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I. INTRODUCTION 

The concept of fractional differentiation was introduced in the   century by Riemann and Liouville. It is 

the generalization of integral order differentiation and integration to arbitrary non-integer order. For detailed 

study, see the books such as [16, 17] and the survey papers [2, 3] and the references therein. 

      Recently, fractional differential equations have been proved to be valuable tools in the modeling of 

many phenomena in various fields such as control theory, signal processing, rheology, fractals, chaotic 

dynamics, modelling, bioengineering and biomedical applications and so on. For example, see the books such as 

[14, 22] and the references therein. Due to its importance in different fields, researcher in this area has grown 

significantly all around the world. 

      The stability problem of functional equations was introduced by Ulam [23, 24] and Hyers [9] which 

is known as Hyers-Ulam stability. Rassias [18] studied the Hyers-Ulam stability of linear and nonlinear 

mapping. Jung [11, 12] established Hyers-Ulam stability for more general mapping on restricted domain. 

Obloza [15] was the first author who studied the Hyer-Ulam stability of linear differential equations. For 

detailed study of Ulam-type stability with different approaches, we refer the reader to the papers [1, 10, 18, 21, 

21, 26, 27, 28]   and the books [8, 19, 20]. 

        In [4], Benchohra and Bouriahi studied existence and stability of solutions for a class of boundary 

value problem for implicit fractional differential equations of the type: 

 

𝑐𝐷𝛼𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑐𝐷𝛼𝑦(𝑡)), 𝑡 ∈ 𝐽: = [0, 𝑇], 𝑇 > 0,

𝑎𝑦(0) + 𝑏𝑦(𝑇) = 𝑐
 

where 𝑐𝐷𝛼(0 < 𝛼 ≤ 1) denotes the caputo fractional derivative, 𝑓: 𝐽 × ℝ × ℝ → ℝis a given continuous 

function, and a, b, c are real constants with 𝑎 + 𝑏 ≠ 0, and  

𝑐𝐷𝛼𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡), 𝑐𝐷𝛼𝑦(𝑡)), 𝑡 ∈ 𝐽: = [0, 𝑇], 𝑇 > 0,

𝑦(0) + 𝑔(𝑦) = 𝑦0
 

where 𝑔: 𝐶([0, 𝑇], ℝ) → ℝ is a continuous function and 𝑦0 is a real constant. 

          In [5], Benchohra et al. studied the existence of solutions for a class of boundary value problem for 

fractional differential equations and nonlocal boundary condition of the form: 
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𝑐𝐷𝛼𝑦(𝑡) = 𝑓(𝑡, 𝑦(𝑡)), 𝑡 ∈ 𝐽: = [0, 𝑇], 𝑇 > 0

𝑦(0) = 𝑔(𝑦), 𝑦(𝑇) = 𝑦𝑇
 

where 𝑐𝐷𝛼(1 < 𝛼 ≤ 2) denotes the caputo fractional derivative, 𝑓: 𝐽 × ℝ → ℝ is a given continuous function, 

𝑔 : 𝐶(𝐽, ℝ) → ℝ is a continuous function and 𝑦𝑇  is a real constant. 

        Motivated by the above-mentioned work, in this paper, we establish sufficient conditions for the existence, 

uniqueness and four types of Ulam stability, namely Ulam- Hyers stability, generalized Ulam-Hyers stability, 

Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias stability for the following nonlinear fractional 

differential equation with constant coefficient 𝜆 > 0 of the type: 

𝑐𝐷𝛼𝑦(𝑡) = 𝜆𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡)), 𝑡 ∈ 𝐽: = [0, 𝑇], 𝑇 > 0, (1.1)

𝑦(0) + 𝑔(𝑦) = 𝑦0 (1.2)
 

where )21(  Dc
 denotes the caputo fractional derivative, 𝑓: 𝐽 × ℝ → ℝ is a given continuous 

and𝑔: 𝐶([0, 𝑇], ℝ) → ℝ is a continuous function and 𝑦0 is a real constant.  

This type of non-local Cauchy problem was introduced by Byszewski [6, 7]. The nonlocal condition can be 

more useful than the classical initial condition to describe some physical phenomenons [6, 7]. We take an 

example of non-local conditions as follows: 

𝑔(𝑦) = ∑  

𝑝

𝑖=1

  𝑐𝑖𝑦(𝑡𝑖) (1.3) 

where 𝑐𝑖 , i = 1, … . . , p are constants and 0 < 𝑡1 < ⋯ … . < 𝑡𝑝 ≤ 𝑇. 

II. PRELIMINARIES AND NOTATIONS 

       In this section, we will introduce some definitions, notations and results which are used throughout this 

paper. By 𝐶(𝐽, ℝ) we denote the banach space of continuous functions from 𝐽 into ℝ with the norm 

‖𝑦‖∞ = sup{|𝑦(𝑡)|: 𝑡 ∈ 𝐽} 

By 𝐿1(𝐽) we denote the space of Lebesgue-integrable functions 𝑦: 𝐽 → ℝ with the norm 

‖𝑦‖𝐿1 = ∫  
𝑇

0

|𝑦(𝑡)|𝑑𝑡 

Definition 2.1. [17] The Riemann-Liouville fractional (arbitrary) order integral of the function ℎ ∈
𝐿1([0, 𝑇], ℝ+)of order 𝛼 ∈ ℝ+is defined by 

𝐼𝛼ℎ(𝑡) =
1

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1ℎ(𝑠)𝑑𝑠 

where Γ is the Euler gamma function defined by Γ(𝛼) = ∫  
+∞

0
𝑡𝛼−1𝑒−𝑡𝑑𝑡, 𝛼 > 0. 

Definition 2.2. [14] The Caputo fractional derivative of order 𝛼 > 0 of a function ℎ ∈ 𝐿1([0, 𝑇], 𝐑+)is given by 

( 𝑐𝐷𝛼ℎ)(𝑡) =
1

Γ(𝑛 − 𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝑛−𝛼−1ℎ(𝑛)(𝑠)𝑑𝑠 

where 𝑛 = [𝛼] + 1 and [𝛼] denotes the integer part of the real number 𝛼. 

 

Lemma 2.1. [14] Let 𝛼 > 0 and 𝑛 = [𝛼] + 1, then 

𝐼𝛼( 𝑐𝐷𝛼𝑓(𝑡)) = 𝑓(𝑡) − ∑  

𝑛−1

𝑘=0

𝑓𝑘(0)

𝑘!
𝑡𝑘 
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where 𝑓𝑘(𝑡) is the usual derivative of 𝑓(𝑡) of order 𝑘. 

Lemma 2.2. [17] Let 𝛼 > 0. Then the fractional differential equation 

𝑐𝐷𝛼ℎ(𝑡) = 0, 

has a solutionsℎ(𝑡) = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡2 + ⋯ … . +𝑐𝑛−1𝑡𝑛−1, where 𝑐𝑖 , 𝑖 = 0,1,2, … … , 𝑛 are constants and 

𝑛 = [𝛼] + 1. 

We state the following generalization of Gronwall's lemma for singular kernels. 

Lemma 2.3. [25] Let v :[0, 𝑇] → [0, +∞) be a real function and 𝑤() is an on negative, locally integrable 

function on [0, 𝑇]. Assume that there is a constant 𝑎 > 0 such that for 0 < 𝛼 ≤ 1 

𝑣(𝑡) ≤ 𝑤(𝑡) + 𝑎 ∫  
𝑡

0

(𝑡 − 𝑠)−𝛼𝑣(𝑠)𝑑𝑠 

Then, there exists a constant 𝐾 = 𝐾(𝛼) such that 

𝑣(𝑡) ≤ 𝑤(𝑡) + 𝐾𝑎 ∫  
𝑡

0

(𝑡 − 𝑠)−𝛼𝑤(𝑠)𝑑𝑠 

for every 𝑡 ∈ [0, 𝑇]. 
To study the stability results we use following definitions adopted in [4, 21] . 

Definition 2.3. The equation (1.1) is Ulam-Hyers stable if there exists a real number 𝑐𝑓 > 0 such that for each 

𝜀 > 0 and for each solution 𝑧 ∈ 𝐶1(𝐽, ℝ) of the inequality 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀, 𝑡 ∈ 𝐽 

there exists a solution 𝑦 ∈ 𝐶1(𝐽, ℝ) of equation (1.1) with 

|𝑧(𝑡) − 𝑦(𝑡)| ≤ 𝑐𝑓𝜀, 𝑡 ∈ 𝐽 

Definition 2.4. The equation (1.1) is generalized Ulam-Hyers stable if there exists 𝜓𝑓 ∈ 𝐶(ℝ+, ℝ+), 𝜓𝑓(0) = 0, 

such that for each solution 𝑧 ∈ 𝐶1(𝐽, ℝ) of the inequality 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀, 𝑡 ∈ 𝐽 

there exists a solution 𝑦 ∈ 𝐶1(𝐽, ℝ) of equation (1.1) with 

|𝑧(𝑡) − 𝑦(𝑡)| ≤ 𝜓𝑓(𝜀), 𝑡 ∈ 𝐽 

Definition 2.5. The equation (1.1) is Ulam-Hyers-Rassias stable with respect to 𝜑 ∈ 𝐶(𝐽, ℝ+)if there exists a 

real number 𝑐𝑓 > 0 such that for each 𝜀 > 0 and for each solution 𝑧 ∈ 𝐶1(𝐽, ℝ) of the inequality 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀𝜑(𝑡), 𝑡 ∈ 𝐽 

there exists a solution 𝑦 ∈ 𝐶1(𝐽, ℝ) of equation (1.1) with 

|𝑧(𝑡) − 𝑦(𝑡)| ≤ 𝑐𝑓𝜀𝜑(𝑡), 𝑡 ∈ 𝐽 

Definition 2.6. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with respect to 𝜑 ∈ 𝐶(𝐽, ℝ+)if 

there exists a real number 𝑐𝑓,𝜑 > 0 such that for each solution 𝑧 ∈ 𝐶1(𝐽, ℝ) of the inequality 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜑(𝑡), 𝑡 ∈ 𝐽 

there exists a solution 𝑦 ∈ 𝐶1(𝐽, ℝ) of equation (1.1) with 

|𝑧(𝑡) − 𝑦(𝑡)| ≤ 𝑐𝑓,𝜑𝜑(𝑡), 𝑡 ∈ 𝐽 

Remark 2.1. A function 𝑧 ∈ 𝐶1(𝐽, ℝ) is a solution of the inequality 
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| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀, 𝑡 ∈ 𝐽 

if and only if there exists a function 𝑔 ∈ 𝐶(𝐽, ℝ) (which depends on solution 𝑦 ) such that 

i) |𝑔(𝑡)| ≤ 𝜀, ∀𝑡 ∈ 𝐽. 

ii) 𝑐𝐷𝛼𝑧(𝑡) = 𝜆𝑧(𝑡) + 𝑓(𝑡, 𝑧(𝑡)) + 𝑔(𝑡), 𝑡 ∈ 𝐽. 

Remark 2.2. Clearly,  

i) Definition (2.3) ⇒ Definition (2.4) 

ii) Definition (2.5) ⇒ Definition (2.6). 

Remark 2.3. A solution of the fractional differential inequality 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀, 𝑡 ∈ 𝐽 

is called an fractional 𝜀-solution of the fractional differential equation (1.1). 

III. EXISTENCE AND ULAM-HYERS STABILITY OF THE NONLOCAL BOUNDARY VALUE 

PROBLEM 

This section is devoted to some existence and uniqueness results for the nonlocal problem (1.1)-(1.2). Let us 

introduce the following set of conditions: 

(H1): There exists a constant 𝐿 > 0 such that |𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑥‾)| ≤ 𝐿|𝑥 − 𝑥‾|, for each 𝑡 ∈ 𝐽. 

(H2) The function 𝑓: 𝐽 × ℝ → ℝ is continuous. 

(H3) There exists a constant 𝑀 > 0 such that |𝑓(𝑡, 𝑥)| ≤ 𝑀, for each 𝑡 ∈ 𝐽 and for all 𝑥 ∈ ℝ. 

(H4) There exists a constant 𝑀‾ > 0 such that |𝑔(𝑦)| ≤ 𝑀‾ , for each 𝑦 ∈ 𝐶(𝐽, ℝ). 

(H5) There exists a constant 𝐾‾ > 0 such that |𝑔(𝑦) − 𝑔(𝑦‾)| ≤ 𝐾‾ |𝑦 − 𝑦‾|, for each 𝑦, 𝑦‾ ∈ 𝐶(𝐽, ℝ). 

 

Lemma 3.1. [11] Let 0 < 𝛼 ≤ 1 and ℎ: [0, 𝑇] → 𝐑 is a continuous function. Then the linear problem 

𝑐𝐷𝛼𝑥(𝑡) = ℎ(𝑡), 𝑡 ∈ [0, 𝑇], 𝑇 > 0,

𝑥(0) + 𝑔(𝑥) = 𝑥0
 

has a unique solution which is given by: 

𝑥(𝑡) = 𝑥0 − 𝑔(𝑥) +
1

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1ℎ(𝑠)𝑑𝑠 

As a consequence of Lemma (3.1) we have, 

Lemma 3.2. Let 𝑓: 𝐽 × ℝ → ℝ is a continuous function, then the problem (1.1)-(1.2) is equivalent to the 

following problem 

𝑦(𝑡) = 𝑦0 − 𝑔(𝑦) +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠, 𝑡 ∈ 𝐽 (3.1) 

Theorem 3.1. Assume that (H1), (H5) hold. If 

[𝐾‾ +
(𝜆 + 𝐿)𝑇𝛼

Γ(𝛼 + 1)
] < 1 (3.2) 

then, the nonlocal problem (1.1)-(1.2) has a unique solution on 𝐽. 

Proof. We transform problem (1.1)-(1.2) into a fixed point problem. For this, consider the operator 𝐹‾: 𝐶(𝐽, ℝ) →
𝐶(𝐽, ℝ) defined by 

𝐹‾(𝑦)(𝑡) = 𝑦0 − 𝑔(𝑦) +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠 (3.3) 

Let 𝑥, 𝑦 ∈ 𝐶(𝐽, ℝ). Then for each 𝑡 ∈ 𝐽 we have 
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|𝐹‾(𝑥)(𝑡) − 𝐹‾(𝑦)(𝑡)|≤ |𝑔(𝑥) − 𝑔(𝑦)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑥(𝑠) − 𝑦(𝑠)|𝑑𝑠

+
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑓(𝑠, 𝑥(𝑠)) − 𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

≤ 𝐾‾ |𝑥(𝑡) − 𝑦(𝑡)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑥(𝑠) − 𝑦(𝑠)|𝑑𝑠

+
𝐿

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑥(𝑠) − 𝑦(𝑠)|𝑑𝑠

≤ [𝐾‾ +
(𝜆 + 𝐿)𝑇𝛼

Γ(𝛼 + 1)
] ‖𝑥(𝑠) − 𝑦(𝑠)‖∞.

 

Thus 

‖𝐹‾(𝑥) − 𝐹‾(𝑦)‖∞ ≤ [𝐾‾ +
(𝜆 + 𝐿)𝑇𝛼

Γ(𝛼 + 1)
] ‖𝑥 − 𝑦‖∞ 

Thus, F is a contraction due to the (3.2). 

By Banach contraction principle, we deduce that 𝐹‾  has an unique fixed point which is just the unique solution of 

the problem (1.1)-(1.2) . 

The next result is based on Schaefer's fixed point theorem. 

Theorem 3.2. Assume that (H2), (H3), (H4) hold. Then the BVP (1.1)-(1.2) has at least one solution on J. 

Proof. We shall use Schaefer's fixed point theorem to prove that 𝐹‾  defined by (3.3) has a fixed point. The proof 

will be given in several steps. 

Step 1: 𝑭‾  is continuous. 

Let {𝑦𝑛} be a sequence such that 𝑦𝑛 → 𝑦 in 𝐶(𝐽, ℝ). Then for each 𝑡 ∈ 𝐽, we have 

|𝐹‾(𝑦𝑛)(𝑡) − 𝐹‾(𝑦)(𝑡)|≤ |𝑔(𝑦𝑛) − 𝑔(𝑦)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑦𝑛(𝑠) − 𝑦(𝑠)|𝑑𝑠

+
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1sup
𝑡∈𝐽

 |𝑓(𝑠, 𝑦𝑛(𝑠)) − 𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

 

Since 𝑓 and 𝑔 are continuous functions, then we have ‖𝐹‾(𝑦𝑛)(𝑡) − 𝐹‾(𝑦)(𝑡)‖∞ → 0 as 𝑛 → ∞. 

Step 2: 𝑭‾  maps bounded sets into bounded sets in 𝑪(𝑱, ℝ). 

Indeed, it is enough to show that for any 𝜂∗ > 0, there exists a positive constant 𝑙 such that for each 𝑦 ∈ 𝐵𝜂∗ =

{𝑦 ∈ 𝐶(𝐽, ℝ): ‖𝑦‖∞ ≤ 𝜂∗}, we have ‖𝐹‾(𝑦)‖∞ ≤ 𝑙. 

By (H3) and (H4) we have for each 𝑡 ∈ 𝐽, 

|𝐹‾(𝑦)(𝑡)|≤ |𝑦0| + |𝑔(𝑦)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑦(𝑠)|𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

≤ |𝑦0| + 𝑀‾ +
𝜆𝜂∗𝑇𝛼

Γ(𝛼 + 1)
+

𝑀𝑇𝛼

Γ(𝛼 + 1)
: = 𝑙

 

Thus 

‖𝐹‾(𝑦)‖∞ ≤ |𝑦0| + 𝑀‾ +
𝜆𝜂∗𝑇𝛼

Γ(𝛼 + 1)
+

𝑀𝑇𝛼

Γ(𝛼 + 1)
: = 𝑙 

Step 3: 𝑭‾  maps bounded sets into equicontinuous sets of 𝑪(𝑱, ℝ). 

Let 𝑡1, 𝑡2 ∈ (0, 𝑇], 𝑡1 < 𝑡2, 𝐵𝜂∗ be a bounded set of 𝐶(𝐽, ℝ) as in step 2 , and let 𝑦 ∈ 𝐵𝜂∗. Then 
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|𝐹‾(𝑦)(𝑡1) − 𝐹‾(𝑦)(𝑡2)|= |
𝜆

Γ(𝛼)
∫  

𝑡1

0

  (𝑡1 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡1

0

  (𝑡1 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠

−
𝜆

Γ(𝛼)
∫  

𝑡2

0

  (𝑡2 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡2

0

  (𝑡2 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠|

≤
𝜆𝜂∗

Γ(𝛼)
∫  

𝑡1

0

  {(𝑡1 − 𝑠)𝛼−1 − (𝑡2 − 𝑠)𝛼−1}𝑑𝑠 +
𝑀

Γ(𝛼)
∫  

𝑡1

0

  {(𝑡1 − 𝑠)𝛼−1 − (𝑡2 − 𝑠)𝛼−1}𝑑𝑠

+
𝜆𝜂∗

Γ(𝛼)
∫  

𝑡2

𝑡1

  (𝑡2 − 𝑠)𝛼−1𝑑𝑠 +
𝑀

Γ(𝛼)
∫  

𝑡2

𝑡1

  (𝑡2 − 𝑠)𝛼−1𝑑𝑠

≤
(𝜆𝜂∗ + 𝑀)

Γ(𝛼 + 1)
{2(𝑡2 − 𝑡1)𝛼 + (𝑡1

𝛼 − 𝑡2
𝛼)}

 

As 𝑡1 → 𝑡2, the right-hand side of the above inequality tends to zero. As a consequence of steps 1 to 3 together 

with the Arzela-Ascoli theorem, we can conclude that 𝐹‾: 𝐶(𝐽, ℝ) → 𝐶(𝐽, ℝ) is continuous and completely 

continuous. 

Step 4: A priori bounds. 

Now it remains to show that the set 

ℰ = {𝑦 ∈ 𝐶(𝐽, ℝ): 𝑦 = 𝛽𝐹‾(𝑦), for some 𝛽 ∈ (0,1)} 

is bounded. 

Let 𝑦 ∈ ℰ, then 𝑦 = 𝛽𝐹‾(𝑦), for some 𝛽 ∈ (0,1). Thus, for each 𝑡 ∈ 𝐽 we have 

𝑦(𝑡) = 𝛽 {𝑦0 − 𝑔(𝑦) +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠} . (3.4) 

This implies by (H3), (H4) that for each 𝑡 ∈ 𝐽 we have 

|𝐹‾(𝑦)(𝑡)|≤ |𝑦0| + |𝑔(𝑦)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑦(𝑠)|𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

≤ |𝑦0| + 𝑀‾ +
𝜆𝜂∗𝑇𝛼

Γ(𝛼 + 1)
+

𝑀𝑇𝛼

Γ(𝛼 + 1)

 

Thus for every 𝑡 ∈ 𝐽. We have 

‖𝐹‾(𝑦)‖∞ ≤ |𝑦0| + 𝑀‾ +
𝜆𝜂∗𝑇𝛼

Γ(𝛼 + 1)
+

𝑀𝑇𝛼

Γ(𝛼 + 1)
: = 𝑙 

This shows that the set ℰ is bounded. As a consequence of Schaefer's fixed point theorem, we deduce that 𝐹‾  has 

a fixed point which is a solution of the problem (1.1)-(1.2). 

Theorem 3.3. Assume that (H1), (H5), inequality (4.19) are satisfied then the problem (1.1)-(1.2) is Ulam-

Hyers stable. 

Proof. Let 𝜀 > 0 and let 𝑧 ∈ 𝐶1(𝐽, ℝ) be a function which satisfies the inequality: 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀, for every 𝑡 ∈ 𝐽 (3.5) 

and let 𝑦 ∈ 𝐶(𝐽, ℝ) be the unique solution of the following Cauchy problem 

𝑐𝐷𝛼𝑦(𝑡) = 𝜆𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡)), 𝑡 ∈ 𝐽, 0 < 𝛼 ≤ 1
𝑧(0) + 𝑔(𝑦) = 𝑦0

 

by Lemma (3.2), 

𝑦(𝑡) = 𝑦0 − 𝑔(𝑦) +
𝜆

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠 
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by integration of the inequality (3.5), we obtain 

|𝑧(𝑡) − 𝑦0 + 𝑔(𝑧) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑧(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑧(𝑠))𝑑𝑠| ≤
𝜀𝑡𝛼

Γ(𝛼 + 1)
≤

𝜀𝑇𝛼

Γ(𝛼 + 1)
(3.6) 

For every 𝑡 ∈ 𝐽, we have 

|𝑧(𝑡) − 𝑦(𝑡)|≤ |𝑧(𝑡) − 𝑦0 + 𝑔(𝑦) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠|

≤ |𝑧(𝑡) − 𝑦0 + 𝑔(𝑧) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑧(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑧(𝑠))𝑑𝑠| + |𝑔(𝑧) − 𝑔(𝑦)|

+
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑓(𝑠, 𝑧(𝑠)) − 𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

≤
𝜀𝑇𝛼

Γ(𝛼 + 1)
+ 𝐾‾ |𝑧(𝑡) − 𝑦(𝑡)| +

𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠

+
𝐿

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠

 

Thus 

|𝑧(𝑡) − 𝑦(𝑡)| ≤
𝜀𝑇𝛼

Γ(𝛼 + 1)(1 − 𝐾‾ )
+

(𝜆 + 𝐿)

Γ(𝛼)(1 − 𝐾‾ )
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠 

Using Gronwall's lemma, we obtain for every 𝑡 ∈ 𝐽 

|𝑧(𝑡) − 𝑦(𝑡)| ≤
𝜀𝑇𝛼

Γ(𝛼 + 1)(1 − 𝐾‾ )
[1 +

𝐾(𝜆 + 𝐿)𝑇𝛼

Γ(𝛼 + 1)(1 − 𝐾‾ )
] : = 𝑐𝜀 

where 𝐾 = 𝐾(𝛼) is a constant, so the problem (1.1)-(1.2) is Ulam-Hyers stable. Moreover, if we set 𝜓(𝜀) = 𝑐𝜀; 

𝜓(0) = 0, then the problem (1.1) -(1.2) is generalized Ulam-Hyers stable. 

Theorem 3.4. Assume that (H1), (H5), (4.19) and (H6): there exists an increasing function 𝜑 ∈ 𝐶(𝐽, ℝ+)and 

there exists 𝜅𝜑 > 0 such that for any 𝑡 ∈ 𝐽 

𝐼𝛼𝜑(𝑡) ≤ 𝜅𝜑𝜑(𝑡) 

are satisfied, then, the problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable. 

Proof. Let 𝑧 ∈ 𝐶1(𝐽, ℝ) be solution of the following inequality: 

| 𝑐𝐷𝛼𝑧(𝑡) − 𝜆𝑧(𝑡) − 𝑓(𝑡, 𝑧(𝑡))| ≤ 𝜀𝜑(𝑡), for any 𝑡 ∈ 𝐽, 𝜀 > 0 (3.7) 

and let 𝑦 ∈ 𝐶(𝐽, ℝ) be the unique solution of the following Cauchy problem 

𝑐𝐷𝛼𝑦(𝑡) = 𝜆𝑦(𝑡) + 𝑓(𝑡, 𝑦(𝑡)), 𝑡 ∈ 𝐽; 0 < 𝛼 ≤ 1
𝑧(0) + 𝑔(𝑦) = 𝑦0

 

by Lemma (3.2), we have 

𝑦(𝑡) = 𝑦0 − 𝑔(𝑦) +
𝜆

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠 

By integration of (3.7), we obtain 

|𝑧(𝑡) − 𝑦0 + 𝑔(𝑦) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑧(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑧(𝑠))𝑑𝑠|≤ 𝜀𝜅𝜑𝜑(𝑡)       (3.8) 

We have for any 𝑡 ∈ 𝐽 
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|𝑧(𝑡) − 𝑦(𝑡)|≤ |𝑧(𝑡) − 𝑦0 + 𝑔(𝑦) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑦(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑦(𝑠))𝑑𝑠|

≤ |𝑧(𝑡) − 𝑦0 + 𝑔(𝑧) −
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑧(𝑠)𝑑𝑠 −
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝑓(𝑠, 𝑧(𝑠))𝑑𝑠| + |𝑔(𝑧) − 𝑔(𝑦)|

+
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠 +
1

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑓(𝑠, 𝑧(𝑠)) − 𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠

 

Using equation (3.8), (H1) and (H5) we obtain 

|𝑧(𝑡) − 𝑦(𝑡)|≤ 𝜀𝜅𝜑𝜑(𝑡) + 𝐾‾ |𝑧(𝑡) − 𝑦(𝑡)| +
𝜆

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠

+
𝐿

Γ(𝛼)
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠

 

Thus 

|𝑧(𝑡) − 𝑦(𝑡)| ≤
𝜀𝜅𝜑𝜑(𝑡)

(1 − 𝐾‾ )
+

(𝜆 + 𝐿)

Γ(𝛼)(1 − 𝐾‾ )
∫  

𝑡

0

(𝑡 − 𝑠)𝛼−1|𝑧(𝑠) − 𝑦(𝑠)|𝑑𝑠 

applying Gronwall's lemma, we get for any 𝑡 ∈ 𝐽 : 

|𝑧(𝑡) − 𝑦(𝑡)|≤
𝜀𝜅𝜑𝜑(𝑡)

(1 − 𝐾‾ )
+

𝐾1(𝜆 + 𝐿)

Γ(𝛼)(1 − 𝐾‾ )2
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝜀𝜅𝜑𝜑(𝑠)𝑑𝑠

=
𝜀𝜅𝜑𝜑(𝑡)

(1 − 𝐾‾ )
+

𝜀𝐾1𝜅𝜑(𝜆 + 𝐿)

Γ(𝛼)(1 − 𝐾‾ )2
∫  

𝑡

0

  (𝑡 − 𝑠)𝛼−1𝜑(𝑠)𝑑𝑠

 

where 𝐾1 = 𝐾1(𝛼) is a constant, and by (H6), we have: 

|𝑧(𝑡) − 𝑦(𝑡)|≤
𝜀𝜅𝜑𝜑(𝑡)

(1 − 𝐾‾ )
+

𝜀𝐾1𝜅𝜑
2 (𝜆 + 𝐿)𝜑(𝑡)

(1 − 𝐾‾ )2

= [
1

(1 − 𝐾‾ )
+

𝐾1𝜅𝜑(𝜆 + 𝐿)

(1 − 𝐾‾ )2
] 𝜀𝜅𝜑𝜑(𝑡)

 

Then for any ∈ 𝐽 : 

|𝑧(𝑡) − 𝑦(𝑡)| ≤ 𝑐𝜀𝜑(𝑡) 

which completes the proof of Theorem (3.4). 

IV. EXAMPLE 

Example 4.1. Consider the boundary value problem: 

𝑐𝐷
1

2𝑦(𝑡) =
1

10
𝑦(𝑡) +

𝑒−𝑡

(9 + 𝑒𝑡)
[

|𝑦(𝑡)|

1 + |𝑦(𝑡)|
] , 𝑡 ∈ 𝐽 = [0,1] (4.1)

𝑦(0) + ∑  

𝑛

𝑖=1

  𝑐𝑖𝑦(𝑡𝑖) = 1 (4.2)

 

where 0 < 𝑡1 << 𝑡𝑛 < 1 and 𝑐𝑖 , 𝑖 = 1, … . . , 𝑛 are positive constants with 

∑  

𝑛

𝑖=1

  𝑐𝑖 ≤
1

5
(4.3) 

Define 𝑓(𝑡, 𝑦) =
𝑒−𝑡

(9+𝑒𝑡)
[

𝑦(𝑡)

1+𝑦(𝑡)
] , 𝑡 ∈ [0,1], 𝛼 =

1

2
, 𝜆 =

1

10
, 𝑦 ∈ [0, ∞). 

Clearly, the f is continuous. For each 𝑦, 𝑦‾ ∈ ℝ and 𝑡 ∈ [0,1] : 
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|𝑓(𝑡, 𝑦) − 𝑓(𝑡, 𝑦‾)|≤
𝑒−𝑡

(9 + 𝑒𝑡)
|

𝑦

1 + 𝑦
−

𝑦‾

1 + 𝑦‾
|

≤
1

10
|𝑦 − 𝑦‾|

 

Also, we have 

|𝑔(𝑥) − 𝑔(𝑥‾)|≤ |∑  

𝑛

𝑖=1

 𝑐𝑖𝑥 − ∑  

𝑛

𝑖=1

  𝑐𝑖𝑥‾|

≤ ∑  

𝑛

𝑖=1

  𝑐𝑖|𝑥 − 𝑥‾|

≤
1

5
|𝑥 − 𝑥‾|.

 

Hence condition (H1) and (H5) is satisfied with 𝐿 =
1

10
, 𝐾‾ =

1

5
 and 𝜆 =

1

10
. We have 

[𝐾‾ +
(𝜆 + 𝐿)𝑇𝛼

Γ(𝛼 + 1)
] = [

1

5
+

(
1

10
+

1

10
)

Γ (
3

2
)

] < 1 

It follows from Theorem (3.1) that the problem (4.1)-(4.2) has a unique solution on [0,1] and by Theorem (3.3), 

the problem (4.1)-(4.2) is Ulam-Hyers stable. 
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