International Journal of Mathematics and Statistics Invention (IJMSI)
e-ISSN: 2321 — 4767 P-ISSN: 2321 - 4759
www.ijmsi.org Volume 14 Issue 1 || Jan. — Feb. 2026 || PP: 13-17

Interpolative Contraction in Distance Mappings and Unique
Fixed Point Results in the Frame of Partial Metric Space

Rohit Kumar Verma
Associate Professor,
Department of Mathematics,
Bharti Vishwavidyalaya, Durg, Chhattisgarh, India.

Abstract
In the framework of metric space, this communication aims to investigate various unique fixed-point theorems
that meet rational contractive conditions and demonstrate the uniqueness of fixed points for a pair of mappings.
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. Introduction

A subfield of mathematics known as functional analysis examines vector spaces that have a concept of
size or distance, with an emphasis on spaces that are complete in terms of this measure. Building on ideas from
linear algebra and calculus, it began with the study of infinite-dimensional spaces and linear operators. The
study of normed vector spaces—where a norm offers a means of measuring the length or magnitude of
vectors—is fundamental to functional analysis.

The Banach space is one of the most important kinds of normed spaces. It is a full normed space, which
means that every Cauchy sequence—a sequence in which the elements go arbitrarily near to one another—
converges to a limit inside the space. Banach spaces are guaranteed to behave properly and be appropriate for a
variety of analytical methods because to this characteristic.

By tackling issues in infinite dimensions, such as solving differential equations, optimising functions,
and researching multiple kinds of convergence, functional analysis expands on classical analysis. The field is
closely related to other branches of mathematics, such as probability, measure theory, and topology. It offers
fundamental tools and theorems that are necessary for comprehending and using mathematical ideas in both
theoretical and practical situations, such as the Hahn-Banach theorem, the Banach-Steinhaus theorem, and the
Closed Graph theorem.

If A is a real Banach space where the multiplication operation is defined, then v x,y,z € Aand a € R.

1. (xy)z = x(yz),

2.x(y+z=xy+xz)and (x +y)z = xz + yz,

3. a(xy) = (ax)y = x(ay),

4. lIxyll < lIxIl{lyll

For the purposes of this study, we will assume that a Banach algebra has a unit e such that = xe = x vx € A. If
there is an inverse element x within A such that xy = yx = e, then the element x within A is said to be invertible.
The symbol x~! represents the inverse of x.

Preposition Assume that x belongs to A and that A is a Banach algebra with a unit e. (e — x) is invertible if the

1 1
spectral radius o(x) of x is less than 1, i.e. (%) = lim,_,,.|[x"||» = inf||x"||» < 1. In actuality, (e —x)~! =
iz X'.

Matthews [6] first proposed the concept of a partial metric space in 1994. The self-distance of any point
in space may not be zero, which is a unique property of the partial metric that replaces the standard metric in
this space. Huang and Zhang [4] first proposed the idea of cone metric spaces in 2007 as a generalization of
metric spaces. In the context of cone metric spaces over a normal cone, they also demonstrated the Banach
contraction principle.

The results in the setting of cone metric spaces are only appropriate if the underlying cone is not
necessarily normal, as demonstrated by Rezapour and Hamlbarani's [7] omission of the assumption of normality
of cone given in [4] and presentation of a few examples to support the existence of non-normal cones.
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The concept of cone metric space over Banach algebra was then introduced by Liu and Xu [5] in 2013
by substituting Banach algebra A for Banach space E. This clearly shows that the existence of fixed points of
the mappings in cone metric spaces over Banach algebra is not equivalent to metric spaces. Additionally, they
provided several instances to clarify their findings. As can be seenin [2, 3, 8, 9, 10, 11] numerous authors have
focused on generalizing cone metric spaces. The notion of an M-metric space, a generalization of a partial
metric space, was first presented in 2014 by Asadi et al. [1], who also produced some fixed point results for
generalized contractions in the new context.

As a generalization of both M-metric space and cone metric space over Banach algebra, we show the
structure of M-cone metric spaces over Banach algebra in this paper.

Definition Let X be a set that is not empty. Next, a function T: X x X — A with the following requirements

1L.Tx,x) =T(,y) =Ty ©x=y,

2.Ty <T(xy),

3. T(x,y) = T(y,x),

4. (T(xy) = Ty) < (T(xy) = Ty ) + (T(yz) — Ty,.)
The pair (X, T) is thus referred to as an M-metric space.

Definition Let X be a non-empty set, and let T: X x X — A be a mapping that fully satisfies the requirements of
metric space x,y,z in X, where < is a partial order defined on A [4]. The complex valued metric space is thus
denoted by (X, T).

Definition Let T: X x X — A satisfy the following, and let X be a non-empty set with s > 1.

1LO0LST(xy)Vx,y€e XwithT(x,y) =0ifandonlyifx =y
2.T(x,y) =Ty, x)Vx,y€X

3.T(x,y) < S(T(x,z) + T(z, y)) Vx7y,z€X.

The complex valued b-metric space is thus defined as (X, T).

Additionally, we introduce the concept of generalized Lipschitz mapping in the context of M-cone metric spaces
over Banach algebra and look into whether such mappings have fixed points.

Definition Let (X, T) be a metric space. If there is a constant a > 0 such that a mapping T;: X — X is Lipschitz
continuous, then

T(Ty(x1), Ty (x2)) < aT(x,y) Vx,y €X
1. If a = 1, then T is said to be non-expansive.
2. If a € (0,1), then T is said to be contraction.
3. If (T1 (1), Ty (xz)) < aT(x,y) V x # y. The integer a is known as the Lipschitz constant of T, and T is said
to be contractive.

2. New Results
Theorem 2.1 Let T;: X — X be a Lipschitz mapping with ¢ (1) < 1, and let (X, T) be a complete metric space
over Banach algebra A. Then, under the following circumstances, T admits a unique fixed point.

T(T1x,T1y)
__Mnxny) o avxyex
@ Ty =AY Y

b (D(;t)
T
(c)

=1and

T(X,Tlx)_Tx,Tpc

<1VneN.
T(X.Xn)_Tx,xn +T(Xn:T1X)_Txn,T1x

Proof: Given a sequence {x,,} in X such that x,,,; = Tyx,Vn € N, let x, € X. Next,
T(xn12, %p11) = T(T12p41, T1X,)
< AT (ng1, Tixgr) + T (xn, Tixy))
= /‘I(T(xn+1ﬁxn+2) + T(xn'xn+1))

Hence, (1 = DT pg2 Xns1) < AT (X, Xpg1)
Since 8(A1) < 1 and A is Banach algebra. Hence, (1 — A) is invertible.
So,
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T(xn+2:xn+1) < /1(1 - A)_lT(xn' xn+1)
On assuming h=21-21)"1
Hence, T(xn+2'xn+1) < hT(xn'xn+1)-
Continuing in the same argument, we will get
T (X1, Xp42) < KT (g, 1)
Moreover, V n,m € N,n > m, we have
T(xn+1'xm) < T(xn+1txn+2) Txn+1 X +2 + T(xn+2' m) xn+2 Xn
< T(xn+1rxn+2) + T(xn+2'xm)
< T(xn+1!xn+2) + T(xn+2rxn+3) n+2 Xn+3 + T(xn+3rxm) n+3 Xm
< T(xn+1txn+2) + T(xn+2'xn+3) + T(xn+3'xm)
< T(xn+1lxn+2) + T(xn+21xn+3) + T(xn+3'xn+2) + et T(xm—lixm)
< W (xg, x1) + K" F2T (g, x1) + R 3T(x9, 1) + -+ + K™ 1T (0, x1)
=h"(h+h> 4+ h3+ -+ A DT (x, x1)
=h"((1+h+h2+h3+ -+ ™) — 1)T (%, x1)

= h" (ﬁ - 1) T(x9,%1)

1T Ceo e DIN||A™ 1|
IR 1T (xg,x 1)l
sequence in  X. So, by completeness of X, there exists x€X such that
lim, T(xn,x) =limy 0 T(Xn, X)) =T(x,x) = § as x,, approaches to x as n approaches to « for some x.
So, T(x,,x) — Ty, . approaches to § as n approaches to « and hence, T, , = min{T (x,,x,) — T (x,x)}
approaches to & also, T, 1, =min{T(x,,x,) —T(Tix,T;x)} =48. Now, since T(x,Tix) —Typ, <
T(x, %) — Ty, + T(xn, T1X) — Ty, 1, SO that,
T(,Ti%) = Torye < T(62,) + d ey, Ty0)
- T(x! xn) + T(Tlxn—llex)
<T(x,x,)+ K(d(xn v Tixn_1) + T(x, Tlx)) =T(x,x,) + kd(x,_1,%,) + kd(x, Ty x)
(1 —}{)T(X Tlx) lex = T(X X )+ T(xn X n)
A-DT(x,Tix) <6
If we multiply by (1 — 1) Y72, A* = 1 > 0 yields that d(x, T; x) < &. Now, by given condition (a), we get
T(Tyx, Tyx) < A(T(x, Tyx) + T(x, Tyx))
= 2AT (x, Ty x)

Ofcourse, > 1 and its approaches to zero as n approaches to « and hence {x,} is a Cauchy

So that, T(Tyx, Tix) =&
From (6.2), (6.5) and (6.6), we obtain,
d(x,x) = T(Tyx,T1x) = T(x,Tyx)

We get T, x = x. Finally, we will show that T; has a unique fixed. Assume that y is an another fixed point of T;
from (6.1), we get

T(x' Y) = T(Tlx' le)

<AT(x,Tyix) + T(y, T1y))

=K(T(x,x) +T(y,y))
From (6.2), T(x,y) = 6 and hence x = y. Therefore, x is a unique point of T;. This finishes the proof.

Theorem 2.2 Assume that in a complex valued partial complete metric space (X,T) with two self mappings
T;:X — X and T,: X — X, where the numbers are higher and equal to 1, there exists a function 1: X — [0%)
such that V x, y € X satisfies the following:

(8) 0 < A(Tyx,) <5,

(b) 0 < A(Tyx,) <3,
TG Ty)(A-TC )+ 1) (=T, T2y)) _ A)-T(T1x,T2y)
(© <
T(X.le)T(X.sz)+z"(y,T2y)T(y.T1x) T(T1erz)Y)
AG(T G T1y)T (T2 y)+T (v, Ty )T (v, T1x)
<
(d) T(Tyx, Toy) < TG Toy) 470 Tox)
Proof. Since T; (X) and T, (X) are subsets of X, if we create the sequence {x,,} for any point x, in order to
Xy 1—T1xn 2 X _szn 1VTl>0
T(xp—1,%,) = T(T1xn—2:T2xn—1)
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< A0 ) (T (2, Tyxn )T (2, TaXn—1) + T(xp_1, T2 1 )T (X1, Ty, — 2))
- T(xn'T2xn+1) + T(xn+1! Tlxn)

Thus, T (xp_1, %) < A0x0)T (X2, % 1)

Setting, T = A1(x)

Then, |T(x,_1,x,)| < 77T (x, %1)| (2.2.1)

Now, form >nvm,n €N

|T(xn;xm)| < plT(xn—l; xn)l + ple(xnrxn+1)| + -+ pm_an(xm—l; xm)l

From (2.2.1) we have

As [T (xn, X)) < —(pr)li;?‘xl)
such that x,, » x as n — c. Consequently, {x,} is a Cauchy sequence. Additionally, we demonstrate that

px = x. If this isn't the case, then there is a y such that |T(x,px)| = |yl > 0and y = T(x,Tyx) < pT(x,x,) +
PT(Tx Toxn1) TGO G IHTC HIITC 0

. 2T Ce, T )T (e, x) [+ T (-1, x0T 6y —1,T1 X
This means that T (x, T;x) < pT(x,x,) + p( TP )

Since n - oo, |y| < 0, this is logically impossible. Consequently, |y| = 0. Thus, T;x = x similarly T,x = x. In
order to determine the uniqueness of x, let us assume that z is an additional fixed point in both mappings.
However, since

—0asmn-0asteE [0, %) and p > % Since X is complete, there exists x € X

TG Ty)(A-T@y)HTQ DTG RLY)) A6 -TT1xTy)
T(x,Tly)T(x,Tzy)+T(y,sz)€(y.T1X) - T(MxTy) )
_ AQ) (T (x, Ty x)T (x,T22)+T(2,T2 2)T(2,T1 z)
S0, T(x,z) =T(Tyx,T,z) < TG DTG
This suggests that x = z since T(x,z) < 0. As a result, T(x,z) < 0 is distinct from both T; and T,. This
completes the proof.

Theorem 2.3 Let T; be a continuous mapping such that T;: X — X satisfies the following requirements, and let
(X, T) be a complete rectangular M-metric space.

€+6

€
@) 7 < S(n+1,Xnt2) <=

(0) T(Tyxp41, T1Xn41) <€,

T(xn+lixn+2)
C)————=<1,
() T(xn'xn+1)

1 1
(d) 2 < ; for some 2 € ]O'z[-
Then, x € X is the unique fixed point of T;. Furthermore, the sequence {T, x} converges to x for every x in X.

Proof. We note that T is a rigorous contraction.

2
S(x x ) _ T(anxn+1)+(T(xnvxn+1)) +T(Xn+1vxn+2)+T(Xn:Xn+1)T(xn+1rxn+2) + T(Xn-xn+1)T(xn+1rxn+2)
nrSn+l 1+T (xn X0 +1) T(XnXn+1)

T( n"n )
< AT(xn+1' xn+2) (& + 2)

T(xnéi-lvxn+2) )
T(Xp11,Xn42) — ZT(Tlxn’Txn+1) = ZT(Tlxn'Txn+1)
< AS(Xn, xn+1)

3
T (xnxn +1)_ZT(xnuxn +1)

. < 1 due to Lonn2) o g
T(n 20 +1)+2T (e X0 +1) T(n,Xn+1)

However, if 1 < % i.e. 1%1 < 1 and {x,} is a T-Cauchy sequence, then T;x,, = x,,1 = x*in T for some x* € X
due to the completeness of X. x,, .1 = Tyx, — Tyx™ in T since T; is a continuous mapping. Obviously
T(x", T1x") = Tyop >
0= iig}c(T(Xn+1:T1Xn+1) - Tan,Tlan)
= T(x',%") = Tyeor,
= T(Tyx", Tyx") — Tyerpy e
T(x", T;x") = Tyrper = T(Tyx", Tyx*) = T(x", x7)

Thus, x* = T;x". Therefore, the uniqueness element is evident by contraction T; .

i.e
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Il.  Concluding Remarks
This communication reveals that the rational contractive condition plays a crucial role in the existence
of common fixed points. Furthermore, our fixed point theorems in cone metric spaces over Banach algebras are
not equivalent to their counterparts in metric spaces, even when assuming that the cone is normal. In other
words, our results are not simply copies of the classical results in metric spaces. Based on these observations,
cone metric spaces over Banach algebras provide a more general framework compared to ordinary metric
spaces.
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