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ABSTRACT: Employing the common property (E. A.), we derive fixed point theorem in PM spaces via weakly
compatible mapping. This result substantially improves available results.
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l. INTRODUCTION

Here it may be noted that the notion of compatible mapping is due to Jungck [6]. Pant [3] initiated the
work area in non compatible mappings. Aamri and Moutawakil [2] introduced property (E. A.) and common
property (E. A.), which is a an important generalization of mappings in metric space. Branciari [1] proved a
fixed point result for a mapping satisfying an integral type inequality. There is various theorems focus on
relatively more general integral type contractive conditions. In the sequel we derive a characterization of such
definition where it is in linear form and use for obtaining some results on fixed points. In present paper we
intend to utilize this relatively more natural concept to prove our theorem in PM spaces. The main purpose of
this work is generalized known results in [4] and [5].

. PRELIMINARIES
In this portion we give basic definitions which are used in the paper.
Basically a metric is a function that satisfies the minimal properties we might except of a distance.

Definition.2.1. A metric d on a set X is a function d : X x X — [0, ==) such that for all x, y € X :

(). d(x,y) >0 and d(x, y)=0 iff x =1y,

(ii). d(x, y) = d(y, X), (symmetry)

(). d(x, y) £ d(x, z) + d(z, y) (triangle inequality).

A metric space (X, d) is a set X with a metric d defined on X. It has a notion of the distance d(x, y) between
every pair of points X, y € X.

We can define many different metrics on the same set, but if the metric on X is clear from the context, we refer
to X as a metric space and omit explicit mention of the metric d.

Definition.2.2 [5]. A pair (A, S) satisfy property (E. A.) if there exists a sequence {x,} in X such that
Hmy o Sx, =lim, . Tx, =t,forte X

Definition.2.3 [7]. Two pairs (A, S) and (B, T) of self mappings of a metric space (X, d) satisfy a common
property (E. A.) if there exists two sequences {X,} and {y,} such that
limg, . Ax, = limy, . 5y, =lim, . By, = lim, .. Ty, =t, fort e X,

Definition.2.4 [8]. A pair (A, S) of self mappings of a non empty set X is said to be weakly compatible if the
pair commutes on the set of coincidence points, that is, Ap = Sp for some p € X implies that ASp = SAp.

1. MAIN RESULT
Our next theorem involves a continuous function y, which is said to be ¥ function if
(i). v is monotone increasing and continuous,
(i)). w () > t, for ¥t £ (0, 1),
@ii). w (1) =1,y (0) = 0,
@iv). y: [0, 11— [0, 1].
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And @ : R, — R, is a lebesgue integrable function which is non negative sum able such that
£ 1
1> ;o) dt>0and [, 0()dt =1, where 0 <e < 1.

Theorem.3.1. Let A, B, S, T be self mappings of a metric space (X, d) satisfying following conditions
(). AX) = T(X), B(X) = S(X),

(i1). v is a ¥ function,

(iii). Pairs (A, S) and (B, T) share common property (E. A.),

(iv). S(X) and T(X) are closed subset of X,
drAp.Ba) (p4) o) dt

v). I, o(t)dt > q;fnm
Where, for ¥ p,ge X, n>0,a e (0, 2)

M(p, q) = min{d(Sp, Tq), d(Ba, Tq), d(Sp, Ap), d(Ap, Bq), d(Ap, Tq(om)), d(Bg, Sp((2- c)n))}.
Thus the pairs (A, S) and (B, T) have a unique common fixed point provided that both pairs are weakly
compatible.

Proof. As both the pairs (A, S) and (B, T) share the common property (E. A.), there exist two sequences {x,},
{yn}< X such that

limg, . Ax, = lim, . Sy =limg,_ By, =lim, . Ty, =t,fort e X,
From predefined inequality, S(X) is closed subset of X. Therefore we can take a point u € X, such that Su =t.

If Au # t from (V)

J.-Dd (Au.Byy o) dt > WJ.-iju[d-;?u_'?‘_r,::u_d.;E;.-,}'?'}-,::-_d.;Euﬂu:-.d.;ﬂu_ﬂ}-ﬂ:-_d.;Au.'?‘_rﬂ.;o.n:u:-_dujE_;-,_._Eu.; (2- om)y} o(E) dt
Applying n — =

fnﬂ (At o) dt > WJ.-Dm.il:l[ﬂl:t.t:l.ﬂ|:t_t:|,|:'|[t.ﬂu‘_‘u.Iﬂl:ﬂu.f_‘l.lﬂl:ﬂu.tl:o.l:l'_‘lj_ﬂI:T.tL'Il: [2— o)my)} o) dt

LetBe[-1,1]andp=1-aora=1-

min[d ittt rd A, d (At (At - Bmond s+ Bmon
>yl 6(£) dt
min 0,0, [t Aw),d (At [ A, 00.d (1073
> v, o(t) dt

ditA
> yly M p(e) dt

ditA
> (25 o) ar

This is contradiction. Hence Au = t.

As T(X) is also a closed subset of X, then there exist v € X, such that Tv = t.
If Bv #£t, then by (v) we obtain

J.-Ddujﬂr,,_EEj G{t:] dt> \anuaju[I:“I[Srﬂ.'?l:j.ﬂ[El:_'?l:j_d[E‘.rﬂ.ﬂxﬂj.ﬂujﬂrE.EL‘_‘u.ﬂ[Axﬂ.'?'l:[u.ujj_l:hjEl:. X ([2— am) 7} G{t:] dt
Taking n — =

fnﬂ (t.Be G{t:] dt> annﬁu[dujt_tj.d.;ﬂ vty Attd B ditaon) ) d (Bt 2- «in))3 Eﬁ{t:l dt

> \llfnuaju[d.;t.tj.d.;ﬂ vt At tid ctBed it i- Byngd (Beti(1+ Bin)d o(E) dt

> \llfnuaj|:|[D.EI[El:.tj_D.d[t.EL‘_‘u.ﬂ[t,Df_‘u_d[Hl:.L‘f_\} G{t:] dt
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d(Br
>yl 5 le)dt

f EL“E{t]dt

This is contradiction, so that Bv = t.
If we combine all results Au = Su = Bv = Tv = t. This conclude that the pairs (A, S) and (B, T) have a point of
coincidence u and v respectively.

By the definition of weakly compatible mapping
At = ASu = SAu = St
Bt=BTv=TBv=Tt

If At #t, then by (v) we get

J.-duﬂtEm Eﬁ(ﬂdt wau[ﬂlgt T d (Be. Ty)d (5t AL ArAL By d (AL T Lm.u‘nﬂ:ELStuu—ﬂ‘lu‘uLﬁ{ﬂdt
Using 1 —+ =
-I.-I:'Il..f'l.tt‘lm{t:]dt ‘VJFI:I'.LII:I[Iﬂlﬂtt‘l d i) drAtAryd At A AL an)), dltﬂtll..—ﬂ\lﬂ\l\l__g{t:]dt
WJFI:I'.l.II:I[Ijlﬂtt"l ditt)drAtArdAt A AL 1- Bim)). I:'||t..5'|.t||1.+5‘|I:|”'|"|__G|::t:| dt
d ﬂtt"‘l ovod ﬂtt‘lﬂ [At, D"'llﬂ (LO03
_"IJFI:I'.LII:I[ [ [ [ [ fﬁ{t:]dt
diAt.t)
>yl ol)dt
d ﬂ‘tt‘l
[, T ede
This is contradiction, therefore At = tand so St =t.
Finally if Bt # t, then by (v) we get
J.-Iﬂlﬂt Ehﬁ{t:]dt "IJFI:I'.l.II:I[Iﬂlgth‘l d (Bt Tty.d5t.At) At Bty d (AL Tt (on))d (Bt S‘Iil|..—{J."ll:l"l‘l__ﬁ{t:]dt
Letn ==
_rdlt Bry G{t:] dE> \'/_r:mu[ﬂlt Bty d(Bt.Bt)dt.t.dtBt).d tBtiom)). IﬂlEttll..—ﬂ"ll:l‘l‘l__G{t:]dt

-Iﬂl:l'.l.ll:l[ljlt Et"l Iﬂl Bt. Ht‘lﬂlt 213 Iﬂlt,ﬂ‘t‘l Iﬂlt E‘tlll 5‘|I:I"|"| IﬂlEt i+ 5‘|I:I'“|"|
\|I

“ele)dt

min{d(t.Bt).0.0.d (tBt).dt.00).d(Bt.o
>yl

ol de

Jﬁﬂ'tﬂﬁﬁ(ﬂdt

gt dt

Z V.
d(t.Bt)
fo

This is contradiction, so that Bt=tand Tt =t.
ie. At=St=Bt=Tt=t

Now we can say that t is a common fixed point of A, S, B and T.

Uniqueness: To show the uniqueness of fixed point suppose that there are two fixed points t and w such that t #
w.

By (v)

fﬂlﬂt Bwr) J.-umu[ﬂnﬁt"‘w“u d (Bw, Tw)d(5tAL) A (At Bw)d At Twion) pd (Bw. 5t ([ 2— «yn))}
] Zy

el dt > “ple)de
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Applyingn = =
[ o 0)de >

min{d(tw)dwoardtditwsdtw(1- Binp.d w1+ Bm)g
>y olt) dt

‘ple) de

f min{d(tw)dwaard LAt w) d tw o) pd (et ([ 2— a)my
Ylp

min{d{twl,ood ltw)dito)diwomy
>yt " o)ae

ditw)
>yly o0 de

> Jﬂ:ltleﬁ{t:]dt

This is contradiction. So that t = w.
This concludes the proof the existence of unique common fixed point of mappings.

IV. CONCLUSION
In this paper through Theorem 3.1 we introduce the new concept of common fixed point in case of
integrable function and common property (E. A.).
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