, U, Q)

=d(T~u, T ix,, U+ d(Ttu, T 1x,, @) + d(xpey, U, Q)

<o(T Ly, T, W)A(Ttx,, T, U) + (T tx,, Ty, @) d(Ttx,, Ty, Q)
+d(¥n+q, U, Q)
< {(d(xn, U, U)) + {(d(En, U, W) + (T xp, U, Q).

Now continuity of { at t = 0 implies that d(T = u, u, u) = 0 as n—oo , thatis, T"lu=u
Now Tu =T (T~tu) = u implies that u is fixed point of T.
Example 2.1. Let X = [0,00) with 2-metric d(x,y,z) = min( | x-y, | y-z|,| z=x|) forall x,y,z € X.
T : X—X and a:XxXxX — [0,+00) defined as

1
2 =1 s if x yel0,1),
Tx = { * r= 4L d , =
Tl osre1 M ekwAD=97 o1
0 otherwise.

If any one of x,y >1 then a(x, y, a) = 0, for all a € X then
{(d(Tx,Ty.a)) = a(x,y,a) d(x,y,a) holds.
Now if x =y =1 then a(X, Y, a) = 1, for all a € X and we have d(x, y, a) = 0 for all a € X.

Now for x y € [0,1), we have alx.y.2z) = <

a
Here Tis (£ — o)expansive mapping with £(a) = 7 forall a = 0, since

1
3 d(Tx Ty, a) = alx.y, a) dlx y, atholds for all x, v, ac X

Also there exists x5 € X such that a( xg, T~ x5, a) > 1 for all acX.

Infact for x5 = 1,we have a(1, T~*1,a) = 1. Also T is continuous.

Now it remain to show T~1 is a-admissible.

Let x, ye X such that a(x, y, a) > 1 for all aeX impliesx =y = 1.

a(T™11,T 1, a) = 1forall ac Ximplies that T~! is o — admissible.

We note that all hypothesis of theorem 2.2 are satisfied. So T has a fixed point. Infact in thi example all x € [0,1)
are fixed point of T.

Example 2.2. Let X =[0,00) with 2-metric d(x,y,z) = min( | X-Y, | y-Z | , | Z-X | ) forall x,y,z€X.

T : X—>X and a:XxXxX — [0,+0) defined as

. 1
x ifxe[0.1]. 3 ifxyel0,1),
Tx =15 —x° ifxe(1,2), and clxyz)= e
2 Fxs 2 1 ifx=y=1,
x HE= = 0 otherwise.

If any one of x,y >1 then o(x, y, a) = 0, for all a € X then
{(d(Tx,Ty,a)) > a(x,y,a) d(x,y.a) holds.
Now if x =y =1 then a(x, y, a) = 1, for all a € X and we have d(x, y, a) =0 for all a € X.

Now for x y € [0,1), we have alx, y.2) = R

a
Here Tis (£ — o)expansive mapping with £(a) = 7 forall a = 0, since

1
3 d(Tx Ty, a) = alx.y, a) dlx y, atholds for all x, v, ac X

Also there exists x5 € X such that a( xg, T~ x5, a) > 1 for all aeX.

Infact for x5 = 1,we have a(1, T~*1,a) = 1. Also T is discontinuous at x=1 and at x=2.

Now it remain to show T~ is a-admissible.

Let x, ye X such that a(x, y, a) > 1 for all aeX implies x =y = 1.

a(T™11,T 1, a) = 1forall ac Ximplies that T~! is o — admissible.

Let {x,} be a sequence such that a( xy, Xn+4,a) > 1 foralln € N and {x,}—x, as n—oo then

T tx,, T7ix,0) > 1.

We note that all the conditions of theorem 2.3 are satisfied. So T has a fixed point. Infact in this example all
x € [0,1] are fixed points of T.
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Remark 2.1. Now to ensure uniqueness of the fixed point in Theorems 2.2 and 2.3, by considering the
following condition.

Condition [U] For all u, v €X, there exists t € X such that a(u, t, a) > 1 and a(v, t, a) > 1 for all acX.

Theorem 2.4. Adding condition [U] to Theorems 2.2 and 2.3, we obtain the uniqueness of fixed point of T.
Proof Let u and v be two fixed points of T, that is, Tu=uand Tv=v.

From condition [U], there exists, w € X such that

a(u, w,a) >1and a(v, w, a) >1forall aeX. 2.7
As T~1is a-admissible. Therefore (2.7) implies ,
a(u, T~'w,a)>1and a(u, T~ w,a)>1forallae X. (2.8)
Repeating a-admissible property of T—*,we get,
a(u, T~™w, a) > 1 and a(v, T~"w, &) >1 for all neN and for all a € X. (2.9)

Using (1.1) and (2.9) we get,
d(u, T™"w, @) < a(u, T~"w, a) d(u, T~"w, a)
<{(d(u, T"™ *w, a) forallaeX.
In a similar way, we get,
d(u, T™"w, a) <{"(d(u, w, a)) forallne N and for all a € X.
Thus we have , T "w—u as n—oo.
Similarly T~"w—v as n—oo0, as uniqueness of limit of T~"w gives u =v.
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