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ABSTRACT: This study first examines a number of widely used fuzziness metrics for discrete fuzzy collections.
We present a novel informative measure for discriminating between two fuzzy sets after examining a few of the
current fuzzy set measures. We demonstrate that every class fulfills five well-known fuzziness measure axioms
and show how a number of current measurements are related to these classes. The non-negative, monotony
rising concave functions form the foundation of the multiplicative class. The only functions needed for the
additive class are non-negative concave functions. There are also some connections between the many chances
that now exist.

KEYWORDS: fuzzy entropy, Shannon measure, fuzzy set, information measure

Date of Submission: 25-05-2025 Date of acceptance: 07-06-2025

I. INTRODUCTION

Zadeh's[31] research launched one of the most innovative and successful representational capacities of
logic for quantifying fuzzy uncertainty. "Fuzzy Sets." Beginning with the concept of gradual membership, it
served as the foundation for the logic of gradualness in properties as well as a brand-new, incredibly
straightforward and useful uncertainty calculus known as "Possibility Theory," which handles the concepts of
possibility and certainty as gradual modalities. Zadeh specifically focused on fuzzy sets' potential contributions
to pattern categorization, information processing and communication, abstraction, and summarization when he
proposed them. When the assertions that fuzzy sets were pertinent in these fields were initially made, in the
early 1960s, they didn't seem to be supported. Although the assertions that fuzzy sets were pertinent in these
fields didn't seem to be supported when they were initially made, namely in surpassing all predictions, the
subsequent advancements in engineering and information sciences demonstrated that these intuitions were
correct in the early 1960s. With the use of examples, Kapur has provided a clear explanation of fuzzy
uncertainty. In general, fuzzy entropy is the quantitative representation of fuzziness in fuzzy sets, while
Shannon's entropy quantifies the average uncertainty in bits related to the prediction of results in a random
experiment. Some criteria that reflect our perception regarding the degree of fuzziness were given by De Luca
and Termini .One of the key digital characteristics of fuzzy sets is fuzzy entropy, which is also crucial for
system modeling and design. For instance, efficient structural parameters are rapidly obtained when generalized
fuzzy entropy is employed as the learning criterion for neural networks. Stated differently, the guidance function
of  generalized fuzzy entropy in neural network system  architecture is  superior.
Following Zadeh's introduction of the theory of fuzzy sets [31], other scholars began focusing on this area after
it was well accepted by various quarters. De Luca and Termini [6] thus established a fuzzy entropy measure that
corresponds to Shannon's [29] measure, keeping in mind the concept of fuzzy sets

The concept of fuzzy sets (FS) was first introduced by Zadeh (1965). Its primary purpose is to model
non-statistical vague phenomena, and as a result, the theory of FS has drawn interest from a wide range of
scientific fields, including but not limited to engineering, image processing, data mining, medical science,
clustering, information technology, and statistical information theory. Fuzziness as a feature of uncertainty can
be explained as the result of a particular decision regarding whether or not an event should be considered a
member of a set; in these situations, the event is regarded as a fuzzy rather than a sharply defined collection of
points (Zadeh, 1968). It is used as a measure of such fuzziness (Bhat and Baig, 2017). The information theory
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has been used extensively in fuzzy set theory due to the principle of entropy's ability to deal with a lack of
information models. A number of FE measures have been discussed in the literature. De-Luca and Termini
(1972) proposed the first entropy extension of Shannon's (1948) entropy; by proposing a nonprobability FE,
they also defined the fundamental characteristics of the proposed FE as sharpness, maximality, resolutions, and
symmetry. This served as a roadmap for the development of any new FE measures. Later, a number of authors
introduced modified FE measures (Ohlan, 2015; Naidu et al, 2017; Zhang et al, 2012; Al-Sharhan et al. 2001;
Bhatri and Pal, 1993; Kapur, 1997; Parkash and Sharma, 2002).

some application of entropy in goodness of fit tests for non-fuzzy datasetsare possible to be generalized to the
fuzzy entropy. (Zamanzadeand Mahdizadeh,(2016, 2017); Zamanzade andArghami, 2011;Zamanzade, 2014) as
other applications were generalized to the fuzzy sets and fuzzy entropyin different fields, such as sampling (see;
Greenfield, 2012;Cetintav, 2016), goodness of fit (see; Grzegorzewski and Szymanowski, 2014;Eliason and
Stryker, 2009), testing (see; Xie, 2010), and many other fields.

II. NEW RESULT

A fuzzy entropy measure that correlates to Shannon's measure was presented by De Luca and Termini [6 ] and
is provided by

H(A) = — ?zl[HA(xi) Inp,(x;) + (1 - /’tA(xi)) ln(l - ,uA(xi))]
(1)

Following this development, numerous fuzzy entropy measures were examined, described, and expanded upon
by different writers. The fuzzy entropy metric that Kapur introduced is as follows:

_ 1 i H()
Kop(A) = e logz?leiB(A) a*LB,a>0,>0

1 Sy [rGepmuf e+ (1-pf @) In(1-uG ()|

fa Byn ko wf o+ (14 () (1= o) )|

2

Sharma and Taneja Suggested the following measure of entropy involving two real parameters

Hs_1 (8) = ;=[S HE () = S HY ()] @ # B

1 n
T~ B-a [Z [#G(x) Inpg () + (1 — g () In(1 — pg(x)]

n

- [eomibeo + (1- ko) (1-ke)]

i=1

1 ([< "
= m{[z g Oe) In g () — Z uﬁ (x;)In uﬁ (xl-)]
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{[ZMA(x)lnuA(x) Zu (xl)lnmx)]

n

Z [ln(l —ui(x)) —In (1 T Ha (xl))]

=[G (1 - g e0) + WG n (1 - 4 (xJ)]}

i=1

1 IHED) n ACH) n (1-u§ @)
= x;) In— 5~ — X ln + 37 gAY
B-a [ i= 1/~1A( ) a( D i= lﬂA( L) E(xz) 21_1 (1 #A(xl))

3)

According to fuzzy set theory, entropy is a fuzziness metric that indicates the average degree of ambiguity or
difficulty in determining whether an element is a member of a set or not. H(A), a fuzziness measure

a fuzzy set A must possess at least the four qualities listed below.

(1) H(A) is at least A crisp set is one in which 4 (x;) = 0 or 1 for every x.
(2)The greatest H(A), if A, where u,(x;) = 0.5 for all x, is the most fuzzy set.

(3) H(A) = H(A")), where A* is A modified by sharpening. Where x is A's complement set,
Yy sharp

(4)H(A) = H (Z), Where x is A complement set,

Different expressions for the entropy of a fuzzy set have been provided by wvarious authors.

If Xand Y are two fuzzy subsets of U, we can write using Kosko's fuzzy conditioning or subset hood measure.

Since S(X,Y) = Zxbxoy ()

Yo bx (%)
Therefore
Zx ynx ()
sS(y.x) _ Yx Hy (%)
sxy) — Zxbxny ()
Yo ux (x)
_ Zakx()
Yx by (x)
Taking logarithm both sides ,we have
RIS RN WIHC)
SX,Y) Dty ()
s(v.x) Yibx(x;)
Now for, s OB TG

Currently, the amount of information for discriminating for a specific fit value for uy (x;) for x;,i =
1,2, ........,n is provided by

Hx (xp)
y (i)

Therefore, it is possible to write the fuzzy anticipated information for discrimination in favor of X against Y as

I'X,Y;x) =
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Hx (xp)

MXD—ZW@W%Ym)

Likewise, the quantity of fuzzy information needed to distinguish x from Y is provided by X

I'(xy) = Z(l ux(x))) log ((1 MX((X’))))
However, in general I'(X,Y) # I ’(Y, 7),

the discriminability between (X,Y) and (Y , V)Should be uniform. To do so, the fuzzy data for discrimination
against Y in favor of X can be described as

Ix,N=rxyn+rIrg, ?)

(xa (1kx ()
= Yipux(x;) lOg + 2i (1 px(x;) )IOg(l —py (x7))

“4)

Equation (4) has previously shown us the fuzzy information needed to distinguish between A and B. Likewise,
we may have as

) ( — Uy (xl))
Iwm_zmeg“J+Z@“M”m( b G)

mx (x)
I, = Do (o) log 260 4 51—y ) log L)
)

Let us now define the fuzzy divergence D (X, Y)between X and Y as

D(X,Y) = I(X,Y) + I(Y,X)

x 1— iy o )
= o0 =) st S g LS oo )

py (x;) (1 —py (x; )) (1 — Uy (xz))
(1—py (x)) (1 Mx o)
log L log L
zz u—uyu»)+22“‘x)°(1—uywa)
—zmu)mm»%XW+ZMm)wwm%%%%

(6)

Two fuzzy sets can be distinguished by this measure. In relation touy anduy, take note that is
D(X,Y)symmetric. Additionally, it meets the following requirements.

()IfX =Y, thenD(X,Y) = 0,D(X,Y) >0

2). D(X,Y) = D(Y, X)

I11. PROPOSITION
Let X and Y be two fuzzy subsets of S then
DXuY,XnY)=D(X,Y)
Proof.Let uy anduy be the fuzzy membership functions of X and ¥, respectively.
LetS* = {x€S / ux(x) = py(0)}and S~ = {x €S / px(x) < py ()}

Therefore
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DHRUY,XAY) = D (mex) =y () log (25 +

x;€S*
(1 — Hx (xi))
x;+(MY(xi) - HX(Xi))logm n
Zx (€S~ (Ily(xl) wy (x; )) log Ezll))
( ~ Ky (xz))
Zs (e =) log 7 = S
Z (1x () — iy (x;)) log X((X)) +
x;€ST Uy (X;
(1—mx (xl))
Zx €S~ (le(xl) Hy(x )) log #X ((;fzg
(1 — Hx (xi))
x;_(ﬂy(xi) - .“X(xl-)) logm

= Z {(Hx(xl) py (x) 10g ((xl) + (uy () — px(x)) log%

i=1

IV. ESSENTIAL PROPERTIES OF FUZZY SET
(DH,(A) =0
9%Hy (A) . . .
2) PIES) < 0.Thus H, (A) is a concave function of py(x;) Vi
(3)H, (A) does not change when 4 (x;) is replaced by 1 — p4(x;)
(4)H,(A) is an increasing function of 0 < p,(x;) < %
[Ha(A)/a(x) = 0] = 0 and [He(8)/s(x) = 3| = nlog2 > 0

(5)H,(A) is decreasing function of u4(x;) for% < pax) <1

1
Ha(A)/.UA(xz) = E] =nlog?2

[Ho(A)/pa(x) =11 =0
(6)[H(x(A) = 0] fOT ,UA(Xl‘) =0orl

Under these conditions ,the measures H, (A) is a valid measures of fuzzy entropy.

}zD(X,Y)

Applying Havrda and Charvat Concept to Fuzzy Entropy. The entropy of order (a) of a probability distribution

(x4, X5, ..., xy) was defined by Havrda and Charvat as

Ho(®) = 2= {50, [(1aGe0)” + (1 = waGe)) " = 1]}

(7
(DHy(A) =0
First let H,(A) = 0,V A € P(X)
Then
1 (< . 3
1— a{z [(ﬂA(xi)) + ((1 - MA(%‘))) - 1] =0
Or =1

a a
(kaC)) + ((1 - pax)) =1
Now for @ > 0,when either u,(x;) =00r1vi=1,2,...,nand so A € P(X)

Conversely ,
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If A € P(X)therefore either uy(x;) =0o0r1vi=12,...,n

It gives

(.uA(xi))a + ((1 - .uA(xi)))a =1foralla >0
ie.  Hy(A)=0,VAE€PX)

92Hq(A)
a2 (xi)

(2)

< 0. Thus Hy(A) is a concave function

Differentiating (7) with respect to p4(x;) and then putting

9Hq(A)

Opalxy)
a-1 a-1

Or a(ua(x))  +a(l-pa(x)) (0-1)-0=0

= 0 ,we get

Or (i) = (1= i) ] =0
Or  (1aCe))* =14 (1)) " =0
Or  2(ua(x)” =1

or  (ua(x))” =12

T2

ie.
J0H,(A) a-1 1
S = (1 () T = 5 (8)
Opia (x;) ( A ) 2
Clearly % =20asa>1

Which implies that function is increasing function in

1
0< (1)) <3
Similarly, from the symmetry of function, it is a decreasing function in
% < pu(x;) < 1. Again we have
ta(x;) = 0and py(x;) =1

0Hq(A)

Differentiating (8) with respect to u4(x;) and taking Al 0 ,we get
a(xi
1
pa(x;) = 2
Again ,we get
0%H,(A) a-2
Y (a—-1 .
a”Az (xl) (a )(HA ('xl))
2
When a < 1 ,we have 2 H;‘(A) <0
Opa®(x;)

Clearly ,we see that H,(A) is a concave function of u,(x;) V i.

(3)H,(A) does not change when p,(x;) is replaced by 1 — p,(x;)

From (7) ,we have
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Ho (A) = ﬁ[i [(llA(xi))a + ((1 - P‘A(xi)))a B 1]}

Replace p,(x;) by 1 — pya(x;)

Ho(A) = ﬁ{z (1= 1aGed) + (1 = 1ax))” - 1]}

i=1

_ ﬁ[i[z@ — )" - 1]]

i=1
0Hg(A)

= 0 ,we get
dualxy) 5 o
Therefore YRS Zra2(1 = pax)) = 1]} =0
Or 0 [2(1 - .uA(xi))a - 1] =0

Aup(x;) _1
or 2a ((1 — ua(x))" )(—1) -0
Or  (ualx) =1

Or pua(x) = 17a1

Asa > 1,weget, uus(x;) =1
OHq(A)

Theref
erefore S

Hence ,H, (A) does not change when 4 (x;) is replaced by 1 — p,(x;).

(4)H, (A) is increasing on 0 < p,(x;) < zland decreasing oni < pu(x) <1

Let Hy(A) = ﬁ{ i=1 [(.UA(xi))a + ((1 - ”A(xi)))a B 1]}

then
OHg(A) _ a—1 1
oA (MA(xi)) 2
(3
For,0 < py(x;) < zi,we have 0.5 < 1 —p,(x) <1,if0<a<1
Then
-1 1
(aG))™ =5 20
0H(A)
Opa(x;)
Ifa > 1 ,then
1 1
(,uA(xi))a 3 <0
Thus
H(A)
g (x;)

This means that H, (A) is increasing function in 0 < u,(x;) < 21

)
L
Similarly ,we have to be H, (A) is decreasing function in% < ualx) < 1.

(5)Hq(A) 2 0

Since H,(A) = ﬁ{ =1 [(#A(xi))a + ((1 - “A(xi)))a - 1]}

Therefore
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OH,(A) _
Oua(x;) B

Now ,

Ot (4) e
raGy > 0 = ta(x;) <1 = py(x;)for

)

OHg(A)
Opalxy)

(10)

Combining (9) and (10)

Hy(A) =0

a-1 1
(#A(xi)) - 2

0= palx) >1—palx;) for

ten< ,uA(xi)SZl

05< 1—pyu(x) <1

A mapping H : P(X) — Rthat quantifies the level of fuzziness in A is a measure of fuzziness for a discrete
fuzzy set. According to Ebanks [7], fuzziness measures should meet the following requirements for A, B €

P(X)

(P,)Sharpnes :

H,(A) =0 @ A iscrispsetVx € X

(P,)Maximally:
H,(A)is maximum & pu,(x;) =05 Vx eX

(P3)Resolution:
H,(A) = H,(A%), where A* is a sharped version of A.

(P,)Symmetry:
ifH,(A) =H (1 —A)thenp;_,(x) =1 —-pu,(x)VxeX

(Pg)Valuation:

H(A UB)+H(ANB) =2 H(A)

Ebanks provided the necessary and sufficient conditions listed below for functions that meet P1-P5

requirements for discrete fuzzy sets:

V.SOME PROPOSITION RELATED TO ABOVE PROPERTY FOR MEASURES OF FUZZINESS

(P))H,(A) =0 < A iscrispsetVx € X
Proof: Let A be a crisp set
Since S = S,ear

= D(S, Snear) =0
Hence S(4) =0
IfsS=4
Therefore H, = 0

LetH, =0
So,
D(S, Snear) =0
= S = Spear
Hence A is a crisp set.
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(P,)Maximally

Proof:Let A be the most fuzzy set, u, (x) = 0.5V x
Hence H, (A) — 1 ,which is maximum.

Let Hy(A) — 1 or D(S, Spear) — D(S, Srar)
Simplifying we have

n

Uren= ] Flne)- (] Flue)=o

i=1 g (x)<0.5 na (x)>0.5

Where

o 20) =2 " + (0wt -1

Fua(x)) <0, if pa(x;) <0.5
F(HA (xi)) = F(MA(Xi)) >0,if palx;)>0.5
F(MA(xi)) =0,if ua(x;) =05

F(,“A (xl-)) =0=p,(x)=05vVx
This implies Hy (A) is maximum iff A is most fuzzy set, thatis py (x) =0.5Vi=1,2,......

(P3)Resolution

H,(A) = H,(A"), where A" is a sharped version of A.

Proof: It is clear that H,(A) is an increasing function of u, (x;),whenever 0 < p,(x;) < 21

And is a decreasing function of p4 (xi),whenever% < pualx) <1
Therefore  py«(x;) < pq (x;)
> Ha(A) 2 Ho(4) in 0= pa(x) < 5

4 D(S, Snear) = D(S*: S;ear)
= if S=A,therfore D(A,Aner) = D(A*, Ahear)
(In

Again pa(x;) = pa (x;)
> Ho(A) < Ho(A)in 5 < pa(x) <1

= D(S' Snear) S D(S* ’ S;ear)
= if S=A,therfore D(4, Anear) < D(A", Apear)
(12)
From (11) and (12) taking together,
Hy(A) = Ho (A7)

(P,)Symmetry :
if He(A) = Ho(1 —A)thenp,(x) =1 —-pu,(x)vVxeXx

Proof: We have from the definition of divergence
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Since D(S, Spear) = D(S_"gnear) = D(S_" Sfar)
And D(S,Srar) = D(S,Spar) = D(S, Snear)

if H(x(s) = Hoc(l - S)?

D(S,Snear)

since Hy(s) = D(S,Sgar)

_ D (S, Star)
D (Sl Snear)

_ D(5.Snear)
B D(E 'Efar)

= Hq(5)

=1- Ha(s)

(13)
Therefor if S = A and u,(x) = Hy(A4)

By substituting 1 — p, (X)instead of p, (x)in Equation (13),we get
That pu(x) =1—pu ()Vi=1.2,......,n

(Ps)Valuation
H(A UB) + H(ANB) = 2H(A)LetX, = {x € X, us(x;) = pp(x)}and X_ = {x € X, us(x;) < pup(x;)}
Where

Ua(x;) = ug(x;) = fuzzy member of Aand B

Since from equation (7) we have
n

H(A) = ﬁ{z [(#A(xi))a + ((1 - .“A(xi)))a o 1]

Therefore , H(A UB) = ﬁ{ a [(MA UB(xi))a + ((1 ~ Ha UB(xi)))a - 1]}

= ([ 00) # (= @) = 1} B [(ma ) + (4~ e ) = 1]}
= 22 [ ()" + (a0 + (1= 1a0)” + (1 = max0))” = 2
(14)

and H(A NB) = ﬁ{Z?ﬂ [(HA nB(xi))a + ((1 —Ha ﬂB(xl')))a - 1]}

T 1 : a{i [(eaGe) + (1 = ma))* - 1]]
: !Z [(/"B(%’))a + ((1 - ,uB(xi)))a - 1]

1—-«a

= L[5 {14 0)) " — (s Ged) + (1= a@))” = (1 = s 00)) )]

1-a

(15)

Adding (14) and (15), we get

DOI: 10.35629/4767-13032435 WWW.ijmsi.org 33 | Page



Fuzzy Events of Theoretic Characteristics by Employing Pseudo Probabilistic Information ..

H(A UB) + HAANB) = % [Z (2(ua)" +2((1 - uA(xi)))“ -2}

1
1—a

4

=2

> {[a)" + (1 = max)” - 1}

=2H(A)

V. CONCLUSION

There is a new set of fuzzy set measures. Under certain conditions, the fuzzy entropy of Deluca and
Termini [7] can be wused to establish an information theoretic discrimination measure. It
has since been applied to define divergence, D(A, B), a pseudo-distance measure between two sets A and B.

We have examined a few popular fuzziness metrics, and each of these classes' fuzzy-ness metrics meet
five well-known Ebanks axioms. Specifying a Given the limited constraints of the underlying functional form,
measuring fuzziness under either of these classes is simple. Non-negative, monotone-ly rising concave functions
form the foundation of the multiplicative class. Only non-negative concave functions are needed for the additive
class, which is more expansive. Numerous instances of

Additionally, we showed how these classes connect to a number of fuzziness measurements currently
in use. Theoretical characteristics Investigated were a few new and current measures. The idea of fuzzy entropy
was also presented, and its potential to include subjectivity in the fuzzy-ness metric was examined.
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