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ABSTRACT: An iterative decomposition technique is derived and applied to solve rth order linear and
nonlinear integro-differential equations. The solution was obtained by decomposition of the assumed series
solution for the integro-differential equations considered. The initial approximation was obtained by evaluating
the source term and subsequent approximations were obtained by applying the nonlinear operator on the sum of
the previous solutions. Numerical examples showed that the technique is accurate, simple and efficient
compared to other methods in literature.
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I. INTRODUCTION

Ordinary Integro-differential equations abound in many branches of linear and nonlinear applied
problems. Models arising from mechanics, astronomy, economics, engineering, sciences and other related fields
are usually functional equations including integro-differential equations. Special usage of integro-differential
equations is visible in the mathematical modelling on spatio-temporal development of epidemics [1].

Generally, it is impossible to get an analytic answer for such equations [2, 3]. Because of that,
various numerical methods have been devoted to finding the approximate solutions to such equations [2]. The
numerical solution of this class of functional equations is discussed by a large number of authors. A few of these
methods are as follows: differential quadrature method based on modified cubic B-splines [3], non-polynomial
splines for solving system of second order boundary value problems [4], quartic trigonometric B-spline
algorithm for numerical solution of the regularized long wave equation [5], modified Laplace Adomian
decomposition method [6], modified variational iteration technique [7], Legendre wavelets operational method
[8], single term Walsh series technique [9], Projection method [10] and Modified projection-iterative method
[11].

Il. CONVERSION OF rth ORDER IDEs TO SYSTEM OF IDEs
Consider the rth order linear initial value problem of integro-differential equation:

YO @) = h(x) + F@y@) + A [ k(x, t)dt ¢h)
With initial conditions

y(0) = a, y'(0) = ay,. . ,yT(0) = ap_s. (2)
Consider the transformation
y(x) = y1 (%),
y' () =y, (x),

y'() = y3(0),

YD) = 3, (). 3)
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Re-writing the equations in (3) as a system of differential equations gives

dy; _
E =) (.X'),
dyz _
E =Y3 (.X'),
dyr . x
“T=h0) + f)y () + 4[5 k(x, Oy (B)dt (4)
with
yl(o) =, y2(0) = al,...,yr(o) = Qp_q. )

Equations in (4) are written as a system of equations with the Lagrange multiplier, A given as
Ai=11,2,.. 1. (6)

g () = i () + [ yo(s)ds,
Jn

|,J|'_I| ] |: ) = Hill_. |:_-": 1 [ .Illl:|g.'.-_.= _-.-J.{lr_ns_
Jh

i ':ir_ +1% | " : _ H-:ill_- |,l : n [ .Ilr|l_|_,_.: _.,-J{If_..s_
Jo

y" () = _r,'!_mIJ'J 4 / [J'.'{.‘-: - _,I"I::.‘-:fl_l,r!_!l:l:.‘-‘J + A [ foi s, f];,r';'l’l{rj] s (7)

| <

I11. SOLUTION TECHNIQUE
Consider the general rth order integro-differential equation

q(x)
yO ) + fF()y(x) + f k(x, )y ® y™dt = h(x) ®)
p(x)
with
y(@=ap y'(@=a, y'(@=a....y" V(@ =a, €)
where a;:i =0, 1, 2,. .. ,r — 1 are real constants, m, n, b are integers with b < m < r, the functions f (x),

h(x) and k(x, t) are given and y(x) is the unknown function to be determined.

Therefore, consider the following general nonlinear system

y=f+NQy) (10)
where N is a nonlinear operator from a Banach space B — B and f is a known function.

The assumed series solution of (10) is given by

y= Z 1y (11)

The nonlinear operator, N is defined as
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J

Using equations (11) and (12), the nonlinear system (10) is written as

~

Z y; = f+ N (w) +i} {.‘-' (i _u.;-) - N (Zi m-) } (13)

F=n k=0 k=0

and the recurrence relation for the problem is derived as follows:

Yo=1f
y1 =N®o)
¥2 =N +y1) — No)
¥3 =No +y1 +¥2) =N, +y1)

Visr =No+y1 + 2+ . . +y;) = N(yo + 31 + y2+. . .+¥j_1) (14)

Hence, the jth term approximate solution for (10) is given as

Y=Yo+ Y1+ Yot . . +Yiq (15)

IV. NUMERICAL EXAMPLES
The error obtained in this work is defined as

Error = |Y(x) _inDl :]ID = 01112;3;- ' ;j -1 (16)

where y(x) is the exact solution for the problem considered and y;,, is the approximate solution obtained using
the iterative decomposition technique discussed.

All computations and programmes are carried out with the aid of MATLAB soft-ware.

Example 1: Consider the first order linear VVolterra integro-differential equation

Y () +yx) =% +2x+1)e*+5x+8— fox ty(t)dt : y(0) = 10. (17)

The exact solution is
X

y(x) =10 — xe™*.

Example 2: Consider the second order linear Fredholm integro-differential equation

y'(x) = x — sinx — [Z xty(t)dt : y(0) = 0, y'(0) = 1. (18)
The exact solution is
y(x) = sinx.

Example 3: Consider the second order nonlinear Fredholm integro-differential equation

Y'@) =10 - 2x+ 2 [L aty* (@t : y(0) =1, y'(0) = 0. (19)
The exact solution is
y(x) =1+ 5x% —x3.
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Tables of Results

TABLE 1

Numerical Results for Example 1: Comparison between the absolute

errors in the Polynomial Collocation Approach and the present method
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Aminu (2022)

Error

Prosent

Method

Error
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10000000
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TABLE 2

MNumerical Results for Example 2: Comparison between

the absolute errors in the ADM and Present method

x Eaxcact
Salution

AMOHD et.al
[2017)

Error

Present

Method

Error
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TABLE 3
MNumerical Results for Example 3: Comparison between the absolute
errors in the cubic spline collocation method and the Present method

x Exact Taiwo and Error Present Errar
Solution | Gegele (2014) Method

(.0 1000 L OO L0000
.1 1.04%9 L0400 GO0RE-08
1.2 1.192 L 192000079 T.OIRLE-0H
.3 1.423 LAZ3000843 B.AS2E-07
.4 1.736 LTa60006GS S G884 E-07 TAG0006TY | G.TO0E-0T
(1.5 2125 2125000572 3.T1RE-07 25000563 | 5.630E-07
(1.6 2.584 2524000562 5.623E-07 | 2554000554 | 5.540E-07
0.7 3.107 F.107000401 L.009E-07 | 3.107T00:3521 | 3.521E-07
.5 3.688 3.6GER000293 2.0929E-07 | 3.688000285 | 2.850E-07
.9 4.421 4321000259 2EETE-O0T | 4.321000272 | 2.720E-07
1.0 G000 200000200 LA999E-07 [ 5000000150 | LA0ODE-07T

AN00000000 [ L0
049000030 [ 3.000E-08
92000056 [ 5.600E-08
A23000827 | 8.2T0E-07
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Graph of Example 1
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Figure 1: The behaviour of the exact solution compared with the solutions
by the Polynomial Collocation Approach and the present method.
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Graph of Example 2
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Figure 2: The behaviour of the exact solution compared with the
solutions by ADM and the Present Method.

Graph of Example 3
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Figure 3: The behaviour of the exact solution compared with the solutions
by cubic spline collocation method and Present Method.

V. CONCLUSION
In this paper, a reliable iterative decomposition method for solving linear and nonlinear integro-
differential equations is derived and implemented. Three equations of first and second orders are considered and
the results obtained are presented graphically in Figures 1 - 3. The results obtained by the present method when
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compared with the exact solution and results by other methods in literature are generally better as indicated in

Tables 1 - 3.
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