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The esistence and uwnigueness of solutions for a novel modelling of fractional boundary value problem
(FBVP) of generalized Hilfer fractional Volterra-Fredholm integro-differential equations (HF V-FIDEs)
are examined. This novel approach is based on the Krasnosel'skii, and Laray-Schauder alternative algo-
rithms of fired points, and Banach’'s contraction mapping principle which are applied to get the intended
outcomes in finite dimensional space. In order to bolster the validity of the theoretical elaims, we elab-
orate on the cases that are shown af the conclusion of the texf. Finally, an ezample demonstraie the
validity of the obtained theoretical results. These studies are vmportant in the context of the development

of the theory of fractional nonlinear Volterra-Fredholm systems.
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l. Introduction

The modelling of many physical processes that oceur in the practical and social sciences
benefits greatly from the use of fractional-order differential operators, as demonstrated by the
recent development of fractional caleulus. We direct the reader to the books [2, 3, 15, 17, 19]
for information on the theory and applications of fractional differential equations, and to the
literature [4] for a current description of non-linear and non-local FBVP. There are several
different [ractional integral operators, which are used to define [ractional derivative operators.
See the text 2] for specific examples, such as Riemann-Liouville, Erdelyvi-Kober, Caputo, Hilfer,
Hadamard, fractional derivatives (FD), ete,

The mathematical modelling of systems and processes in the domains of electro-chemistry,
signal processing, physics, control theory, chemistry, electromagnetic, aerodynamics, viscoelas-
ticity, porous media, and so on gives rise to fractional differential equations (FDEs) in many
scientific and engineering disciplines (see [1, 5, 7, 8, 9, 10, 11| and the references therein). In
recent years, FDEs have seen a substantial theoretical development (see [6, 14, 15, 20] and the
references therein).
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The notion of generalised and Caputo type generalised fractional integrals and derivatives
of a function with regard to another function was covered by the writers of a recent paper [8].
Tn 9], an initial value problem for nonlinear implicit FDEs of the generalized U-Hilfer type was
studied. The attractivity of solutions for a problem using the Hilfer FD was coversd by the
writers in [10].

1t is essential to note that the Hilfer FD is most broadly represented by the (3, T)-Hilfer frac-
tional derivative, which is specialised to (3, T)-Caputo, (3, T)-Riemann-Liouville, 3-Hadamard-
Hilfer and 3-Katugampola-Hilfer FD operators [12, 13] for further information). While the Hilfer
fractional diffusion advection equation with the power-law starting condition is addressed in [19],
[18] provides an example of a physical system model using the Hilfer FD.

Now, let's focus on the literature that addresses starting and boundary value issues of the
(S, T)-Hilfer FD kind. [6, 11] introduced the (5, T)-Riemann-Liouville fractional integral and
derivative operators, respectively. In [12], a (3, T)-Hilfer FD operator initial value problem
was examined. The authors of [13] looked at if the following (S, T)-Hilfer multi-point nonlocal
fractional has any solutions.

SHDeBTH() = =11, (), te (A, 6],
®A)=0. @(0) =0, p [1 T(RR(RYA + T, G015 (=),

where A, 6 € B, A < 6,3 DT denotes the (3, T)-Hilfer FD operator of order a,1 < a <
2,0 € 8< 1L,k >0,= € C(A 8] x B,R),%I%Y is the (3, T)-Riemann-Liouville fractional
integral operator of order ¢; = 0,p0;,(; € R, and A <my,2; <8,i=1,2,....n,j=12,....m

Tn [17], a coupled system of FDEs with multi-point non-local boundary conditions and (3, 1)-
Hilfer FD operators was covered, We direct the reader to the paper [12] for some features of
(3, T)-Hilfer FDEs. Nonetheless, it has been noted that there is a dearth of research on systems
of (3, T)-Hilfer FDEs and that more needs to be done in this area.

In this research, we explore a (3, T)-HEV-FIDE equipped with nonlocal ordinary and FBVP
provided by inspired by the work presented in [17]:

SHPaST a(t) = 2y (1, 0(1), 5 T (R)I(h)dh, [ ’l{h)ﬁ{h)dh) . te (A8,
THDraTy(t) = =, (t_.t';’{t),j:: Y’ () (h)dh, [} T’](ﬁ]@(ﬁjdﬁ) , te (A8,
PA)=0, ®(0)=3_, i [y T(RD(R)dh+ 3T, GEI9 Y (25),
D(A)=0, 9(0)=>_r [ T/ (R)®(h)dh + Y h_, 6,37 T (€,).

w—

(1)

where SH padi¥ SHpeaT denote the (3, 7)— Hilfer FD operator of orders a.p, 1 < a,p <
2 and parameters 3.4.0 € §,¢ < 1, respectively, Z,.Z0 @ [A, 8] x B? 5 R are continuous
functions, 37957 31T are the (3, T)-Riemann-Liouville fractional integrals of order ¢, ¢, > 0,
respectively, p;,(;,r.&e € B, and A < iz & < 0, = 1,2,...,n,5 = 1,2,...,ml =
1.2,...,v,u=1,2,..., A

The Bovd- Wong fixed point theorem for nonlinear contractions and Banach’s contraction
mapping principle are utilised to demonstrate the uniqueness results for system (1) under various
conditions, while the Krasnosel'skii fxed-point theorem and an alternative of Leray-Schauder are
used to establish the existence results for the given problem. The key findings are illustrated by
the examples that have heen created. Tt is important to note that, as specific cirenmstances, our
results provide numerous additional conclusions that are novel in the current environment,
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Il. Preliminaries

Let’s start this part with a few definitions and lemmas that are relevant to our research.

Definition 2..1 [11] Assume that Y : [A,0] — R is a function with Y'(t) # 0 for all t € [A, 6]
and increasing on [A,0]. Then, the (3,7)-Riemann-Liouville fractional integral of order o >
0(c € R) of a function w e L' ([A,0],R) is defined by

ST w(t) = T(t) — T(u)5 Lw(u)du,S >0,

14
3T5(a) / TRk
where T (t) = [ ht='e="% dh.

Definition 2..2 [12] Assume that T € C™ ([A,0],R),T'(t) # 0.t € [A,0],w € C™([A, 0] ,R),
and o, € RT = (0,0¢), 3 € [0,1]. Then, the (3, Y)-Hilfer FD of the function w of order a and
type 3 is given as

3.H ya BT, I 78(nI—a)T S d ”‘3 (1-3)(n3—a)T _ [«
D w(t) =1, (T'(tj di) I, w(t), n= L\} 3

Lemma 2..1 Let A < 0.3 >0.1<a,p<2,8.q€[0,1].tg = a+5(23—a), wg =p+q(23—p)
and &9 € AC? ([A,0],R) and hy, ha € AC ([A,6].R). If
A= A1 Ay — A2 Az # 0, (2)
then the unique solution of (3, T)-Hilfer system:

SHpDaBTP(t) = hy(t), te (A0,

SH DraiTy(t) = hy(t), ie(/\ a] )
®(A) =0, B(0) =37, i [ T (WI(R)dh + T, G210 (), (3)
d(A)=0, 9(0)=3,_,m ["T(h)d>(h)dh+zn 1‘ SrecTo(g,),

is given by

e B e
B(t) =TT hy (1) + L0 M{,((’:l)) : [A' (Z # /\ TP ()b

m

+D G g (25) — ST hy (0)) + A, (Z,,/ Y'(R)S 1Y hy(h)dh (4)

=1

. Z 0. ST+ T hy (€,) — SIP T hy (0))] y
u=1
and

_ / = _ v uli .
W(t) =317Thy(t) A () m:l:.((:i).} I{AI (ZTI[A TR 14T hy (h)dh

A 1}
+ 38T Ry () = 317 hy {a) (Z ti /¢ T (R) P ha(h)dh  (5)

u=1

+ch:,}lr¢J+P:Th2 {zj) _ ',}IG:T']I_] (9]):| :

j=1
where
(T -TM)T !
A= s (ts) ’
(T(m) =T (A) (T(z)—T@A) ¥ -1
‘}Z To (wa + 9 +Eg T(ws + &) :

(6)

s (T () = T(A) T (T(€) =T (A) 5" —
As = \}Zn—r‘%(t@+3‘) +Zc‘iu Tits + €2)

(T - T@AY= 1

A, =
! Iy (wa)
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Proof. Let (®,) be a solution of the system (3). Applving the operators S and ¥ [77, as
well, on both sides of the first and second Eqgs. in {3), we have

L3x] i

T 2-2
‘1’()‘} _ ?l“rn:‘fhl[ﬂ + q}{T{f) Fr‘;r“{’f])} 1 (T("IEJ (I}(f:g} (?J

and

e -r@)= -1, , () -TA) ; ~2

'y (wg) Iy (wy — F)

B(t) = S IPTha(t) + dy (8)
where ¢y, 01, dy and d; are unknown arbitrary constants.
By the conditions ® (A) = 0 and 7 (A) = 0 in (7} and (8), we get ¢; = 0 and d; = 0, since
—2<0,% —2 <0, Taking (7) and (8) with ¢; = 0 and d; = 0 in the boundary conditions:

T

Z;L,] f‘rr?ﬁn‘h—l—Z( 197 (z;)

and

v - A
(6) = Zr,/ Y'(W®(h)dh + Y 8,17 (&)
=1 @ u=1

Combined with (6) notation, we get

n i m
Arco — Axdg = Z i / ' (h)3 17T hy(R)dh + Y ¢ TP hy (2;) — ST hy (6)
= JA B
. (9)
— Azep + Ay dn:zlt/ T'(h) luy’ll(ﬁ)dﬁ-l'zdn“lc“L°Th|(5“) ST hy (0).

u=1

Solving system (9) for ¢y and dy, we get

1 S ore
co=7 [As Z#t / Y'(h)* 1" T ha(h) dh+JZ:l( 319 hy () — S1%T hy (0)
+Ag (Z r,/ "(R)¥ 1T hy (h)dh + Zo SpetaTh (6,) = 2P Ths (0))
A u=1

) e A
dy =% [Al (Z r / Y/ (R)3 1Y hy(h)dh + Zo‘u“r-'-m*hl (&) — SIP Y hy (6)
i=1 A u=1

m

zu,/ T/ (B2 hy(R)dh+ 3 ¢RI 7T hy (25) — 217k, (6)

1=1

[ T, SRR g PRNSSSE o, NG

Substituting the values of ¢q, ¢; and dy, d, in (7) and (8), respectively, we get the solution (4)
and (5). The contrary is casily shown by direct computation.

Definition 2..3 Assume that W be a Banach space. Then, the operator G . W — W is called

a contraction nonlinear if there erists a non-decreasing and continvous function ¢ : BT — R
such that $(0) =0 and Q) < 1, ¥ ¢ =0 with the property:

[Gx — Gy|| < QfJx —yl]), Ve.yeW.
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I11.  Existence and Uniqueness Results
Let be the space in Banach algebra of all continuous functions @, 4 from [A, 8] to R endowed
with the norm [|[®| = max {|®(t)|,f € [A, 0]} and ||[@]| = max {|d(t)], € [A,6]} be define by
X = C(A 0] ,R). Thus, the product space (X x X, ||(®,4)]|) is a Banach space with norm
(@, )| = 1] + [|].

Lemma 2.1 notwithstanding, we ereate a map W X« X — X« X associated with model (1)
by

. [ W (@,9)(1) _
W(®,9)(t) = ( Wil®, 2)(0) ) . (10)

where

ey

W, (@, 9)(t) =31°TE, (f__q»(t}._ f T (h)d(h)dh, faT;{h]ﬁ(h)cih) + (T(#) —T(A))"

ATy (ty)

[ (Zm[ (1) 7Y E, (rﬂ /T ) r}dc/'r* B 1}dr)

i=1

} z(j'?'f'ﬁj+F:TEz 2,0 (25), / ' T"(h)@(h]dh:/ T\ (h)®(h)dh
e Ja Ja

a a
_Sparz, (6,_'1'{9),/ T*(h)ﬂ{h)dh_/ T;(h_]ﬁ(hmh)) (11)
A A
v i k é
r Y(h)FIST= il 1), T () () dex, T () (z)dz
As (g ;fA (h)"1 l(r,rp(r)_ﬂ ()0 ()l f\ | (2)0(x)d )dﬁ

A " a
+ )8, et eTE (Eu,tb(gu], /; ‘ Y'(h)d(h)dh, ﬂ T {ﬁ.)r?{ﬁ.}dh)

u—1

_S T, ('9.-'*9 (&) ,f"' T'(h)®(h)dh fﬂ T’l{h)fb(h)dh))] .
A A

and

==

L :] o _
Wao(®, 9)(t) = JIPTE, (.c d(t), /I\'r’(ﬁ}@{ﬁ)dn,ﬁ T'l(m@(r;}dﬁ) +{Tm;§.{.{2) !

v ¥i fu ]
X {Al (; ”_ﬁ T(h)S 1Tz, (h,@{ﬁ.]:[ﬂ T’u)ﬁ{z)dx,fﬂ T;(-.u}ﬁ{x]dx) dh
A £u f
f 2Tt Tz, g D (g, YA (R)dh, [ T (R)9(R)dh
3 l(s (&), [ ma [\mm)
t 6'
—Srz, (9,1‘}(9}./ T’(ﬁ}@{&}d&,/ T’,{n}@(h)dﬁ))
JA A
A (me' T(R)SIPTE, (E d(h), ] ' ()| i}rhn".’“/ T (a r}dr) dfi

&
|Zc etz (z ?(z;). / '(h)®(R)dh, / T".{h)rb(h)dh)

3Tz, (I‘p‘_.tfl (&) ,ﬂﬂ T'(h)d(h)dh, /:J T [h]r‘){h)rﬂa))] . (13)

DOI: 10.35629/4767-12030620 WWW.ijmsi.org 10 | Page




Novel Results on Generalized Hilfer Fractional for Nonlinear Volterra-Fredholm Systems

To facilitate calculation, we employ the following notation:

Qo=T(0) - T(A)

08 Q%‘ = 0
r(£+)+mﬁ(r[H”mmim

T (A)§H o (T (6 = T(A) T
+|Az|( ZI’M s(a + 29) Z 10 Iy (e, +a+ Q) ):| :

u=1

Q1=

Q" Qi
)y =—20 A 0
- |AITg (ts) I:'J 2 Ts(p+9Q)

. (T(m —rA)ET & (M) =T AN
—."A.j < Zl P‘)\‘) ZICJ ]"3 ()j+,)+3] )].

= |§|r_w ) ["4"' B :
oo Em R S S ET)
+ 1| (JZ' T ;32‘3335” +i'c’ T *"_ﬂ{“j]:;;p)r

. Qs Qs
Q=01 — Tala + )’ Q1= Q= Is(p+3)

1. Uniqueness Results

First, we use Banach's contraction mapping principle [20] to demonstrate the uniqueness of
solutions for the nonlocal (3, T)-HEFV-FIDE (1).

Theorem 3..1 Suppose that Z1,Z2 : [A, 8] x B — R satisfy the following assumption:
(H) there exist constants my, n,, i = 1,2, 3, such that, ¥ t € [A, 0] and 2,y e B,i = 1,2,3,

|21 (t, w1, w0, 2a) — Z1 (L1, w2, ya)| S ma |21 — | + mo e — yo| + mg |os — s,
and

[Za (t, ey, 20, 23) — Zo (1. y2. y3)| € ny |y — | + ng |22 — yo| + na |xz — s

Then, the (3, T)-HFV-FIDE (1) has a unique solution on [\, #], satisfy

Qo [(Q1+ Q) (g + mo +my) + (Q2 + Qa) (my + 12+ na)] < 1, (15)

where (;,i = 0,1,2,3,4, are given in (14).
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Proof. First, let us demonstrate that WEB, C B,, where the map W is given in (10} and
B, ={(®.v) e XxX:|(D,0)| < r}, with

(Q1+Qa) N+ (Q2+ Q) Ny
[(Q1 + Q) (my + Qolma +mz)) + (@2 + Qu) (ny + Qolnz + n3))]

‘PZl

SUPgeA_g] Z1(t,0,0,0) = N < 00, SUPe (4 4] Zo(t,0,0,0) = Ny < oo. Thus, we get

t 1]
= (1,@{1),A T“(ﬁ}ﬂ{ﬁ}dh,/\ T‘l(ﬁ)ﬂ(}‘i)dﬁ)

.+ P
< |5 (i1 Cf'{i),/ T’{h}r?(h}dh.[ T"l[h.)ﬂ[h.)n'f:.) — Zp(t.0,0,0)] + |=.(¢,0,0,0)
A A
t [
< my || D] 4 ma / T (h)d(R)dR| + m3 f TLR)I(h)dh| + N
A A

< my || @] + (mg + mg)Qo| P + N

and similarly
¢ 8

=2 (f,ij‘(f],/ Tr{h}‘l"(h)dh‘_f Ti(h]‘l’(h}dﬁ)
A A

Next, for (9,v) € B,, we have

< m |9 + (n2 + na)Qo||®|| + N

W (@, 00)(t)]

[ _ FRTE
£, (t._tl){ﬂ),/j’r’(fi}ﬂ{fi}dh./; T’l[ﬁ)-d(ﬁ)dﬁ) (T(t) =T (A)

+ s
|4l (ts)

< ::Iu;'r
n " ke f
x {|Ai| (; |#,,|fAJ T'(R)S 17T |2, (n,-acm,ﬁ T’(x}@[m]dr,'& T{{m)fb{x}dr) dh
m | zj ) |
+ Z|cj|f‘1¢a+n:'*‘ (=2 (zj.a(z}-),f 'r’(h}qa{h)dh._/ ’rj(m@{h)dh):
=1 | A A 1
- '
R |2, (a.qz(&}.j T'{h}a{h)dh,/ T’l{h}ﬁ{h}dh) )
A A
dh

A

i 7
= (h.@(ﬁ),/ T((:J‘::l‘!ﬂt.].'}ff.?.'..ﬂ T (:n)15[.‘r}d.1.')

u il
I |-’12|( IT'aI/ () 1T
=1 A

a 3 T = J "L |
+§|5u|“ A (E,“Q’(fuj,ﬁ T’(h)ﬂ[ﬁ)dﬁ,/ﬂ T’l(h.]ﬂ(ﬁ.)dﬁ)i

i o
=, (H,_-a(e),ﬂ T'(h)d?(h.)dh.ﬁ T'l(h]@(h.]rih.) )}

+3 T

12 | Page
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< ﬁ [m1||¢‘|| + (Tﬂ.g + m:}JQn”ﬂ” + N]
T () — Y (A)E T

a7 SN
y A F [y [P + (ns + nz Q|| @] + NV, 1 -
AT (ts) | A4 [ |2 + (na + n3)Qo|| 2l 1]1?Z=;|1f | To(p + 23)

{T 7)) — T (A))
Fnall®] + (n2 + n3)Qo| @] + M| 32 S Ny
QF

To(a+3) [y || @] + (mg + m3z)Qal|?]| 4 N])

v ..]. y A —-‘——0—1
+|Ag|(%[m1||111||+(-m;>+m3)Qo||t§||+N]Z|v || {T‘_( 23};
=1 =

.
: (T (€) ~ T (A)™

T [ma @] + (mz + ma)Qolloo| + N Y [8, L)

' 2R 2 s (6w + 0+ 9)

P
+ [ || + (na + ng)Qo||®|| + N %D—i-ﬁ])

Qv Qy Q5
s {T::{Ct +3) ' Ars () ["’1‘*' Fafa+3)

,1) Ty A (T (&) - T A

=1 u=l

x [mq || @] + ma2 Q|| + N]
T (A) 5

Q! o 33 o (L0
} {IAIPa{i:,J [l‘d"" T +9) T4 (32| Ta(p +29)

+Z|c |{T ) =X (A) )]}[n|||t5‘||+l:ng+ng}Qn|¢'| + Ny

C
e Ty (g +p+ )

=@ [m ||| + Qulma + mz)||F| + N| + Q2 [n1 | @] + Qu(na + ng)||P|| + N]
=(Q1m1 + QoQz2(nz +n3)) || + (Qzn1 + QoQ1(mz + m3)) [P + Q1N + Q2N
< (Qymy + QoQalng + ng) + Qang + Qo (me +msz))r + QN + QaNy.

In a similar vein, one finds that
[Wa (D, d)(t)] £ (Qarny + Qo€alna + n3) + Qang + QoQa(img +mg))r + QaN + Q4N

Considering the aforementioned discrepancies, we arrive at

W (D, )| = [[Wi(D, D) + [Wa(P, 2|
Z[(1 + Qa) (ma + Qulma + my)) + (Q2 + Qu) (m + Qulne +ny))| v

+(Q1+ Q) N+ (Qa+Qu) N1 <1,
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it suggests that WB, C B.. We now demonstrate that the operator W given in (10) is a
contraction. For (@5, d3), (0.1 ) € X x X, and ¢ € [A, 6], we have

W1 (2, 02) (1) = W1 (@1,91) ()]

by

%ﬁf“‘T‘El (!-:‘I’z(f)zf T (R)do(R)dh, T?(ﬁ)ﬂz(ﬁ-}dh)
A Ja

ot ol
-5 (t"(}‘{”'/-. ' (h) 9 (F)dh, ]‘ T{(h)-r}l(mdh) |

(T(t) — T(A)" —1
[AIg (ts)

i o k 1
[ Ayl (Z |’”“'|_{1 T'(R)S Y | =, (h.,ﬂg(h}?j\ T’(g:)%(m)d;nA T’l(‘r]ég{;r)d‘..)r)

fi 4
Ea (h,f}l(h},[\ T’(J:)'I),(:r]dx,/; T',[.l'}q)l[;r}ci.l') | dh

+

] ]
+’-‘*1ﬂé“"‘51 (arcpz{e),[ T’(ﬁ]f)g(ﬁ)ciﬁ,[ T’,{ﬁj-ﬂztﬁ]dﬁ)
JA JA

] g
= (3-{’1 (6), f T (R) 1 (R)dh, f chh.)-ﬁl{h.uh.) |)
+|42|(Z|u|f T'(h)° ff*“f|_1(;ﬁ,¢x2 r}f T (2)02(x mf"r{mgu )

f
(fz &, (h), [ T/ (2): (z)dz, [ T, (2)9: (2)d: )um
+Z|a | SpeatesY |2 (gu @, (£) f Y (R)0s mmf T ﬁ]ﬂztﬁ)dﬁ)
u=1

£ 0
=) (fu‘lr»l ). [ mosmn, [ Ti{h-)191(ﬁ-1dﬁ) |
N e

.0 0
= (6’,132 (H].] T'(hj'li‘g[h}dh._] Ti(r‘i)'i)g(h}dh)
=, ( ENC f Y/ (h) @, (h) dhf 1! () l{h}dh) D]
Qs Q) —1 Qs
""‘l<- R N A"' N Y
{].15((1-!—';5) AN (ta) [' | Tala 1 3)
A

e (T () = T (A) 5T (T (&) — T(A) 5"
14z (\}IZ gl Tjgj(f}'+ 25¥) I Z ul Ty (6n + o + &) )} }

u=1

% Qo (my [ @2 — @y + (mz + ma) [[U2 — 34
= !’ 241
Q" —1 Q5 Th ~ TSt
+ As + A 3
{Ma(ea)[ TR *'( Z“ TG+ )

+Z (£ o {MJ(JO:_‘_;:?)%)‘ )] } Qo (n1 [[92 — D1 + (2 + ng) [|[ P2 — P4]])

:Ql Tﬂ.l ”‘52 — d)l” + Qol:?’ﬂ.z + J‘TL3} ”192 — ‘leH] + ()2 (”l ”sz — ﬁl” + Qu{:]‘lg + ?’13) |I¢'2 — ¢']_||)
=(Q1m1 + QuQ2(n2 + ng)) | B2 — 1| + (Qany + QuQum) [[P2 — V1|,
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which vields

[ (Do, i) — W (D, 04)]
< (Qumy + QoQz(ng + na) + Qany + QoQ1ime + msz)) [||[R2 — || + ¥ — ], (16)

In a similar vein, one finds that

W2 (@g,102) — W (@y, )]
= (Qumy + QuQalnz +ng) + Quny + QpQa(ma +ma)) [”‘I"’z — By || + [y — ”] . (17)

From (16) and (17), we get

|V (o, Do) — W (Pq, 1) ]
<0y [(Q] + (Q3) (my +ma + my) + (Q2 + Q4) (g +na + TI.'i)J ([ g — D] + ||y — 04 ]])

It demonstrates that the operator W is a contraction in light of the requirement (15). According
to Banach's contraction mapping principle, there is only one fixed point for the operator W.
Consequently, the (3, T)—HFV-FIDE (1) has a unique solution.

2. Existence Results

The conditions guaranteeing the existence of solutions for the (3, T)-HFV-FIDE (1) are given
in this subsection. The Leray-Schauder alternative is the foundation of our first result [21].

Theorem 3..2 Let:
(H2)Z1.Z5 @ [A 6] x B* — R be continwous functions and 4 F;,v; = 0,i = 1,2,3, and
S, v = 0, such that, Yu; € R, (i = 1,2,3),

&

=1 (twr, wa,ws)| € So + Fy |wn| + Iz [we| + T3 [ws

| <
S (twy, wa, ws)| < v+ vy |[wy| + v [wa] + v Jws]
(H3) (Q1 + Qa) 91+ Qo (Qz + Qu) (va+uz) <1 and Qo (Q1 + Q3) (Y2+T3) +(Q2 + Q) vy <
1, Q:,i=0,....4, are defined tn (14).
Then, the (3, T)-HFV-FIDE (1) has at least one solution on [A,0].
Proof. Apparently, W is continuous by the continuity of Z; and Z;. Now, we show that the
map W is completely continuous. For that, let 0, = {{®, @) € X x X : ||(®.9)] € r} CHEx X
be a bounded set. Then, by (Hs), we get

< G + G |un| + Sz lwa| + 3 |ws]
< S + S (19 + (10]]) + QolSz + S (1@l + 19]])
<G+ (S + (2 + F3)Q0)r =Ly

|Z5 (8w, wa, ws)|

Likewise, we have that |Eg (f,wy, wa, ws)| < vg + (v) + (va + v3)Qp) r = Lo, Thus, for any
(P, ) € O, we have

[V (P, 0) (8] ]
Q{‘ia‘ Qi!]_? —1 Qn_‘
< {l‘-a(a—l—:?s) TAIMS (t9) [l"l"l Talo+ )

W (T (v (A £+1 A (T _TA)'—‘-AM
T (Szl T > o ) = E AN ) e,

u=1

o Qs
* {lﬁll"a(tw) [A-" Ta(p+9)

o (T ()~ TADET & () TS
+ || ( Zlml To(p 7 23) +Z|CJ 1‘;(.;; P )]Lz

=Ly + Q:lla,
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and hence

(W (@, 9)] < @il + Q2L

|Wa(P, 7)|| < Q3L + Qaleo.

Then, we get

[W(®,9)| = [Wi(®, D) + |[W2(P, )| < (@1 + Q3) L + (Q2 + Qu) Lo

Then W is uniformly bounded. Now, let ¢z € [A,#] with ¢; < t5. Thus, we get
[V (P (£2) 0 (F2)) — Wy (P (t1), 7 (t1))]

Lot - g
SWU T'(R) [(T (t2) = T(W)F ™" = (T (1) = T(0) ¥

h ]
x =) (h,@(h),/; T’[r)i?(r‘)dr,/; Ti(r'}ﬁ{r)dr) dh

tz - fu &
+[ Y(R) (T (t2) — (R F 1=, (ﬁ qm(ﬁ),[ ’I’{r}t?{r}d-r,/ T’](r)t‘?(r]dr) dh
SN JA

Jiy

() -~ T(ADT (T T T

|47 ()
(h (h f X' (r)®(r)dr, / T (:r}tb{'r)d:r)

=, (:j,ﬁ(zj)_[ﬂ' T’(Fi}d){ﬁ}dh,/; T;(ﬁ)@[h]dh)‘

¢
= <o,<1»(9), /\ Y'(h)9(h)dh, /\ ’ r/,(mu(nmn) )

pad Yt h U
+ | Aql (Zm/ T (RS =, (h,«b(h),/ T'('r)x‘?(r)(lr,/ T’l(r)ﬂ(r)dr)}dﬁ

+}:zo,,| IeutasT |2 (e,, @ (£,) / Y'(h)d(h)dh, / Y (h)v h)dh)
u=1 A

+"3[p:'l’ )]

207 (¢2) = X @)% +|( (t2) = T (ANF = (X (&) — T (A)) ¥ ]

dh

{mn (Z L] / () T |2

+ Z le I pebi T
j=1

+"31u:T

= (0, 0(0)./; Y'(R)®(h)dh, /\ Tﬁ(h)@(h)dﬁ)

r‘ (v +S
() — PA) ¥ — (v (02) - T(A) ¥ I W e 1)
N |A|Cg (ts) [IA*[ (‘}H‘Z 2 Il Ta(p+ 29)
m o (L) = T @A)+ Qf
+Lo Z K) r J((*) +p+9) -+l Ty (n‘u+ ‘3‘))

Ta(a + 29) Ta (€a + + )

1 Ay] (amzh-ll(T(’"‘T“‘”ﬁ' s ZI*‘I (Y (€)= X (A) “F° Qél"g,(eri‘s))
=1

—b(_] A8 I‘.z—i‘.l—bﬁ.

Then, W, (@, ) is equicontinuous. The equicontinuity of the map Wa(®. ¢4) can be established in
an analogous manner. As a result, we conclude that the map W{®, ) is completely continuous,

In order to apply the Laray-Schauder alternative’s conclusion, we must demonstrate that the
set E={(®,0) € L x X (0,0) = AW(D,),0 < X < 1} is bounded, Assume that (2,9) € E,
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thus (&,4) = AW (D, ). For any ¢ € [A, 8], we get
B(t) = AW, (D,9)(1), (1) = \Wa(, 9)(1).

Thus, we get

o '3 g
Qg Qg —1 Q0
s {f:r(a +9) * Allg (ta) Ad Fala+3)

3 T TR o (T () T ()
+|A3|(‘CZ| d Pafa+ 23) E lq{e“-f—u-i- 3) )}}

=1
® (o + 51| 2] + QoS2l9])

Q1
+ (i}
|ATs ()

+Z|c;|( t )H(wv.ua + Qouall @)

L £ 1
Q . (O () — T (A)5Y
fl 1'1 (\3 5
Mal gy + 144l ;m I H”}

and

281 4
1] Ql]
()] €{|A|F‘ (ws) {%Pa(cﬂ—ﬁ)

+|A1|(\“Z| ri| T({:}(a+£;_ +Z|”u| T{Eu;_+fij‘ﬁ)3} )]}

% (Jo 4+ S|P + QalS2 + 33)[19])

('2(} Qu - (.2”
N {F“@ +3) " Al (ws) {Hll Ts(p+9)

T —TANET & (T(z) - TA)
FiAs| (‘}Zl Ts(p + 23) Z'“‘ ij+p+3} )H

x (vg + v ||9]] + Qulve + vz)||®]).

In consequence, we get

@] < Q1 (Jo + Sul|®|| + Qo(Fz + Ja)|9]]) + Qz (wo + wi |9 + Qolve +v3)| @[]},

and
9] < Qs (S0 + Su[|®[| + Qo(Sz + I3)[9]]) + Qa (vo + va P[] + Qolvz + vs)||@]])
which imply that
2 + 9] (@ + Q) o+ (Q2 + Qa) vy + [(Q1 + Q) F1 + Qo (Q2 + Qa) (v2 + v3)] || 2]
+[Qo (@1 +Q3) (I2 + Ta) + (@2 + Q) ] [|7].
Thus, for any ¢ € [A, 8], we have

(Q1+Q3)Jo + (@2 + Q) Yo,
(2. )] < Mo

where My is defined by

My =min {1 — [(Q1 + Q1) F1 + Qo (@2 + Q) (v2 +v3)] . 1 — [Qu (Q1 + Q) (S + ) + (Qa + Qu) 1]}

Then, E is bounded. Then, the (3, T)-HFV-FIDE (1) has at least one solution on [A, #].
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4. Illustrative Example

Example 1. Consider the following (3, T)-HFV-FIDE:

BHpidte o) =5 (f,@( ), T’{h}aﬂ dh/ T} fz}u‘{h)dh) . te (El—ﬂ -‘

T (R)®(R)dh, f T (h)® {h)dh)_. te (g%]

2 14 1 5/9 (&zﬂ—hfz) N
- ’ _AMNEE s /2 '
€T (‘]) 0, = ( 9 ) 25 [3;9 [ 5 + 2he o h)dh

8/9 h2e—h/2 11/9 (h2e=hr2 f
25f [ M + Zhe_"'“} I(R)dh +— [ W) | 2&—“«2} d(R)dh
(1)

2 2,-t/2 ; 3. Gue—t/2 o
+J1~’13a’“ (1fs)+ﬁ~*r“ it #(13/9),

2 14 3 [ (ﬁ?ﬁ:_"‘“) 5o
y({—}) =), y(?) 37/ {—T-I—Zﬁf O h)dh

5 13;9 h e —h/&}
61

T/9

(h& —.FH'.E}
= [ ) ohen M} d(h)dh + — + 2he~ W} d(R)dh

49 2/9

4 -t/ g —t/
+ S OPCT o 2/3) 4 ”f“’“" "9(1).

Here, 3=5/4,a=4/3.8=2/3.p=5/3,g = 1/3,T(t) =2 42 a =2/9, b =14/9.n =3, m =
2,0 =8, =21 = 1/25, pg = 2/35, 3 = 3/45,m1 = 5/9, 110 = 8/9, 13 = 11/9,(; = 2/54, (a2 =
3/65,20 = 1/3,20 = 13/9, ¢y = 3/4, 02 = 4/5, ry = 3/3T,r0 = 4/49,r3 = 5/61,71 = 4/9,72 =
7"“3._’:1;1 = J.S,l'rg 5] — 4'{51._0_2 = 5({62 51 = 2;{3.63 = Lf:] = LJJII‘E € = G‘.'f?

Using the given values, we get fs = 19/9, ws = 29/18, Ay =~ 09894137797, As =~
0.0737375203, A, = 0.0833890039, A, =~ 1062508016, A*' = 1.045112065,0Q, =
1067507459, = 1.649053094, Q0 = 0.0681355524, (3 = 0.13T0135866, )y
1.425499425, (7 = 0.8286319543, Q] ~= 0.7156209862.

&

(2, 14]

a? 9

—[Ht 233 8‘1‘2-‘1—9'4" 1 3

’ ’ b

= (f ®it), / T (R)D( h)dh./ T (h) D‘{h}dh) 300t T 1),‘ 50| ) + ;—;t + 5

i _ﬁ_? _—h,-"?
f (; + zrw-“fz) D(R)dh
2/9 2

h2e—h/ .
f (+ + th-’*ﬂ) d(h)dh| .
i

(*) From Theorem 3..1, we have =¢,Z; : | « B3 — R as

2

(19)

1.
= sin
+T

1 2
+ — cos
7

i 14
= (f,-ﬂ{fL / Y (h)®(h)dh, / ’
2 2
siu‘ﬁ ( —hle " +2ﬁ,e—ﬁx2) {J(Fi)d.’i‘ + cos j:"’g (_"1’_”1 + 2fie "”2) (h.}dh‘
9 (]

z
cos? (¢ 8/2) Rl 1 1
s (1+Iu|)+4t+3-

i(f}.)@{h}dﬂ)
(20)

Notice that my = 1/6,ma =m3 =1/7,ny = 1/9 and nz = nz = 1/8 as

= . = 1 .
|:1 [tk‘bl..?'}il,_v’l} — ) {f,@Q.T?Q{VQH = 6 |¢)1 (ﬁgl + = |131 T}Ql + = “'/L 1.-’2| 5
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and
- = . 1 1 .
|Zz (£, 01, P1, V1) — Zz (£, 02, P2, V2)| < 9 |y — Pa| + 3 [ — 2| + 3 Vi —Vz|,

for all ®, @y, 19,195 € R. Then, we get
Qo [(Q1 + Qz) (my + ma) + (Qa + Qy) (1 + ng)| 22 0.867 < 1.
Then, from Theorem 3.1, the (3, T)-HFV-FIDE (18) with =, and Z5 given by (19) and (20)

respectively, has a unique solution on (2, 4],

(*) The functions Z,,Z, : [2, 5] x R* — R are given by

1 = )
= [ te(t), [ Y(R)I(h)dR, T (R(h)dh | = L, £|<t>| + (3 cos? @ + 2 sin? o)
2 2 9%+1 3 5 5

o

’IGU

S (F2572 + 2ne=72) o(h)d

Y o , 149
4 |f3 (S92 + 2me—n2) o(h)n|
" ' (21)
=, [t v(e) f!"f’(f}cp{f)dr ]Tr’(f)@{f)d; = Gan )+ Lot )
=a | t0(1), . b 1)dh, ' ih 1) dh T ?! 4 tan 7% i
i _p2e—hi? R/ 7
Ji (FE52 + 2nemm2) lb(fi)dh|
2 fa v 16 !
1+ |z (—"f + grm—ﬁfé} O(h)dh
and
112, 2 11 1,1
Z1( B, 0, V)| < = + 218+ 2[0] + 2[V] and [Za(t, 9, 8,V)| < =+ +[®] + 29| + |V,
[E1(t,,0,V)] < 5+ 50|+ 219 + |V] and [22(6,9,@,V)| < £+ 71@] + =9 + 2|V

Fixing Sp = 1/3,3) = 1/3,92 = 33 = 2/5,v0 = 1/5,v1 = 1/4d,v2 = vz = 1/7, we have
(h +Qa) 3
FQo (Q2 + Qq) vy = 0.837 < 1 and Qo (@) + Q3) (B2 + Bz) + (@2 + Q4) (va + vz) = 0.826 < 1.
Hence, from Theorem 3..2, the (3, T)-HFV-FIDLE {18) with Z; and Zs given in (21) respectively,
has at least one solution on [% % .
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