International Journal of Mathematics and Statistics Invention (IJMSI)
E-ISSN: 2321 — 4767 P-ISSN: 2321 - 4759
www.ijmsi.org Volume 2 Issue 5 || May. 2014 || PP-72-81

Steady State Analysis of an optimal designof N-Policybatch
arrival queueing system with server's single vacation, setup time,
closed down time, second optional fast slow service and
breakdown

P.Reena shree', E.Ramesh Kumar?
!(Department of mathematics, Sri Ramakrishna Polytechnic College, India)
?(Department of mathematics, CMS College of Science and Commerce, India)

ABSTRACT :This paper deals with a M[X]/(GF,GS)/1 queueing system in which all the customers undergo
first essential service (FES) and only some of them receive second optional service(SOS) by the same server. In
addition to this the server is unreliable and hence subjected to random breakdowns while in service and the
server leaves for single vacation when the system is empty. After returning from vacation if there are N or more
customers in the system then the server does setup work before it starts the service. Explicit analytical
expressions for various performance measures are derived. A cost model for the optimal operating N- Policy
that minimizes the total expected cost per unit time is determined.
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1. INTRODUCTION
In day-to-day life, one encounters numerous examples of queuing situations, where all arriving
customers require the main service and only some may require the subsidiary service provided by the server.
K.C.Madhan [1] has done some initial work on the steady state behavior of M/G/1 queue with second optional
service and later Choudhry and Paul [2] extended the results of Madhan [1] to a batch arrival queue under N-
policy. The authors mentioned above have focused on reliable servers. Queueing models with second optional
service and breakdowns accommodate real world situations more closely. Therefore, it would be practical to

consider the [3]N-policy for the batch arrival M[X]/Gll queueing system in which the service is unreliable
and all the arriving customers demand the first essential service (FES) [5]where as only some of them demand
the second optional service (SOS).There are several vacation policies and this paper deals with single vacation
policy[7]. Also the server needs a random amount of time for preparatory work which is termed as server’s
setup time (or) startup time[8]. In this model, it is assumed that after returning from vacation if the server finds
N (or) more customers in the system then the server is turned on for the start up work of random length D and
as soon as the server finishes the setup work, the busy period initiates. The steady state behavior of queue size
distribution is analyzed for this model, using the supplementary variable technique. Various performance
measures such as expected system size and expected length of the cycle are also calculated. The PGF of the
system size distribution at an arbitrary epoch is derived.
1] MODELDESCRIPTION

The M[X]/(GF,GS)/l Queueing System under consideration has the following specification.
Compound Arrival Process and closed downtime
The customers are assumed to arrive in batches according to compound Poisson process with arrival rate I.
The number of units arrive at an arbitrary instant is a random variable X whose probability distribution is given
byPr(X=k)=gk, k=1,2,3...
N-Policy Setup Time and Single Vacation

A cycle begins right after the system becomes empty and the server leaves the system for vacation.
After returning from vacation, if the server finds N (or) more customers present in the system then the server

takes random amount of setup time for preparatory work before starting the service. The setup time is a
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random variable with finite moments which has the general distribution D(t) and density function d(t). The
customers arriving during the vacation period and setup period will join the queue and wait for their turns. If
the server returning from vacation finds less than N customers in the system then he stays idle in the system
(i.e.) the server takes only single vacation. The period during which the server remains idle in the system to
start the preparatory work after returning from vacation is called build up period. The vacation time follows
the general distribution V(t) with finite moments and density function v(t).The server may requires some
amount of time for doing the service after the service is completed.C(t) be cumulative distribution of closed
down time,c(t) be probability density function.
Busy Period and Server’s Breakdown

Immediately after the setup time the busy period starts and customers are served one by one
according to FCFS queue discipline. During busy period the server provides each unit two types of
heterogeneous services of which, one is optional. (i.e.) the server provides first essential service (FES) to all
the arriving customers and after the completion of FES the customers may leave the system with probability
(2 —r) (or) may opt for the SOS with probability r (0 £ r £ 1). During the services (FES (or) SOS) the server
may undergo breakdowns according to the Poisson process with rates aj, i = 1, 2. Whenever the
breakdowns occur the server is sent immediately for repair and the repair times follow the general
distributions Uj(t), i = 1, 2 with finite mean and variance. Once the server gets repaired, he is sent back to the
service facility to resume the service. Thus the vacation period, setup period, busy period and break down
periods constitute a cycle. It is also assumed that the arrival processes, vacation time, service time and setup

time are independent of each other.

11 STEADYSTATESYSTEMSIZEEQUATIONS
To obtain the steady state system size equations of the model using supplementary variable

technique, we employ the remaining service time, the remaining setup time and the remaining vacation time
of the server as the supplementary variables. The following notations and probabilities are used to derive the

steady state equations of the model.

Pn (x, 1) dt = PrN() = n, xS10 (1) = x + dt, Y(t) = 1) n>0 1
Pn2 (x, 1) dt = Pr(N@) = n, x S2° (1) = x + dt, Y(t) = 3) N> 1
Bni 6y, dt = Pr(N@® =n, S10()=x,y = U (0= y+dt, Y() = 2), n> 1
Biz(wy.f)dt = Pr(N®=n S20(H)=x y= U2 (1) Sy+dt, Y1) = 4), N> 1
Dn(x, t) dt = Pr(N®=n, x = D2(t) = x +dt, Y(t) =5), n>1 N
Cn(x, t) dt = Pr(Ng(®)=n, x = CO() = x+dt, Y(t) = 1), N> 0

v STEADY STATE EQUATIONS
Under the steady state, the system size probabilities are assumed to be independent of time and the

steady state equations are given by,
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IRo = Qo(0) (1)
I Rn = Q(O)+1¥"_ R __. Sk 1ENEN-1 @)
—d
d— P11(x) = -(I+a1)P11(x) + (1 -r) P21(0) s1(x) + B11(x, 0) + P22(0) s1(x) 3)
X
— Pn1(x) = - (1+a1) Pn1(x) + (1 - 1) Pn+11(0) s1(¥)
dx
+ Bni(x, 0) + Pn+12(0) s1(X) + | BiciPra (x) g, 2= n = N-1 (4)

d
— Pn1(x) = - (I +a1) Pna(X) + (1 —r) Pn+11(0) s1(x) + Bn1(x, 0)

dx
+Dn(0) s1()+ Pn+12(0) s1() + | ¥F21 P, 4y (%) (X)Gk N> N 5)
;— P12(X) = - (I+a2) P12(x) +rP11(0) s2(x) + B12(x, 0) (6)
X
;— Pn2(x) = - (I+a2) Pn2(x) + 1 Pn1(0) s2(X) + 1%i=1 Proiz (x) gk +Bn2(x,0), n>02 @)
X
—d
d— Qo(x) =-1Qq(x) + (P11(0) (1 —r) + P12(0)) V(x) (8)
X
—d n—1
— Qn(¥) =-1Qn(x) +1 XiZ;Qn —k (x)gK, n>01 9)
dx
—d "
d—DN(X) = -IDN(X) + QN (0) d(x) + | Ziye=1 Ry—k Gxaiz),
X
(10)
EDn(X) = -1Dp(X) + Qn (0) d(X) + | izp_ns1 Rv—te Freatx)+B BTV D, g5 n >0 N+1 (11)
—d
d_ B11(x,y) = -IB11(x,y) +a1 P11(x) u1(y) (12)
y
_d fn—1
E Bni(x,y) = -I1Bn1(x,y)+ag Pn1(X) ur(y) HEXEZ1 Buga(X, Y) G, n>002 (13)
—d
E B12(x,y) = -I1B12(xy) +a2 P12(x) u2(y) (14)
—d n—1
E Bn2(x,y) = -I1Bn2(x,y) +a2 Pn2(x) ua(y) HE %=1 Bpoga(X, y) G, N=02 (15)
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;—d Cn(x) = ACn(X) + Bh=g Pun Cx) + Xy Crye (K) g4
X
(16)
—d —a 3
—=Cn(x) = -lCn(x) + Zi=3 Cop (%) 19, n°a

X

V LISTDEFINITION
The following Laplace Stieltjes Transform (LST) are defined to derive the PGF of the system size

Pi(®) = [y e Py(x)dx ; S:) = [, e ds(x), =12

= H —_ .
Br(68,y) = [, % B (xy)dx i=1,2

Di6) = [, e ¥ D,(x)dx D*(8) = [, e~?*dD(x)

Qi) = [; e™0% Qu(x)dx V@) = [ e~f* dV(x)

Dy6) = [ e=%*D,(x)dx; D*(8) = [, &% dD(x)

8P%,(B) —Py(0) = (+2) P,(8) - (1 -0 Pu(0) S, (8) - B, (8, 0) - Pu(0)S™, (B) (18)

8P (B) —Pxl0) = (A +a1) P () —(1-r) Preaf0) 5%(8) — B"m(8 0)
~Pral0)S7(8) -2 BEIIP* 1(0)gx 220 = N (19)

8 P () — Paal0) = (L +31) Pry(B) — (1 —r) Poessf0) 5% (6) — B*1(8, 0)

-Dpf0) 5%1(8)-P~w2(0) 5%, (B} SICIPY (8)gk.n =N (20)
BP9 (B) —Pwl0) = (A +a) P52 (B) —rPu(0) 5% (B) —B%; (8, 0) 21)
8 PRB) — P2l0) = (A + a2) PR(B) — r Pu0) 5% (6) -+ EEZIP*, .o (B)g, — B =n2(26E.0)

22)
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BQ5(8) —Qu0 = 2 Q7 (8) ~Pu(0)(1-1)+Pu@)V*(®)
8Q% (6) - Q0 = Q% (B) % 1. Q* 4 (8)gx.n21

D%, (8) —Dyl0) = % D"y (B) —Q, (0)D*(8) -~ ¥ R, gx D*(8),
8D, (8) —D, (0] = % D", (B)—Q,(0)D*(8)-% Ere,_v.sRy_y Gx D*(B)-

2Z521 D ek (83) g, nzN+1
(26)

8 C7YB) —Cal0) = % C%(B) -Ehi=a Prnl0) CT(B)-ZE.,C% (B) 2 E Ghn n=a

BC(B) —Gif0) = R C%(B) -EFZFC 7,5, BE2

—d _, s e N
ci'_ By, (8,v] = —& Byy(8,y)+a. A5 (8)usly)
3
—d _. " -
d'_ B .8,y = —A B8 v)+a FyBlusivl+
¥
AEEZIB, 41 (6E,y) @0
—d _, — *
— B 8yl = —ABL8 v +a: Az (B)uzly)
dy
—d N - - [ . n=1 pw B
— B, (8,v] = =k Bpa (8, y)+a: Pa(8) uz ly)+ AL B k2 (8E,y) gp.nz2
Gal

The LST with respect to repair time are defined by,
E;;i{ﬂ, :E‘:} = Iﬁw g~y B; ;) _‘L'}ﬂ'}‘

Ut = Jy e yity) dy

Takingthe L5T on both sides of equationsz (297to (327 we have,

685,71 (9,6:)-E B1(8,0)= % By} (8,8:) -a, B ()L (82)
6188, (9,0:)-E B3(6,0)= % Byy(0,84) -3, By (B)U; T (6)- 2EF212 By (08, 1) gy n22

618821 (9,0:)-E B1(B,0)= % By3(8,0:) -3, P (B)UST (By)

8185751 (8,0:)-8 B2(6,0)= A B5(8,0:) -3, P, (0)U3 (Bu)- 25210 B2, (BE, 61) gy m22

Vi PGF OF THE SYSTEM SIZE PROBABILITIES

23)
29
(23}

27

(28)
%)

G1)

(33)

(34

(33

(36)

The following partial PGFs for |z | = 1 are defined to determine the system size distribution.

R(z) = YacoRn 27

P’ (z2,0)

BYn=1 B ()27

D* (z,0) By, Di (B)z", D(z, 0) =¥ 1D, (0)z"
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C*(2,0) = BY=yCs ()2, C(z0)  =Z5C.(0)z"
Q* (2,0) = BY = Qn (B)z" Q(z,0) = Fim=0Qn (0) 2z
EB;*1(z, B6,E61) = = BBXl(8,E61)z"
BB (z,E6,E0) = = BBXY(8,B0)z",i =12
VII.  IDENTITIES
Hete some important identities used i this paper are listed out
© 3 (SRR (0)s) - CRiPa® (T, e )
=P;(z,8)X (z)

]

e (ZiiPi, @) = CmiPu®) (7 e )
= P;(z0)X(2)
Tr.st (SEB, 06Dg) - C.Bi @) (T e )
= B,3'(6,01)X (2)
n=NZ (2:=n-x+1nn-k gn]"'zi:;llzﬂ (E:ﬂﬁn-k gn]

(ZN25 R, )(Efﬂ 9,7 )

L.

o

=R(2)X (2)
*i(1—1)‘{11!;;{2)]&"(!1’,‘-{3})) _ ]FE(Xj[r_B{DT}WEE(D.‘IE(T-"'HE{I-"Z_W] .
dz 1-X(z) 2

=1

L] — e F
*E(D (W (2))(1-V* (W)}

dz Wiy (2) J = 359{}(@+E(5'}Ew))ﬂlﬂ

z=1 :

E(X)(E(D*®
_ JECOEDY

wy(@ 7/, 2

L4 (1—D‘fwx(z>})

dZ
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VIIl. STEADY STATE CONDITION
The closed form expressions after extensive simplification for D*(z,8)and Q *(z, 8)are as follows

. P, (0) (V' (wx(2))v*(8),
Q" (z8) = e LT

D'(z6) = LLEIEE b (0)1(We(2) - R (W ()G

Usimng the eguations(19) and (20) to (32),we get

EB;**(z,86,30) a,P; (z,08)U*(Wy (2))39)

aiP[ (20U (Wx (2)) -U;*(8,))
8, -Wyx(2) '

EB!**(z,B6,0,8)

z(P4 (0)(D* (w (V" (wy(:))-1)—D" (w, ))Rz(“"x( ) )H 5 (wy(2))- =S53(8) an

BP} (z,86) = (z-H*(2))(s-hay (w; (D))
BP3(z,B6)=

rzH}, (wy(2)) (P4 (0)(D ™ (wy () )V " (wy () )= 1) = D™ (wry () )R, (wry (2) ) B2 (wry () -S308). “2)
(Z H*(2))(e- haz(wz(z)))

Where P, (0)=P11 (0)(1 —r) + P;2(0), W, (z)=08(1 - X(Z)).

H*(2) = Hy (Wi (@) (1 - ) + rH, (Wi (2)) ), Hyy (Wa (2)) = S} (hay(Wi(2) )amd
ha, (W (2)) = Wy (2)1a,(1 — U Wy (2))i-12
The equations (37),(38).(40).(41) and (42) at =8, = O respectively give,

(2=v"(w () D(P, (0))

M P ®)
0y = (2O (ROV (W) - RG) (Wi 2)
s (Wx()
P (zo)U (W
2B (z,80,80) - i(z(ﬂlffx[(zg} — W

2(P1 (0)(D* (1w ())V* (1 () - 1) =D (w () )Rz (1w () ) (1-H24 (w, ()
'[Z -H* {z)){hal ("""x I:.-]I)

EPi(z,B80)=
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rzH}, (w;()) (P4 (0)(D* (wy () )V* (wy (2)) 1)~ D* (wy () )R (wy {=))(1‘H;2 (w
(z-H* (@) (haz (w;()))

P3(2,80)=

Let Pg(z) = E7-,(BEP; (2, 80)5;"* (2, 80,80))

—-z0(z)(1-H"(z))
(Wy(2) )(Zz-H*(2))

Then FB(Z} =

Where(2)=(Ry (0) (1 — (0" (W @)V (Wx(2)) + D*(Wx (2))R:(Wx(2))
Let P, (2) gives the PGF of the system size probabilities when the server is idle.

ThenP; (z) = Q" (z,0)+D*(z,0) + R(z)

_ 0-v g @) @y (), (-00" Wy (2)))0o, 00V (wx(2))-R, (w (=) iR
- wy (z) Wy (z) “

Py (z)
TocalenlateR. for 0= n = N-LIt ] = 1md[], = Irag i ¥o=op amd¥y =0,
Using equation (1) and (2) we get

Ro-IO5iw 7" = Py (0)%,  whee'?, = 153,

()
wy(z)

Then P, (z)=

Ifp(z) denotes the total probability generatmg function of the number of customers m the system m steady state then,
Mo =Pe(z)+P(2)

=—f“”{‘ j'[“”'":’} vhere(2) avolves the wnkown Py (0) an this e be et using

the normalizmg condition P(1)=1

1=pg
= —
AudFy (0) E(D)+E(V)+IN-=D

Where p. = AE(X)E(H,), E(H.) =E(8,)(1 + & E(Uy)) + r E(S;)(1 +a,E(U;))
Substituting for P, (0) in P(z) we have,

1-D*(Wx(@)V* (Wx(@) | W
poe i) | RN D),y szt
T ) E(D)+E()+ TN-An
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IX. PERFORMANCEMEASURES
Inthiz section, the probebility that the server iz on vacation (PV), i busy period {'P'Bu_gy)__ m breakdown state
(PBy)and m setup state (PD) are caleulated.

i1 Py = the probability that the server iz on vacation
= E(V)P1(0), where P1(0) =P11(0) (1-1) + P12(0)

fi. PBuzy = the probability that the server is busy
= ZE(0) ESD+rESD) =PBusy.
i, PRy = the probability that the server iz in brezk down state
Per = AE(X)(E(S1) a1 E(U1) +1 E(S2) 22 E(U2)) = pBr
w. PD = the probability that the server is deing his setup work
= ED)P1(0)
Mean system size

Let L}y denote the expected system size of the unrelizble MU%1/G/1 quens with N-pelicy, single vacation
and setup time.

Thenly = (d—iP(z})z =1

(2 E(X))? E(HZ) + 2 E(X(X~1)) E(Hc)

By caleulating, Ly = c
2(1-p¢)
(AEXIEDIEN 39+ ENcinWy)+ E(P%)+2E(D)E(VI+E(V?))

AE(DEVIMEZIY,

Expected Cvele Length
Let E(T,;) E(B), E(T.) E(Br), E(D),E(C) represent the expected idle period ,expected busy peripd.expectad
syele.sxpested breskdown perindsxpected setup period and the expected completion peried regpectively.Then the

long —nmn fraction of time the server iz wdle and busy are given by,

)]
Elw) _ P = E(V) A(0)

E(Ty)
E(B)
E[Tc_r} = Pgusy = Pousy
E(Br)

) _p o )
E[Tc}-} By Pe

E(D) _
1) Py = E(D) P (0) 3
i E(D)+E()+ ZY=3-T

From the above calculations E(TCJ.:I= =i )
Fylo = Pe
Then E(C) = Expected complstion pericd

= E(E) +EBn

=Prusy 1 par)

_ _®c rr n—1Fn
= Z-(E@) + EW) + TY55E)
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Proof N
By calculation, B TS (k+ 1) — BT (K) = = ;;'f' Rk,

whereh(k) =- A +1(E(D) +E(V)) (CBusy (1 - 1o +1 EZ) E(D) Cp +kCp) + “h B2 (k- n)¥,
The sign of h(k) determines whether Tc(k) increases (or) decreases.

Ik be the first iteger such that h(k) = 0, then

hik+1) = k) + Chl (ED)+ENV))) + Ch Tn

bk+1) >0

This implies h(k + 1) = 0 whenever h(k) = 0

£
Therefore N =fustk forwhich hk) =0
£
()N = min {kz1h(=0}

X. CONCLUSION
This is an extension of the work on Non- Markovian queueing system combining N - Policy with setup

time and vacation, carried out by several researchers including Medhi and Templeton [5], Minh [6], Lee and
Park [4], Lee et al. [7], Hur and Paik [8]. But these authors have focused only on reliable servers. In this paper,
for the Non- Markovian unreliable queueing system with N- Policy,second optional service,setup time and
vacation,the PGF of the system size is presented in closed form.Further, various performance measures are
derived.
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