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ABSTRACT: The aim of this paper is to establish sufficient conditions for the existence, uniqueness and Ulam-
type stability of solutions for a class of nonlocal boundary value problem for nonlinear fractional differential
equation with positive constant coefficient. Finally, an example is given to demonstrate applicability of our
results.
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I. INTRODUCTION

The concept of fractional differentiation was introduced in the century by Riemann and Liouville. It is
the generalization of integral order differentiation and integration to arbitrary non-integer order. For detailed
study, see the books such as [16, 17] and the survey papers [2, 3] and the references therein.

Recently, fractional differential equations have been proved to be valuable tools in the modeling of
many phenomena in various fields such as control theory, signal processing, rheology, fractals, chaotic
dynamics, modelling, bioengineering and biomedical applications and so on. For example, see the books such as
[14, 22] and the references therein. Due to its importance in different fields, researcher in this area has grown
significantly all around the world.

The stability problem of functional equations was introduced by Ulam [23, 24] and Hyers [9] which
is known as Hyers-Ulam stability. Rassias [18] studied the Hyers-Ulam stability of linear and nonlinear
mapping. Jung [11, 12] established Hyers-Ulam stability for more general mapping on restricted domain.
Obloza [15] was the first author who studied the Hyer-Ulam stability of linear differential equations. For
detailed study of Ulam-type stability with different approaches, we refer the reader to the papers [1, 10, 18, 21,
21,26, 27,28] and the books [8, 19, 20].

In [4], Benchohra and Bouriahi studied existence and stability of solutions for a class of boundary
value problem for implicit fractional differential equations of the type:

Dy(t) = f(t,y(), “D(t),t€]:=[0,TLT >0,
ay(0) +by(T) =c

where °D*(0 < a < 1) denotes the caputo fractional derivative, f:] X R X R — Ris a given continuous
function, and a, b, c are real constants with a + b # 0, and

D¥y(t) = f(t,y(®), “Dy(®),t€]:=[0,T],T >0,
y(0) +9(k) =0
where g: C([0,T], R) — R is a continuous function and yj is a real constant.

In [5], Benchohra et al. studied the existence of solutions for a class of boundary value problem for
fractional differential equations and nonlocal boundary condition of the form:
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‘D*y(t) = f(t,y(®)),t€]:=[0,T],T >0
y(0)=g®),y(T) =yr

where “D%(1 < a < 2) denotes the caputo fractional derivative, f:] X R = R is a given continuous function,
g : C(J,R) = R is a continuous function and y; is a real constant.

Motivated by the above-mentioned work, in this paper, we establish sufficient conditions for the existence,
uniqueness and four types of Ulam stability, namely Ulam- Hyers stability, generalized Ulam-Hyers stability,
Ulam-Hyers-Rassias and generalized Ulam-Hyers-Rassias stability for the following nonlinear fractional
differential equation with constant coefficient 1 > 0 of the type:

cDYy(t) = Ay(t) + f(t,y(t)),t € J:=[0,T], T > 0, (1.1)
y(0)+g») =yo (1.2)

where D ¢ (1 <a< 2) denotes the caputo fractional derivative, f:] X R = R is a given continuous

andg: C([0,T],R) = R is a continuous function and y, is a real constant.

This type of non-local Cauchy problem was introduced by Byszewski [6, 7]. The nonlocal condition can be
more useful than the classical initial condition to describe some physical phenomenons [6, 7]. We take an
example of non-local conditions as follows:

14
90) = ey(®) (13)
i=1
where ¢;,i=1,.....,pareconstantsand 0 < t; < - .... < t,<T.

II. PRELIMINARIES AND NOTATIONS

In this section, we will introduce some definitions, notations and results which are used throughout this
paper. By C(J, R) we denote the banach space of continuous functions from J into R with the norm

Iyl = sup{ly(O)|:t € J}

By L!(J) we denote the space of Lebesgue-integrable functions y:J — R with the norm

T
Iyl = f y(O)ldt
0

Definition 2.1. [17] The Riemann-Liouville fractional (arbitrary) order integral of the function h €
L1([0,T], R, )of order a € R, is defined by

1

RO = fomy jo (t — $)*"th(s)ds

where T is the Euler gamma function defined by I'(a) = f0+°° t*le~tdt,a > 0.

Definition 2.2. [14] The Caputo fractional derivative of order @ > 0 of a function h € L*([0, T], R,)is given by

1 t
( CDah)(t) = mj (t - S)n_a_lh(n)(S)dS
0

where n = [a] + 1 and [a] denotes the integer part of the real number «a.

Lemma 2.1. [14] Let @ > 0 and n = [a] + 1, then

n-1 k 0
1“C DUf(1) = f(t) = fk(! ) i

k=0
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where f¥(t) is the usual derivative of f(t) of order k.
Lemma 2.2. [17] Let @ > 0. Then the fractional differential equation

‘D%h(t) =0,
has a solutionsh(t) = co + ¢1t + c,t% + -+ ... +Cp_1 ™1, where ¢;, i = 0,1,2, ... ..., n are constants and
n=[a] +1.
We state the following generalization of Gronwall's lemma for singular kernels.

Lemma 2.3. [25] Let v :[0, T] = [0, +00) be a real function and w() is an on negative, locally integrable
function on [0, T]. Assume that there is a constant a > 0 such that for0 < a < 1

t
v(t) <w(t) + af (t—s)"%v(s)ds
0
Then, there exists a constant K = K (a) such that
t
v(t) <w(t) + Kaf (t—=s)"*w(s)ds
0

forevery t € [0,T].

To study the stability results we use following definitions adopted in [4, 21] .

Definition 2.3. The equation (1.1) is Ulam-Hyers stable if there exists a real number ¢y > 0 such that for each
£ > 0 and for each solution z € C1(J, R) of the inequality

| €D%z(t) — Az(t) — f(t,z(t))| < et €]
there exists a solution y € C1(J, R) of equation (1.1) with
|z(t) —y(®)| < cre,t €]

Definition 2.4. The equation (1.1) is generalized Ulam-Hyers stable if there exists ¥y € C(R,, R,),¥((0) = 0,
such that for each solution z € C*(J, R) of the inequality

| €D%z(t) — Az(t) — f(t,z(t))| < et €]
there exists a solution y € C1(J, R) of equation (1.1) with
|z(t) =y (@) < Pr(e)t €]

Definition 2.5. The equation (1.1) is Ulam-Hyers-Rassias stable with respect to ¢ € C(J, R,)if there exists a
real number ¢ > 0 such that for each € > 0 and for each solution z € C 1(J, R) of the inequality

| “D%z(t) — Az(t) — f (£, z(t)] < ep(t), t €]
there exists a solution y € C1(J, R) of equation (1.1) with
1z(t) = y(O)] < crep(t), t €]

Definition 2.6. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with respect to ¢ € C(J, R,)if
there exists a real number ¢f , > 0 such that for each solution z € C 1(J, R) of the inequality

| “D%z(t) = Az(t) — f(t,z()| < @), t €]

there exists a solution y € C*(J, R) of equation (1.1) with
12(t) =y (O] < crppt), t €]

Remark 2.1. A function z € C1(J, R) is a solution of the inequality
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| €D%z(t) — Az(t) — f(t,z(t))| < e, t €]

if and only if there exists a function g € C(J, R) (which depends on solution y ) such that
D]g®)|<evee].
i) DY(t) =2Az(t) + f(t,z(t)) + g(t), t€].

Remark 2.2. Clearly,
i) Definition (2.3) = Definition (2.4)
i) Definition (2.5) = Definition (2.6).

Remark 2.3. A solution of the fractional differential inequality
| €D%z(t) — Az(t) — f(t,z(t))| < et €]
is called an fractional e-solution of the fractional differential equation (1.1).

III. EXISTENCE AND ULAM-HYERS STABILITY OF THE NONLOCAL BOUNDARY VALUE
PROBLEM

This section is devoted to some existence and uniqueness results for the nonlocal problem (1.1)-(1.2). Let us
introduce the following set of conditions:

(H1): There exists a constant L > 0 such that |f(t,x) — f(t,X)| < L|x — x|, foreach t € J.

(H2) The function f:] X R - R is continuous.

(H3) There exists a constant M > 0 such that |f(t,x)| < M, for each t € ] and for all x € R.
(H4) There exists a constant M > 0 such that |g(y)| < M, for each y € C(J, R).

(H5) There exists a constant K > 0 such that |g(y) — g(#)| < K|y — 7|, for each v,y € C(J, R).

Lemma 3.1. [11]Let 0 < a < 1 and h: [0, T] = R is a continuous function. Then the linear problem

Dex(t) = h(t),t € [0,T],T > 0,
x(0) +g(x) = xo

has a unique solution which is given by:

1

x(t) =x— g(x) +m

jt (t —s)* th(s)ds
0

As a consequence of Lemma (3.1) we have,
Lemma 3.2. Let f: ] X R = R is a continuous function, then the problem (1.1)-(1.2) is equivalent to the
following problem

t

A -1 1 ‘ a-1
y)=yo—g) + @ J, (t—=s)""y(s)ds + @ J, (t=5)f(s,y(s)ds, t €] (3.1)

Theorem 3.1. Assume that (H1), (HS) hold. If

[_ A+ L)T® 32)

[a+1)
then, the nonlocal problem (1.1)-(1.2) has a unique solution on J.

Proof. We transform problem (1.1)-(1.2) into a fixed point problem. For this, consider the operator £: C(J, R) —
C(J, R) defined by

_ Aot 1 ¢
FON®) =y —g() + mj (t—)*y(s)ds + @) (t =) f(s,¥(s))ds (3-3)
0 0

Let x,y € C(J, R). Then for each t € ] we have
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_ _ A ¢
FGO© - FOIOIS 190 = 901 + s [ (6= ) 1x(s) = yo)las
F()f<t—ﬂaﬂf@x@» Fis,y(s)lds

< RIx(t) = y(O)] + —— f(bﬂﬁﬂﬂﬂ y(s)lds

I'(a)
_ a1
F() (t ) x(s) —y(s)lds
_ (
S%+r(+n““” YS)llo
Thus
A+ LT

1FG) = F Ol = [R 4 | I = 5l

Thus, F is a contraction due to the (3.2).
By Banach contraction principle, we deduce that F has an unique fixed point which is just the unique solution of
the problem (1.1)-(1.2) .

The next result is based on Schaefer's fixed point theorem.

Theorem 3.2. Assume that (H2), (H3), (H4) hold. Then the BVP (1.1)-(1.2) has at least one solution on J.
Proof. We shall use Schaefer's fixed point theorem to prove that F defined by (3.3) has a fixed point. The proof
will be given in several steps.

Step 1: F is continuous.
Let {y,} be a sequence such that y,, - y in C(J, R). Then for each t € ], we have

IFo)® = FOI®OI< 1g0m) — g +—— f (t =) Hy(s) = y(s)lds

(@)

b || = 9 supl (s ) - £ 6l

Since f and g are continuous functions, then we have ||F(y,)(t) — F(y)(t)llc = 0 asn — oo.
Step 2: F maps bounded sets into bounded sets in C(J, R).
Indeed, it is enough to show that for any n* > 0, there exists a positive constant [ such that for each y € By« =

{y € CUR): Iyl < 0"}, we have IF(M)lle < L.

By (H3) and (H4) we have foreach t € J,

IF) @O ol + Ig(y)|+r( )J (t—s)* 1|y(S)IdS+F( )j (t =) Uf(s,y(s))lds
T MT®

< lyol + M + + =
1ol T@a+1) T(a+1)

Thus

F <yl + M+ AT + MT? =1

Step 3: F maps bounded sets into equicontinuous sets of C(J, R).
Letty, t; € (0,T], ¢y < ty, By be a bounded set of C(J, R) as in step 2, and let y € B,+. Then
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_ _ A (b 1 (h
IF@)(t) = FO)(E) = |mf0 (ty =) Ty(s)ds + @fo (tr = )7 f (s, y(s))ds

ty _ 1 ty o

T . (t; —$)*'y(s)ds — @), (ty — ) 1f (s, y(s))ds
< I [ =9 = (= 9" s+ [ (= )7 = (6, — )
“I'(a) Jy L 2 r(a) ), 1 2

(" a-lq M_* a-1g
+m 0 (tz_S) S+m . (tz—s) S

A+ M
< %{2(” )%+ (e D)

As t; = t,, the right-hand side of the above inequality tends to zero. As a consequence of steps 1 to 3 together
with the Arzela-Ascoli theorem, we can conclude that F: C(J, R) = C(J, R) is continuous and completely
continuous.

Step 4: A priori bounds.
Now it remains to show that the set

E={yeC(,R):y=BF(y), forsome g € (0,1)}
is bounded.

Lety € &, then y = BF(y), for some 8 € (0,1). Thus, for each t € ] we have

_ Ao a-1 N AP
y(t)—ﬁ{ye—g(Y)+@ fo (6= 5" y(5)ds + s fo =) f(s,y(s»ds}. 3.4)

This implies by (H3), (H4) that for each t € ] we have

t

_ A -1 1 ‘ a-1
IFG @IS 1yl + 19O @ ), (t—s) I)’(S)Ids+m | (=) If (s,¥(s))lds

An*T® + MT*“
(a+1) T(a+1)

< |yol + M +

Thus for every t € J. We have

' Te MT®

_ < 7 r=
IFO)lle < ol + M + 503+ p sy =

This shows that the set £ is bounded. As a consequence of Schaefer's fixed point theorem, we deduce that F has
a fixed point which is a solution of the problem (1.1)-(1.2).

Theorem 3.3. Assume that (H1), (HS), inequality (4.19) are satisfied then the problem (1.1)-(1.2) is Ulam-
Hyers stable.

Proof. Let ¢ > 0 and let z € C*(J, R) be a function which satisfies the inequality:
| °D%z(t) —Az(t) — f(t,z(t))| < ¢ forevery t €] (3.5)
and let y € C(J, R) be the unique solution of the following Cauchy problem

D (t) = Ay(t) + f(t,y(O)),t€J,0<a <1
z(0)+9) =

by Lemma (3.2),

A t wet p 1 t s ;
i | =9 s + s [ =9 s yas
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by integration of the inequality (3.5), we obtain

A0 =+ 90~ s [ =9 a0)s s [ 0= 9 60| < s < 5 3)
For every t € J, we have
j2(6) ~ y(0)I< z(t)—yo+g(y)—r( [ @-o 1y(s)ds—r( S [ @m o treyenas

< z(t)—yo+g(z)—r( [ w-oe 1z(s)ds—r( [ -9 senas] + 19 - g0

f (t = )% z(s) — y(s)lds + —— f (t = ) f (s, 2(5)) — £ (s, y(s))ds

a

<
_F( +1) I'(a) Jo

b | -9 -y

r() F()

+Klz(®) —yOl + 77— (t — )" Hz(s) — y(s)lds

Thus

eT® A+1)

t
120 = YO = F o T R, ¢ 9 ~(olds

Using Gronwall's lemma, we obtain for every t € |

€T KA+ L)T®
lz(t) —y(®)| < [ ]'—

I'(a+1)(1-K) Ma+1DA-K)|

where K = K(@) is a constant, so the problem (1.1)-(1.2) is Ulam-Hyers stable. Moreover, if we set Y (¢) = ce;
Y (0) = 0, then the problem (1.1) -(1.2) is generalized Ulam-Hyers stable.

Theorem 3.4. Assume that (H1), (H5), (4.19) and (H6): there exists an increasing function ¢ € C(J, R, )and
there exists k,, > 0 such that for any ¢ € |

I%@(t) < k,0(t)

are satisfied, then, the problem (1.1)-(1.2) is Ulam-Hyers-Rassias stable.
Proof. Let z € C*(J, R) be solution of the following inequality:

| ¢D%z(t) — Az(t) — f(t,z(t)| < ep(t), forany t € J,e > 0 (3.7)
and let y € C(J, R) be the unique solution of the following Cauchy problem

Dry() =y + f(t,y(®) tE;0<a<1
z(0)+9) =

by Lemma (3.2), we have

y&) =y =g +=—— f (t =) ty(s)ds + — j (t =) f(s,¥(s))ds

() (@)

By integration of (3.7), we obtain

< ek,0(t) (3.8)

20 =30+ 900~ s | =97 a0)ds — s [ =9 s 20

We have forany t € J
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lz(t) —y(®O)]=

z(t)—yo+g(y)—r( [ @-o 1y(s)ds—r( S [ @m ot yenas

<

z(t) —yo + g(2) — +19(2) — gl

f (t —8)*1z(s)ds — f (t —s)*71f(s,2(s))ds

(@)
f (t = )% z(s) — y(s)lds + ——

['(a)

i f (£ =) Mf(s2() = £ (5, y(s))lds

Using equation (3.8), (H1) and (H5) we obtain

['(a)

lz(t) —y(®)I< Sk(psﬂ(t) +Klz(t) —y(O)| + e )f (t = )" z(s) — y(s)|ds

b || =910~y las
Thus
ek, @(t) A+L
-6 T@-
applying Gronwall's lemma, we get for any ¢ € J :

20 -yl G+ [ 't )" e, p(s)ds

_EK(p(P(t) 5K1K(p(l+l‘) ‘ _ a-1
- et r(a)(1—1€)2f0 (t — )" p(s)ds

|z(®) =y = 3 jot (t = )" Hz(s) — y(s)lds

where K; = K; («) is a constant, and by (H6), we have:

ek,@(t) €Kik (A+ L)p(t)

120 Y0l G+ =
B [(1 Yo Kl(’;wflk;m Ko (*)
Then for any € J :
|z(t) = y(®)] < cep(t)
which completes the proof of Theorem (3.4).
IV. EXAMPLE
Example 4.1. Consider the boundary value problem:
Diy(e) = = y(e) + [ YOL | e )~ 01 4.1)
10 O+e) |1+ |yl
n
OEDIEIOES! (42)
i=1
where 0 < t; << t, <landc;i=1,....,n are positive constants with

(4.3)

ul| =

n
S

i=1

t
Define £(t, y) —m[lf;()t) tef0l]a=311=2,y€[0,0).

Clearly, the fis continuous. For each y,y € R and tEe [0,1] :
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F6y) — FERDIS o |2 T
O+et)l1+y 147y
1
N
=70 ly — ¥l
Also, we have
n n
90 —g@I< Y cx— ) ax
i=1 i=1
n
< Z cilx — x|
i=1
< ! X
Sz |x — x|

Hence condition (H1) and (H5) is satisfied with L = %, K= é and A = 1—10. We have

a+pre 1 (B+2)
+m = §+W <1

It follows from Theorem (3.1) that the problem (4.1)-(4.2) has a unique solution on [0,1] and by Theorem (3.3),
the problem (4.1)-(4.2) is Ulam-Hyers stable.
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