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ABSTRACT: In this paper, we characterize and discuss the properties of lr,- normal spaces and |-
regular spaces.
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l. INTRODUCTION
In 1990, T.R.Hamlett and D.Jankovic [1], introduced the concept of ideals in topological spaces and
after that [2, 3, 4, 5, 6] several authors turned their attention towards generalizations of various concepts of
topology by considering ideal topological spaces. A nonempty collection I of subsets of a topological space (X,
1) is called a topological ideal if it satisfies the following two conditions:

(i) If A= | and BC A implies BE | (heredity)
(ii) If A € 1 and B €I, then AU B £I (finite additivity)

By a space (X, 1), we always mean a topological space (X, 7). If Ac X, cl(A) and int(A) will, respectively
denote the closure and interior of A in (X, 7). Let (X, t,I) be an ideal topological space and Ac X . A'(l, 1) =
{xeX/UnAg]l for every U e 1(x)} wheret(x) = { U e t: x € U}, is called the local function of A with

respect to | [7] . For every topological space (X, 1, I) there exists a topology 1 finer than t defined as T = {U €
X : ¢l (X -U)= X -U}. A Kuratowski closure operator cl’(.) for topology © (I, 7), ¢l (A) = AU A". Clearly, if |
= {B}, then cl"(A) = cl(A) for every subset A of X. In this paper, we define Irwg- Normal space and I g~ regular
space in ideal topological spaces and discuss their properties and characterizations.

Il.  PRELIMINARIES
Definition 2.1: [12] An ideal space (X, 1 ,1) is said to be I-normal if for every pair of disjoint closed sets A and
B of X, there exist disjoint open sets U and V such that A—U € | and B—V £ I. Clearly, if | = {&}, then
normality and I-normality coincide.

Definition 2.2: [13] A subset A of an ideal space (X, T, I) is said to be a regular weakly generalized closed set
with respect to ideal I [l,,,q- closed] if A" C U whenever A = U and U is regular open.

Lemma 2.3: [11,Theorem 5]: Let (X, t,I) be an ideal space and A be a subset of X. If A c A", then A" = cl(A”)
= cl(A) = cl'(A).

1. REGULAR WEAKLY GENERALIZED NORMAL SPACES IN IDEAL
TOPOLOGICAL SPACES
Definition 3.1: An ideal space (X, T, I) is said to be an I,4 -normal space if for every pair of disjoint closed sets
A and B, there exist disjoint I,,,4-open sets U and V such that A c U and BcV.

Remark 3.2: Every normal space is l,,q -normal but the converse need not be true as seen from the following
example.

Example 3.3: Consider the ideal space (X, T, I) where X = {a,b,c}, ™= {0, X,{b}{a,b},{b,c}} and I = {@,
{b}}. Since every l,,4 -open set is * - closed, every subset of X is I,,q -closed and hence every subset of X is
lwg-open. This implies that (X, T, I) is lwg -normal. Now {a} and {c} are disjoint closed subsets of X which

not separated by disjoint open sets and so (X, T) is not normal.
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Theorem 3.4: Let (X, T, I) be an ideal topological space. Then if X is I, -normal iff for every closed set A and
an open set V containing A, there exists an I,4 -open set U such that A c Uc cl’(U) cVv.

Proof: Let A be a closed set and V be an open set containing A. Then A and X—V are disjoint closed set and so
there exist disjoint I,,4 -open sets U and W such that A ¢ U and X -V ¢ W. Thus, U N W = @ implies that U N
int"(W) = @ which implies that U ¢ X— int"(W) and so cl"(U) € X — int’ (W). Again, X —V c W implies that
X —W cV where V is open implies cl"(X -W) c V and so X — int (W) cV. Thus, AcU ccl'(U)c X —
int'(W) c V. Therefore, A < Uc cl"(U) €V where U is I, -0pen.

Conversely, Let A and B be two disjoint closed subsets of X. By hypothesis, there exists an I,,q -open set such
that Ac U ccl’(U) € X — B. Now, cl’(U) c X — B implies that Bc X - cI"(U). If X — cl"(U) = W, then W is
an g -open, since every * - closed set is g -closed.

Hence U and W are the required disjoint 4 -open sets containing A and B respectively. Therefore X is I,y -
normal.

Theorem 3.5: Let (X, T, I) be an ideal topological space where | is completely codense. Then (X, T, 1) is an I,y
-normal space iff (X, T) is a normal space.

Proof: Xis l,wg -normal if and only if for each pair of disjoint closed sets A and B, there exist disjoint I,,,4-open
sets U and V such that A € U and B c V. Since (X, T, 1) is an ideal topological space where | is completely
codense, every l.q -open sets is open . Therefore X is normal.

Theorem 3.6: Let (X, T, I) be an ideal topological space which is 1.4- normal, then the following hold.

[1] IfFisclosed and Ais a g -closed set such that AN F = @, then there exist disjoint I,,4 -open sets U and V
such thatcl(A) cUand F c V.

[2] For every closed set A and every g-open set B containing A, there exists an I,,q -open set U such that A
int'(U) cU cB.

[3] Forevery g -closed set A and every open set B containing A, there exists an Iy~ closed set U such that A c
Uccl(U) cB.

Proof: a) Let X be an I,,q -normal space. Since AN F=0@, A c X—F where X —F is open. Therefore, by
hypothesis cl(A) N F =@ . Since X is l.,q -normal, there exist disjoint I, -open sets U and V such that cl(A)
cUandFcV.

b) Let A be a closed set and B be a g-open set containing A. Then X — B is g-closed set such that A N (X - B)
= @. By (a), there exist disjoint I,,4 -open sets U and V such that A c U and X-Bccl(X-B)cV. Ac
U implies that A c int"( U), by [13], Acint(U)c Uc X-V c B.

c) Let A be a g -closed set and B be an open set containing A. Then X — B is a closed set contained in the g-
open set X — A. By (b), there exists an I, — open set V such that X -B c int’ (V) c V c X—A. Therefore, A
cX-Vccel(X-V)cB. IfU=X-V,thenAc Uccl(U)cBandso U is the required l,,, — closed set.

Theorem 3.7: Let (X, T, I) be an ideal topological space . Then every closed subspace of an I,4-normal space
iS lrwg -Normal.

Proof: Let Y be a closed subspace of a I, -normal space (X, T, I). LetT; be the relative topology for Y. Let
E,; and F; be any two disjoint T;- closed subsets of Y. Then there exist T- closed subsets E and F such that E; =
Y NEandF;=Y NF. Since Y and E are T- closed, E; is also T- closed and F; is also T- closed. Thus E; and
F, are the disjoint subsets of an I, -normal space (X, T, I). Therefore, there exist disjoint I 4 -open sets U and

V such that E; ¢ U and F; € V. Hence for every disjoint closed sets E; and Fy in Y, we can find disjoint I -
open sets U and V such that E; c U and F; c V. Therefore, E;c UN Y andF; c VN Y whereUNYand VN
Y are disjoint I,,,q— open sets in Y. Hence (Y, T, , 1) i I g -normal.

IV. REGULAR WEAKLY GENERALIZED REGULAR SPACES IN IDEAL TOPOLOGICAL
SPACES
Definition 4.1: An ideal space (X, T, I) is said to be an I.,4— regular space if for each pair consisting of a point x

and a closed set B not containing x, there exist disjoint non empty I,4 - open sets U and V such that x € U and
BcV.

Theorem 4.2: In an ideal topological space (X, T, 1), the following are equivalent.
a) Xis lwg -regular.

www.ijmsi.org 15|Page



lwg—Regular and Iy, .

b) Forevery open set V containing x € X, there exists an I,,,-open set U of X such that

x€ Uccl(U)cV.
Proof: a) = b) Let V be an open subset such that x € V. Then X—V is a closed set not containing x.
Therefore, there exist disjoint I,,4 -open sets U and W such that x € U and X—V c W. Now, X—V c W
implies that X —V c int"(W) which implies that X — int"(W) c V. Again, U N W = @ implies that U N int"( W)
=@ andsocl’(U) c X —int'(W). Hencexe U ccl'(U)c X —int (W) cVandso x €U ccl’(U) cV.
b) = a) Let B be a closed set not containing x. By hypothesis, there exists and I,,q -open set U such that x € U
c cl"(U) X - B. Now, cl"(U) c X — B implies that B ¢ X - cI"(U). If W =X — cl'(U), then U and W are
disjoint l.g— open sets such that x € U and B c W.

Theorem 4.3: If (X, T, 1) is an lwg-regular, T, -space where | is completely codense, then X is regular.

Proof: Let B be a closed set not containing x € X. Then there exists an I,4— open set U of x such that x € U
ccl’(U) X —B. Since X isa T, -space , {x} is closed and so {x} c int"( U). Since | is completely codense, so
X € int’(U) cint(cl(int(int"( U))) = G and B c X — cI"(U) < int(cl(int( X —cl"(U))) = H. Therefore, G and H
are the required disjoint open sets containing x and B, respectively. Hence X is regular.

Theorem 4.4: Let (X, T, I) be an ideal space. Then the following are equivalent

[1] Xis lug -regular.

[2] Foreach x € X and open set U containing x, there is an open set V containing X such that cl(V) — U € Iy,
[3] Foreach x € X and closed set A not containing x, there is an open set V containing x such that cl(V) N A €

lrwg:

Proof: a) = b) Let x € X and U be an open set containing X. Then there exist disjoint open sets V and W such
that x € V and (X—U)—W € Iy If (X—=U)—W =1 € lyyq, then (X—U) c W U I. Now V N W = @ implies that
VcX—-Wandsocl(V)c X -W.Nowcl(V)-Uc (X-W)N(WUl)= X=-W)NIcCIEly,.

b) = c) Let A be closed in X such that x ¢ A. Then, there exists an open set V containing x such that cl(V) —(X
—A) € g Which implies that cl(V) N A € lpyyg .

c) = a) Let A be closed in X such that x € A. Then there exists an open set V containing x such that cl(V) N A
€ lnyg. IfCl(V) N A=TE lpg then A— (X —cl(V)) = | € l,yq. V and (X—cl(V)) are the required disjoint open
sets such that x € V and A — (X —cl(V)) € lg Hence Xis I -regular.

REFERENCES

[1] T. R. Hamlett and D. Jankovic, Compactness with respect to an ideal, Boll. Un. Mat. lta.,(7), 4-B, 849-861. 1990.

[2] E. Hayashi. Topologies defined by local properties. Math.Ann., 1964, 156: 205-215

[3] T. R. Hamlett and D. Jankovic, Ideals in topological spaces and the set operator, Boll.Un.Mat. Ita, 7, 863-874. 1990.

[4] T. R. Hamlett and D. Jankovic, Ideals in General Topology and Applications (Midletown,CT, 1988), 115-125, Lecture Notes in
Pure and Appl. Math. Dekker, New York, 1990.

[5] T. R. Hamlett and D. Jankovic, Compatible extensions of ideals, Boll. Un. Mat. Ita., 7,453- 465, 1992.

[6] D. Jankovic and T. R. Hamlett, New topologies from old via ideals, Amer. Math. Monthly 97, 295-310, 1990.

[7] Kuratowski K. topology, Vol |, Academic Press, New York,1966.

[8] N.Levine, Semi-open sets and semi-continuity in topological spaces, Amer.Math.Monthly,70(1963),36-41.

[9] R. Vaidyanathaswamy, Set Topology, Chelsea Publishing Company, 1946.

[10]  M.Khan and T.Noiri, On Is«; — Continuous functions in ideal topological spaces, European Journal of Pure and applied
Mathematics,ISSN Volume 4, Number 3(2011),237-243 ISSN 1307-5543.

[11]  Renukadevi.V, Sivaraj.D, Tamizh chelvam.T, Codense and completely codense ideals.,Acta Math,Hungar.108(3) (2005) , 197-205.

[12]  Renukadevi.V, Sivaraj.D, A Generalization of Normal spaces, Archivum Mathematicum (BRNO) Tomus 44 (2008), 265-270.

[13]  S.Maragathavalli, C.R.Parvathy, Regular weakly generalised closed sets in ideal topological spaces, International Journal of Pure
and applied Mathematical sciences, ISSN 0972-9828 Volume 6, Number 2 (2013), 205-209.

www.ijmsi.org 16|Page



