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ABSTRACT : The object of this paper is to study the M -projective curvature tensor on generalized
Sasakian-space-forms. We study M -projectively semisymmetric, M -projectively pseudosymmetric and ¢ -M -
projectively semisymmetric generalized Sasakian-space-form.
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l. INTRODUCTION
The notion of generalized Sasakian-space-forms was introduced and studied by Alegre et al., [1] with

several examples. A generalized Sasakian-space-form is an almost contact metric manifold (M ,¢,&,7,9)
whose curvature tensor is given by
R(X,Y)Z = f{g(Y,Z)X —g(X,Z)Y}

+ 1,{0(X,4Z)9Y — g (Y ,4Z)¢X +29(X ,4Y )42}
+ B n (X (Z)Y =n(¥)n(Z)X +g(X,Z)n(Y)E-g(Y,Z)n(X)E}Y,
where f , f,, f, are differentiable functionson M and X ,Y,Z are vector fieldson M . Insuch a case we

will write the manifold as M *""'( f,, f,, f,) . This kind of manifolds appears as a natural generalization of the

. . c+3 c-1 .
Sasakian-space-forms by taking: f = —— and f, = f, = ——, where ¢ denotes constant ¢ -sectional

4 4
curvature. The ¢ -sectional curvature of generalized Sasakian-space-form M *"*'(f, f,, f,) is f +3f,.

Moreover, cosymplectic space-form and Kenmotsu space-form are also considered as particular types of
generalized Sasakian-space-form. The generalized Sasakian-space-forms have also been studied in ([2], [3], [4],
[61, [71, [8]. [9]. [12], [14], [21], [20], [22]) and many others.

Apart from the conformal curvature tensor, the M -projective curvature tensor is another important
tensor from the differential geometric point of view. This curvature tensor bridges the gap between conformal
curvature tensor, conharmonic curvature tensor and concircular curvature tensor on one side and H -projective
curvature tensor on the other.

2n+1

The M -projetive curvature tensor of Riemannian manifold (M
and Mishra [19] as

,g) was defined by Pokhariyal

1
M(X,Y)Z = R(X,Y)Z ——[S(Y,Z)X —S(X,Z)Y
4n
+9(Y,Z)QX -g(X,Z)QY ],
where R and S are the curvature tensor and the Ricci tensor of M , respectively, and Q is the Ricci operator

defined as S(X,Y) = g(QX ,Y). Some properties of this tensor in Sasakian and K& hler manifolds have
been studied earlier ([16], [17], [25]).

In the context of generalized Sasakian-space-forms, Kim [14] studied conformally flat and locally
symmetric generalized Sasakian-space-forms. De and Sarkar [6] studied some symmetric properties of
generalized Sasakian-space-forms with projective curvature tensor. In [20], Prakasha shown that every
generalized Sasakian-space-form is Weyl-pseudosymmetric. The symmetric properties of generalized Sasakian-

space-forms have also been studied in [12] with W, -curvature tensor. Also, Prakasha and Nagaraj [21] studied

quasi-conformally flat and quasi-confomally semisymmetric generalized Sasakian-space-forms. Recently Hui
and Prakasha [13] studied certain properties on the C-Bochner curvature tensor of generalized Sasakian-space-
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forms. As a motivation of this, here we plan to study certain symmetric properties on generalized Sasakian-
space-form with M -projective curvature tensor.

The present paper is organised as follows: After preliminaries in section 3, we study M -projectively
semisymmetric and M -projectively pseudosymmetric generalized Sasakian-space-forms. Also in section 4 we
study ¢ -M -projectively semisymmetric generalized Sasakian-space-form.

Il. PRELIMINARIES
An odd-dimensional Riemannian manifold (M , g) is said to be an almost contact metric manifold

[5] if there existon M a (1,1) tensor field ¢ , a vector field & (called the structure vector field) and a 1-form
n suchthat 7 (&) =1, ¢°(X)= X +n(X)E and g(#X,4Y) = g(X.,Y)—n(X)n(Y), for any vector
fields X , Y on M . In particular, in an almost contact metric manifold we also have ¢ = 0 and n o ¢ = 0.

Such a manifold is said to be a contact metric manifold if dn = ® , where ® (X ,Y) = g(X,¢Y) is
called the fundamental 2-form of M . If , in addition, ¢ is a killing vector field, then M issaidtobea K -
contact manifold. It is well-known that a contact metric manifold is K -contact manifold if and only if
vV & = —¢X , forany vector field X on M . On the other hand, the almost contact metric structure of M is
said to be normal if [¢,4](X,Y) = -2dn(X,Y )&, forany X , Y , where [¢,¢] denotes the Nijenhuis
torsion of ¢ . A normal contact metric manifold is called Sasakian manifold. An almost contact metric manifold
is Sasakian if and only if (V ,¢)Y = g(X,Y)é-n(Y)X ,forany X ,Y .

In addition to the relation (1), for a (2n + 1) -dimensional (n > 1) generalized Sasakian-space-form

M “"(f,, f,, f,) the following relations also hold [1]:

S(X,Y)=@nf, +3f, - f)g(X,Y)-Q@f,+@2n+1 f)n(X)n(), (3)
QX =@nf, +3f, - f )X -Q@f,+@n+1 f)n(X)SE, 4)
R(X,Y)e = (f, = £,)n (V)X =n(X)Y), (5)
R(X, &)Y = (f, = £)n(Y)X = g(X,Y)g), (6)
S(X,¢&)=2n(f, - f)n(X), (7)
r=2n@2n+1 f +6nf, —4nf_, (8)

where R, S and r are respectively denotes the curvature tensor of type (1,3) , Ricci tensor of type (0,2)
and scalar curvature of the space-form.
In view of (3)—(6), it can be easily construct that in a (2n + 1) -dimensional (n > 1) generalized

Sasakian-space-form M *"**(f, f,, f,), the M -projective curvature tensor satisfies the following conditions:
-@Bf,+(2n-1)f))

M(¢&, X)Y = n {9(X Y)E —n(X)n(Y)EL, C))
~@f,+@n-1)f,)
M(X,Y)E = n {n(Y)X =57 (X)Y}, (10)
~@f,+@2n-1)1f,)
n(M(X,Y)Z) = n {9(Y.Z)n(X)-9(X,Z)7(Y)}, (11)

for all vector fields X ,Y,z on M "' (f,, f,, f,).

1. M -PROJECTIVELY SEMISYMMETRIC AND M - PROJECTIVELY
PSEUDOSYMMETRIC GENERALIZED SASAKIAN-SPACE-FORMS
A Riemannain manifold M is called locally symmetric if its curvature tensor R is parallel, that is,
VR =0, where vV denotes the Levi-Civita connection. As a proper generalization of locally symmetric
manifolds the notion of semisymmetric manifolds was defined by
(R(X,Y)-R}U,VW =0, X,Y,U,V,W e 7(M) (12)
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and studied by many authors(e.g.,[15, 18, 24]). A complete intrinsic classification of these spaces was given by
Z. 1. Szabo[23].

A generalized Sasakian space-form M *"7(f, f,, f,) is said to be M -projectively symmetric if
VM =0 anditiscalled M -projectively semisymmetric if,
(R(X,Y)-M)(U,V)W =0. (13)
From (13), we have
R(X, &MU VW —M(R(X,&)U , V)W (14)
~MU ,R(X,ENVIW —M(U ,V)IR(X,&EW =0.
In the view of (6), the above equation becomes
(f,= £)M9(E. MU VW)X - g (X MU ,V)W)E -7 )M(X,V)W
+ g (X, UMEVIW —p(V)MU , X)W +g(X,V)MU ,h &)W
-7 (W)MU ,V)X +g(X,W)MU ,V)E]=0. (15)
Putting vV = & in (15) and using (9), (10) and (11), we have

3f,+(@2n-1)f,
(f,- £,)IMU, X)W + . {nUW)IX -g(U W)X

=27 (X)) U)W )¢ + g (X, W)pU)g+g(U,X)nW)SH. (16)
Thus, we obtain either f, — f, = 0 or

3f,+(@2n-1) f,
MU, X)W = n {9 U W)X —=nU)pW)X +2n(X)nW)E
—g(X W)nU)E-gU, X)) (W)ET 17
Taking the inner product on both sides of relation (17) with vV , we get
3f,+(@2n-1) f

gMU , X)W ,V) = ) {g(U ,W)g(X,V)-nU)nW)g(X, V)
n
+2n (X)W )n(V)—-g(X W)U )n(V)
-gU, X)nW)n (Vv )} (18)

Let {e,} is an orthonormal basis of the tangent space at each point of the manifold and taking summation over
i,i=12..2 n+1in(17), we have

S(X W)= ——g(X W), (19)
2n+1
plugging W = ¢ in (19) and using (7) and (8), we obtain
[@ -2n)f,-3f,In(X) =0 (20)
In this case, since r (X ) = 0, the relation (20) implies that
3f,
f3 = . (21)
1-2n
Now, with the help of (21), the equation (17) reduces to
MU, X)W = 0. (22)

Thatis M *""'(f,, f,, f,) is M -projectively flat. Hence we conclude the following:
Theorem 3.1 A (2n +1) -dimension (n > 1) M -projectively semisymmetric generalized Saskian-

. L 3f
space-form is M -projectively flat (then f, = ‘—)or f, = f
1-2n

Corollary 3.2 A (2n +1) -dimension (n > 1) generalized Saskian-space-form is M -projectively

3"

3f
semisymmetric if and only if M -projectively flat ( f, = —2).
1-2n
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Next, for a (0, k) -tensor field T on M , k > 1, and a symmetric (0,2) -tensor field A on M , we
define the (0, k + 2) -tensor fields R .-T and Q (A, T) by

(RTY X ey X3 X,Y)
= —T(R(X,Y)X X ey X )= e =T (X e X ROXLY)X )
and

QAT X ey X1 X,Y)

=S -TUX ALY)IX X ey X )= =T (X ey X, (X ALY )X)
respectively, where X A, Y is the endomorphism given by

(X A, Y)Z = A(Y,Z)X — A(X,Z)Y.
A Riemannian manifold M is said to be pseudosymmetric (in the sense of R. Deszcz [10, 11]) if
R-R=L,Q(g,R)
holds on U, ={xe M |R_ﬁ6 =0 at x}, where G is the(0,4) -tensor defined by
ngn —
G(X,,X,, X, X,)=9g(X,rX,)X,,X,) and L_ is some smooth function on U .. A Riemannian
manifold M is said to be M -projectively pseudosymmetric if
(R(X,Y)-M)YU V)W =1L, Q(g,M)(U.,V,W;X,Y),

holds on the set U, ={xe M :M = 0} at x, where L, is some function on U, and M is the M -
projective curvature tensor.
Let M *""*( f,, f,, f,) be a (2n+1)-dimensional (n >1) M -projectively pseudosymmetric
generalized Sasakian-space-form. Then from (25) and (27), we have
(R(SY)-M)U V)W = L, [((SAY)-M)U V)W ]

If M " (f, f,, f,) bea (2n+1) -dimensional (n >1) generalized Sasakian-space-form, from
(6) and (25), we get
R(E,X)Y = (f, — £.)(& A X)Y.
In view of (28) in (29), it is easy to see that
L, = (f, — f.)
Hence, by taking account of previous calculations and discussion, we conclude the following:
Theorem 3.3 Let M “""*(f,, f,, f,) bea (2n +1) -dimensional (n > 1) generalized Sasakian-

2n+1 - - - . 2n+1 . .
space-form. If M (f,, f,, f,) is M -projectively pseudosymmetric then M (f,, f,, f,) iseither M -

- - . - 3f n+
projectively flat, in which case f, = . 22 orL, = f — f, holdson M *""'(f, f,, f,).
—2ZNn

But L, need not be zero, in general and hence there exists M -projectively pseudosymmetric
manifolds which are not M -projectively semisymmetric. Thus the class of M -projectively pseudosymmetric
manifolds is a natural extension of the class of M -projective semisymmetric manifolds. Thus, if L, = 0 then

it is easy to see that R-M = (f — f,)Q(g,M), which implies that the pseudosymmetric function

L, = f, - f,. Therefore, we able to state the following result:

Theorem 3.4 Every generalized Sasakian-space-form is M -projectively pseudosymmetric of the form
R-M=(f-1f)Q(g,M).
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IV. ¢ -M -PROJECTIVELY SEMISYMMETRIC GENERALIZED SASAKIAN-SPACE-

FORM

Definition 4.1 For a (2n + 1) -dimensional (n > 1) generalized Sasakian-space-form is said to be
# -M -projectively semisymmetric if it satisfies the condition M(X ,Y)-¢ = 0.

Thus, we get

(M(X,Y)-4)Z =M(X,Y)pZ — gM(X ,Y)Z =0,

for all vector fields X ,Y,Z € y(M).
Now, by virtue of (2), we have

1
M(X,Y)pZ = R(X,Y)pZ — —[S(Y,9¢Z)X —S(X,9Z)Y +9(Y,¢Z)QX —g(X,4Z)QY ].

4n

Taking use of (1), (3) and (4) in (32), we obtain

- 3f, - f
M(X,Y)¢Z = %{g(v,ﬂ)x — (X, Z)Y}+ T,{-g(X,Z)pY +n(Z)n(X)eY
n

+ g (Y, Z)pX = (Z)n(Y)gX —29(X ., #Y)Z +29(X ,¢Y)n(Z)&E}

+ 1,{9 (X, 6Z)n(Y)E - g(Y ,4Z)n(X)ER
Similarly,

—(3f2— f3)
M (X ,Y)Z = 2—{g(Y,Z)¢x —g(X,Z)pY}+ f,{-g(X,4Z)Y
n

+9(X,0Z)n(Y)S+ (Y. ¢Z)X —g(Y.9Z)n(X)E -29(X,¢Y)Z
+29(X, oY )n(Z)E+ £, {n(XIn(Y)¢Y —n(Y)n(Z)¢X}.
Substituting (33) and (34) in (31), we obtain
(3f2—f3
-+
L 2n
+(f, - K (Z)n (V)oY —n(Z)n(Y)gX + g (Y. ¢Z)n(X)E
- 9(X.,¢Z)n(Y)E}=0.
Setting Y = & in (35), we get

f3}{g(Y,Z)¢X -9(X,Z)gY —g(Y.9Z)+ 9(X,4Z)Y}

(3f-f )
———+ L, {g(X.¢Z2)S +n(Z)¢X} =0
L 2n )

In this case, since g (X ,¢Z)& +n(Z)¢X = 0, the relation (36) implies that

Hence we state the following:
Theorem 4.2 Fora (2n +1) -dimensional (n > 1) ¢ -M -projectively semisymmetric generalized

Sasakian-space-form M *"*'( f

10

3f,
1-2n

3f
f,, f,), f, = “— holds.
1-2n

In a recent paper [6], De and Sarkar have proved the following:
Theorem 4.3 [6] A (2n + 1) -dimensional (n > 1) generalized M *"(f, f,, f,) is projectively

_ _ 3f,
flatifand only if f_ = :
1-2n
f2
Suppose, f, =
1-2n

holds. Therefore M = 0 and hence M (X ,Y)-¢ = 0.
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M *"H(f,, f,, f,) is ¢ -M - projectively semisymmetric if and only if f, =

space-form is Riccisymmetric if and only if f_ =

Thus in view of Theorem (4.2), we can state the following:
Theorem 4.4 A (2n +1) -dimensional (n > 1) generalized Sasakian-space-form

3f

2 .
1-2n
From the Theorem 7.2 of the [7], we note thata (2 n + 1) -dimensional (n > 1) generalized Sasakian-

2
1-2n .
By virtue of Theorem (4.4) we can state the following :
Theorem 4.5 A (2n +1) -dimensional (n > 1) generalized Sasakian-space-form

M 2" (f,, f,, f,) is ¢ -M -projectively semisymmetric if and only if it is Ricci semisymmetric.

By continuing Theorems (4.2), (4.3), (4.5), we can state the following:
Corollary 4.6 Let M *"**(f,, f,, f,) bea (2n +1) -dimensional (n > 1) generalized Sasakian-

space-form. Then the following statements are equivalent.

1. M 2" f., f,, f,) is ¢ -M -projectively semisymmetric.
2. M 2”*1( flr f21 fg) IS prOJeCtlver ﬂat

2n+1 - - - - .
3. M (f,, f,, f,) is Ricci semisymmetric.

3f n+
4= zzn holds M *""*(f,, f,, f,).
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