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Abstract 

In the framework of metric space, this communication aims to investigate various unique fixed-point theorems 

that meet rational contractive conditions and demonstrate the uniqueness of fixed points for a pair of mappings. 
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I. Introduction 
A subfield of mathematics known as functional analysis examines vector spaces that have a concept of 

size or distance, with an emphasis on spaces that are complete in terms of this measure. Building on ideas from 

linear algebra and calculus, it began with the study of infinite-dimensional spaces and linear operators. The 

study of normed vector spaces—where a norm offers a means of measuring the length or magnitude of 

vectors—is fundamental to functional analysis.  

The Banach space is one of the most important kinds of normed spaces. It is a full normed space, which 

means that every Cauchy sequence—a sequence in which the elements go arbitrarily near to one another—

converges to a limit inside the space. Banach spaces are guaranteed to behave properly and be appropriate for a 

variety of analytical methods because to this characteristic. 

By tackling issues in infinite dimensions, such as solving differential equations, optimising functions, 

and researching multiple kinds of convergence, functional analysis expands on classical analysis. The field is 

closely related to other branches of mathematics, such as probability, measure theory, and topology. It offers 

fundamental tools and theorems that are necessary for comprehending and using mathematical ideas in both 

theoretical and practical situations, such as the Hahn-Banach theorem, the Banach-Steinhaus theorem, and the 

Closed Graph theorem. 

If A is a real Banach space where the multiplication operation is defined, then ∀ x, y, z ∈ A and a ∈ R. 

1.  xy z = x yz , 

2. x y + z = xy + xz  and  x + y z = xz + yz, 

3. a xy =  ax y = x ay , 

4.  xy ≤  x  y  

For the purposes of this study, we will assume that a Banach algebra has a unit e such that = xe = x ∀x ∈ A. If 

there is an inverse element x within A such that xy = yx = e, then the element x within A is said to be invertible. 

The symbol x−1 represents the inverse of x.  

 

Preposition Assume that x belongs to A and that A is a Banach algebra with a unit e.  e − x  is invertible if the 

spectral radius σ x  of x is less than 1, i. e. σ x = limn→∞ xn 
1

n = inf xn 
1

n < 1. In actuality,  e − x −1 =
 xi∞

i=0 . 

 

Matthews [6] first proposed the concept of a partial metric space in 1994. The self-distance of any point 

in space may not be zero, which is a unique property of the partial metric that replaces the standard metric in 

this space. Huang and Zhang [4] first proposed the idea of cone metric spaces in 2007 as a generalization of 

metric spaces. In the context of cone metric spaces over a normal cone, they also demonstrated the Banach 

contraction principle. 

 

The results in the setting of cone metric spaces are only appropriate if the underlying cone is not 

necessarily normal, as demonstrated by Rezapour and Hamlbarani's [7] omission of the assumption of normality 

of cone given in [4] and presentation of a few examples to support the existence of non-normal cones. 
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The concept of cone metric space over Banach algebra was then introduced by Liu and Xu [5] in 2013 

by substituting Banach algebra A for Banach space E. This clearly shows that the existence of fixed points of 

the mappings in cone metric spaces over Banach algebra is not equivalent to metric spaces. Additionally, they 

provided several instances to clarify their findings. As can be seen in [2, 3, 8, 9, 10, 11] numerous authors have 

focused on generalizing cone metric spaces. The notion of an M-metric space, a generalization of a partial 

metric space, was first presented in 2014 by Asadi et al. [1], who also produced some fixed point results for 

generalized contractions in the new context. 

As a generalization of both M-metric space and cone metric space over Banach algebra, we show the 

structure of M-cone metric spaces over Banach algebra in this paper.  

 

Definition Let X be a set that is not empty. Next, a function T: X × X → A with the following requirements 

 

1. T x, x = T y, y = T x, y ⇔ x = y, 

2. Txy ≤ T x, y , 

3. T x, y = T y, x , 

4.  T xy − Txy  ≤  T xy − Txy  +  T yz − Tyz       

The pair  X, T  is thus referred to as an M-metric space. 

 

Definition Let X be a non-empty set, and let T: X × X → A be a mapping that fully satisfies the requirements of 

metric space ̃ x, y, z in X, where ≤ is a partial order defined on A [4]. The complex valued metric space is thus 

denoted by  X, T . 

 

Definition Let 𝑇: 𝑋 × 𝑋 → 𝐴 satisfy the following, and let 𝑋 be a non-empty set with 𝑠 ≥ 1. 

 

1. 0 ≤ 𝑇 𝑥, 𝑦  ∀ 𝑥, 𝑦 ∈ 𝑋 with 𝑇 𝑥, 𝑦 = 0 if and only if 𝑥 = 𝑦   

2. 𝑇 𝑥, 𝑦 = 𝑇 𝑦, 𝑥  ∀ 𝑥, 𝑦 ∈ 𝑋 

3. 𝑇 𝑥, 𝑦 ≤ 𝑠 𝑇 𝑥, 𝑧 + 𝑇 𝑧, 𝑦   ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

The complex valued b-metric space is thus defined as  𝑋, 𝑇 . 

 

Additionally, we introduce the concept of generalized Lipschitz mapping in the context of M-cone metric spaces 

over Banach algebra and look into whether such mappings have fixed points. 

 

Definition Let  𝑋, 𝑇  be a metric space. If there is a constant 𝑎 ≥ 0 such that a mapping 𝑇1: 𝑋 → 𝑋 is Lipschitz 

continuous, then 

 

                                                          𝑇 𝑇1 𝑥1 , 𝑇1 𝑥2  ≤ 𝑎𝑇 𝑥, 𝑦  ∀ 𝑥, 𝑦 ∈ 𝑋  

1. If 𝑎 = 1, then 𝑇 is said to be non-expansive. 

2. If 𝑎 ∈  0,1 , then 𝑇 is said to be contraction. 

3. If  𝑇1 𝑥1 , 𝑇1 𝑥2  < 𝑎𝑇 𝑥, 𝑦  ∀ 𝑥 ≠ 𝑦. The integer 𝑎 is known as the Lipschitz constant of 𝑇, and 𝑇 is said 

to be contractive.  

 

2. New Results 

Theorem 2.1 Let 𝑇1: 𝑋 → 𝑋 be a Lipschitz mapping with 𝜑 𝜆 < 1, and let  𝑋, 𝑇  be a complete metric space 

over Banach algebra 𝐴. Then, under the following circumstances, 𝑇 admits a unique fixed point.  

(a) 
𝑇 𝑇1𝑥,𝑇1𝑦 

𝑇 𝑥,𝑇1𝑥 +𝑇 𝑦 ,𝑇1𝑦 
≤ 𝜆 ∀ 𝑥, 𝑦 ∈ 𝑋  

(b) 
∅ ℎ 

∅ 
𝜆

1−𝜆
 

= 1 and  

(c) 
𝑇 𝑥,𝑇1𝑥 −𝑇𝑥,𝑇1𝑥

𝑇 𝑥,𝑥𝑛  −𝑇𝑥,𝑥𝑛 +𝑇 𝑥𝑛 ,𝑇1𝑥 −𝑇𝑥𝑛 ,𝑇1𝑥
≤ 1 ∀ 𝑛 ∈ 𝑁. 

 

Proof: Given a sequence  𝑥𝑛  in 𝑋 such that 𝑥𝑛+1 = 𝑇1𝑥𝑛∀ 𝑛 ∈ 𝑁, let 𝑥0 ∈ 𝑋. Next, 

                                               𝑇 𝑥𝑛+2 , 𝑥𝑛+1 = 𝑇 𝑇1𝑥𝑛+1 , 𝑇1𝑥𝑛   

                                            ≤ 𝜆 𝑇 𝑥𝑛+1 , 𝑇1𝑥𝑛+1 + 𝑇 𝑥𝑛 , 𝑇1𝑥𝑛    

                                              = 𝜆 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 + 𝑇 𝑥𝑛 , 𝑥𝑛+1    

Hence,                                       1 − 𝜆 𝑇 𝑥𝑛+2 , 𝑥𝑛+1 ≤ 𝜆𝑇 𝑥𝑛 , 𝑥𝑛+1  
Since 𝜃 𝜆 < 1 and 𝐴 is Banach algebra. Hence,  1 − 𝜆  is invertible.  

So,    
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𝑇 𝑥𝑛+2 , 𝑥𝑛+1 ≤ 𝜆 1 − 𝜆 −1𝑇 𝑥𝑛 , 𝑥𝑛+1  
On assuming                                                      ℎ = 𝜆 1 − 𝜆 −1 

 Hence,                                        𝑇 𝑥𝑛+2 , 𝑥𝑛+1 ≤ ℎ𝑇 𝑥𝑛 , 𝑥𝑛+1 . 
Continuing in the same argument, we will get 

𝑇 𝑥𝑛+1 , 𝑥𝑛+2 ≤ ℎ𝑛+1𝑇 𝑥0 , 𝑥1  
Moreover, ∀ 𝑛, 𝑚 ∈ 𝑁, 𝑛 > 𝑚, we have   

𝑇 𝑥𝑛+1 , 𝑥𝑚 ≤ 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 − 𝑇𝑥𝑛 +1,,𝑥𝑛 +2
+ 𝑇 𝑥𝑛+2 , 𝑥𝑚  − 𝑇𝑥𝑛 +2,,𝑥𝑛

 

                                                         ≤ 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 + 𝑇 𝑥𝑛+2 , 𝑥𝑚    
≤ 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 + 𝑇 𝑥𝑛+2 , 𝑥𝑛+3 − 𝑇𝑥𝑛+2 ,𝑥𝑛+3

+ 𝑇 𝑥𝑛+3 , 𝑥𝑚  − 𝑇𝑥𝑛+3 ,𝑥𝑚
 

≤ 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 + 𝑇 𝑥𝑛+2 , 𝑥𝑛+3 + 𝑇 𝑥𝑛+3 , 𝑥𝑚  

≤ 𝑇 𝑥𝑛+1 , 𝑥𝑛+2 + 𝑇 𝑥𝑛+2 , 𝑥𝑛+3 + 𝑇 𝑥𝑛+3 , 𝑥𝑛+2 + ⋯ + 𝑇 𝑥𝑚−1 , 𝑥𝑚   
≤ ℎ𝑛+1𝑇 𝑥0 , 𝑥1 + ℎ𝑛+2𝑇 𝑥0 , 𝑥1 + ℎ𝑛+3𝑇 𝑥0 , 𝑥1 + ⋯ + ℎ𝑚−1𝑇 𝑥0 , 𝑥1  

= ℎ𝑛 ℎ + ℎ2 + ℎ3 + ⋯ + ℎ𝑚−𝑛−1 𝑇 𝑥0 , 𝑥1  

= ℎ𝑛  1 + ℎ + ℎ2 + ℎ3 + ⋯ + ℎ𝑚−𝑛−1 − 1 𝑇 𝑥0 , 𝑥1  

                                                           = ℎ𝑛  
1

1−ℎ
− 1 𝑇 𝑥0 , 𝑥1         

                                                           =
ℎ𝑛+1

1−ℎ
𝑇 𝑥0 , 𝑥1   

 

Ofcourse, 
 𝑇 𝑥0 ,𝑥1   ℎ𝑛 +1 

 ℎ𝑛+1𝑇 𝑥0,𝑥1  
≥ 1 and its approaches to zero as 𝑛 approaches to ∞ and hence  𝑥𝑛  is a Cauchy 

sequence in 𝑋. So, by completeness of 𝑋, there exists 𝑥 ∈ 𝑋 such that 

𝑙𝑖𝑚𝑛→∞ 𝑇 𝑥𝑛 , 𝑥 = 𝑙𝑖𝑚𝑛 ,𝑚→∞ 𝑇 𝑥𝑛 , 𝑥𝑚 = 𝑇 𝑥, 𝑥 = 𝛿 as 𝑥𝑛  approaches to 𝑥 as 𝑛 approaches to ∞ for some 𝑥. 

So, 𝑇 𝑥𝑛 , 𝑥 − 𝑇𝑥𝑛 ,𝑥  approaches to 𝛿 as 𝑛 approaches to ∞ and hence, 𝑇𝑥𝑛 ,𝑥 = 𝑚𝑖𝑛 𝑇 𝑥𝑛 , 𝑥𝑛 − 𝑇 𝑥, 𝑥   

approaches to 𝛿 also, 𝑇𝑥𝑛 ,𝑇1𝑥 = 𝑚𝑖𝑛 𝑇 𝑥𝑛 , 𝑥𝑛 − 𝑇 𝑇1𝑥, 𝑇1𝑥  = 𝛿. Now, since 𝑇 𝑥, 𝑇1𝑥 − 𝑇𝑥,𝑇1𝑥 ≤

𝑇 𝑥, 𝑥𝑛 − 𝑇𝑥,𝑥𝑛
+ 𝑇 𝑥𝑛 , 𝑇1𝑥 − 𝑇𝑥𝑛 ,𝑇1𝑥 . So that,    

𝑇 𝑥, 𝑇1𝑥 − 𝑇𝑥,𝑇1𝑥 ≤ 𝑇 𝑥, 𝑥𝑛 + 𝑑 𝑥𝑛 , 𝑇1𝑥    

= 𝑇 𝑥, 𝑥𝑛 + 𝑇 𝑇1𝑥𝑛−1 , 𝑇1𝑥  

        ≤ 𝑇 𝑥, 𝑥𝑛 + 𝐾 𝑑 𝑥𝑛−1 , 𝑇1𝑥𝑛−1 + 𝑇 𝑥, 𝑇1𝑥  = 𝑇 𝑥, 𝑥𝑛 + 𝑘𝑑 𝑥𝑛−1 , 𝑥𝑛 + 𝑘𝑑 𝑥, 𝑇1𝑥   

                                      1 − 𝜆 𝑇 𝑥, 𝑇1𝑥 − 𝑇𝑥,𝑇1𝑥 ≤ 𝑇 𝑥, 𝑥𝑛 + 𝑇 𝑥𝑛−1 , 𝑥𝑛   

 1 − 𝜆 𝑇 𝑥, 𝑇1𝑥 ≤ 𝛿 

If we multiply by  1 − 𝜆  𝜆𝑖 = 1 ≥ 0∞
𝑖=0  yields that 𝑑 𝑥, 𝑇1𝑥 ≤ 𝛿. Now, by given condition (a), we get    

                                              𝑇 𝑇1𝑥, 𝑇1𝑥 ≤ 𝜆 𝑇 𝑥, 𝑇1𝑥 + 𝑇 𝑥, 𝑇1𝑥    

                                                                  = 2𝜆𝑇 𝑥, 𝑇1𝑥   

So that, 𝑇 𝑇1𝑥, 𝑇1𝑥 = 𝛿  

From (6.2), (6.5) and (6.6), we obtain, 

                                                  𝑑 𝑥, 𝑥 = 𝑇 𝑇1𝑥, 𝑇1𝑥 = 𝑇 𝑥, 𝑇1𝑥  

We get 𝑇1𝑥 = 𝑥. Finally, we will show that 𝑇1 has a unique fixed. Assume that 𝑦 is an another fixed point of 𝑇1 

from (6.1), we get  

𝑇 𝑥, 𝑦 = 𝑇 𝑇1𝑥, 𝑇1𝑦  

                                                                         ≤ 𝜆 𝑇 𝑥, 𝑇1𝑥 + 𝑇 𝑦, 𝑇1𝑦    

                                                                         = 𝐾 𝑇 𝑥, 𝑥 + 𝑇 𝑦, 𝑦    

From (6.2), 𝑇 𝑥, 𝑦 = 𝜃 and hence 𝑥 = 𝑦. Therefore, 𝑥 is a unique point of 𝑇1. This finishes the proof. 

 

Theorem 2.2 Assume that in a complex valued partial complete metric space  𝑋, 𝑇  with two self mappings 

𝑇1: 𝑋 → 𝑋 and 𝑇2: 𝑋 → 𝑋, where the numbers are higher and equal to 1, there exists a function 𝜆: 𝑋 →  0,  
1

2
   

such that ∀ 𝑥, 𝑦 ∈ 𝑋 satisfies the following:  

 

(a) 0 ≤ 𝜆 𝑇1𝑥𝑛 <
1

2
, 

(b) 0 ≤ 𝜆 𝑇2𝑥𝑛 <
1

2
, 

(c) 
𝑇 𝑥,𝑇2𝑦  1−𝑇 𝑥,𝑇1𝑦  +𝑇 𝑦 ,𝑇1𝑥  1−𝑇 𝑦,𝑇2𝑦  

𝑇 𝑥,𝑇1𝑦 𝑇 𝑥,𝑇2𝑦 +𝑇 𝑦 ,𝑇2𝑦 𝑇 𝑦,𝑇1𝑥 
≤

𝜆 𝑥 −𝑇 𝑇1𝑥,𝑇2𝑦 

𝑇 𝑇1𝑥,𝑇2𝑦 
  

(d) 𝑇 𝑇1𝑥, 𝑇2𝑦 ≤
𝜆 𝑥  𝑇 𝑥,𝑇1𝑦 𝑇 𝑥,𝑇2𝑦 +𝑇 𝑦,𝑇2𝑦 𝑇 𝑦 ,𝑇1𝑥  

𝑇 𝑥,𝑇2𝑦 +𝑇 𝑦,𝑇1𝑥 
   

Proof. Since 𝑇1 𝑋  and 𝑇2 𝑋  are subsets of 𝑋, if we create the sequence  𝑥𝑛  for any point 𝑥0 in order to 

 𝑥𝑛−1 = 𝑇1𝑥𝑛−2 , 𝑥𝑛 = 𝑇2𝑥𝑛−1∀ 𝑛 ≥ 0. 

 𝑇 𝑥𝑛−1 , 𝑥𝑛 = 𝑇 𝑇1𝑥𝑛−2 , 𝑇2𝑥𝑛−1  
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≤
𝜆 𝑥𝑛−2  𝑇 𝑥𝑛−2 , 𝑇1𝑥𝑛−2 𝑇 𝑥𝑛−2 , 𝑇2𝑥𝑛−1 + 𝑇 𝑥𝑛−1 , 𝑇2𝑥𝑛−1 𝑇 𝑥𝑛−1 , 𝑇1𝑥𝑛 − 2  

𝑇 𝑥𝑛 , 𝑇2𝑥𝑛+1 + 𝑇 𝑥𝑛+1 , 𝑇1𝑥𝑛 
 

Thus, 𝑇 𝑥𝑛−1 , 𝑥𝑛 ≤ 𝜆 𝑥0 𝑇 𝑥𝑛−2 , 𝑥𝑛−1  
Setting, 𝜏 = 𝜆 𝑥0  

Then,  𝑇 𝑥𝑛−1 , 𝑥𝑛  ≤ 𝜏𝑛+1 𝑇 𝑥0 , 𝑥1                                                                                 (2.2.1) 

Now, for 𝑚 > 𝑛 ∀ 𝑚, 𝑛 ∈ 𝑁 

 𝑇 𝑥𝑛 , 𝑥𝑚   ≤ 𝑝 𝑇 𝑥𝑛−1 , 𝑥𝑛  + 𝑝2 𝑇 𝑥𝑛 , 𝑥𝑛+1  + ⋯ + 𝑝𝑚−𝑛  𝑇 𝑥𝑚−1 , 𝑥𝑚      
From (2.2.1) we have 

As  𝑇 𝑥𝑛 , 𝑥𝑚   ≤
 𝑝𝜏  𝑛𝑇 𝑥0 ,𝑥1 

1−𝑝𝜏
→ 0 as 𝑚, 𝑛 → 0 as 𝜏 ∈  0,  

1

2
   and 𝑝 ≥

1

2
. Since 𝑋 is complete, there exists 𝑥 ∈ 𝑋 

such that 𝑥𝑛 → 𝑥 as 𝑛 → ∞. Consequently,  𝑥𝑛  is a Cauchy sequence. Additionally, we demonstrate that 

𝑝𝑥 = 𝑥. If this isn't the case, then there is a 𝑦 such that  𝑇 𝑥, 𝑝𝑥  =  𝑦 > 0 and 𝑦 = 𝑇 𝑥, 𝑇1𝑥 ≤ 𝑝𝑇 𝑥, 𝑥𝑛 +
𝑝𝑇 𝑇1𝑥, 𝑇2𝑥𝑛−1   

This means that ┄𝑇 𝑥, 𝑇1𝑥 ≤ 𝑝𝑇 𝑥, 𝑥𝑛 + 𝑝  
𝜆 𝑥   𝑇 𝑥,𝑇1𝑥   𝑇 𝑥,𝑥𝑛   + 𝑇 𝑥𝑛−1 ,𝑥𝑛    𝑇 𝑥𝑛−1,𝑇1𝑥   

 𝑇 𝑥,𝑥𝑛   + 𝑇 𝑥𝑛−1,𝑇1𝑥  
   

Since 𝑛 → ∞,  𝑦 ≤ 0, this is logically impossible. Consequently,  𝑦 = 0. Thus, 𝑇1𝑥 = 𝑥 similarly 𝑇2𝑥 = 𝑥. In 

order to determine the uniqueness of 𝑥, let us assume that 𝑧 is an additional fixed point in both mappings. 

However, since 

                              
𝑇 𝑥,𝑇2𝑦  1−𝑇 𝑥,𝑇1𝑦  +𝑇 𝑦,𝑇1𝑥  1−𝑇 𝑦 ,𝑇2𝑦  

𝑇 𝑥,𝑇1𝑦 𝑇 𝑥,𝑇2𝑦 +𝑇 𝑦,𝑇2𝑦 𝑇 𝑦 ,𝑇1𝑥 
≤

𝜆 𝑥 −𝑇 𝑇1𝑥,𝑇2𝑦 

𝑇 𝑇1𝑥,𝑇2𝑦 
  

so,                     𝑇 𝑥, 𝑧 = 𝑇 𝑇1𝑥, 𝑇2𝑧 ≤
𝜆 𝑥  𝑇 𝑥,𝑇1𝑥 𝑇 𝑥,𝑇2𝑧 +𝑇 𝑧,𝑇2𝑧 𝑇 𝑧,𝑇1𝑧  

𝑇 𝑥,𝑇2𝑧 +𝑇 𝑧,𝑇1𝑥 
       

This suggests that 𝑥 = 𝑧 since 𝑇 𝑥, 𝑧 ≤ 0. As a result, 𝑇 𝑥, 𝑧 ≤ 0 is distinct from both 𝑇1 and 𝑇2. This 

completes the proof.  

 

Theorem 2.3 Let 𝑇1 be a continuous mapping such that 𝑇1: 𝑋 → 𝑋 satisfies the following requirements, and let 

 𝑋, 𝑇  be a complete rectangular M-metric space. 

  

(a) 
𝜖

𝜆
≤ 𝑆 𝑥𝑛+1 , 𝑥𝑛+2 <

𝜖+𝛿

𝜆
,  

 

(b) 𝑇 𝑇1𝑥𝑛+1 , 𝑇1𝑥𝑛+1 < 𝜖,  

 

(c) 
𝑇 𝑥𝑛+1 ,𝑥𝑛+2 

𝑇 𝑥𝑛 ,𝑥𝑛 +1 
≤ 1,  

 

(d) 𝜆 <
1

2
 for some 𝜆 ∈  0,

1

4
 .  

  

Then, 𝑥 ∈ 𝑋 is the unique fixed point of 𝑇1. Furthermore, the sequence  𝑇𝑛𝑥  converges to 𝑥 for every 𝑥 in 𝑋. 

 

Proof. We note that 𝑇 is a rigorous contraction.  

𝑆 𝑥𝑛 , 𝑥𝑛+1 =
𝑇 𝑥𝑛 ,𝑥𝑛 +1 + 𝑇 𝑥𝑛 ,𝑥𝑛 +1  

2
+𝑇 𝑥𝑛+1 ,𝑥𝑛+2 +𝑇 𝑥𝑛 ,𝑥𝑛+1 𝑇 𝑥𝑛+1 ,𝑥𝑛+2 

1+𝑇 𝑥𝑛 ,𝑥𝑛 +1 
+

𝑇 𝑥𝑛 ,𝑥𝑛 +1 𝑇 𝑥𝑛 +1,𝑥𝑛 +2 

𝑇 𝑥𝑛 ,𝑥𝑛+1 
  

                    ≤ 𝜆𝑇 𝑥𝑛+1 , 𝑥𝑛+2  
𝑇 𝑥𝑛 ,𝑥𝑛 +1 

𝑇 𝑥𝑛+1 ,𝑥𝑛+2 
+ 2   

                              𝑇 𝑥𝑛+1 , 𝑥𝑛+2 −
3

4
𝑇 𝑇1𝑥𝑛 , 𝑇𝑥𝑛+1 =

1

4
𝑇 𝑇1𝑥𝑛 , 𝑇𝑥𝑛+1   

                                                                                      ≤ 𝜆𝑆 𝑥𝑛 , 𝑥𝑛+1   

𝑖. 𝑒. 
𝑇 𝑥𝑛 ,𝑥𝑛 +1 −

3

4
𝑇 𝑥𝑛 ,𝑥𝑛 +1 

𝑇 𝑥𝑛 ,𝑥𝑛 +1 +2𝑇 𝑥𝑛 ,𝑥𝑛 +1 
≤ 𝜆 due to 

𝑇 𝑥𝑛+1 ,𝑥𝑛+2 

𝑇 𝑥𝑛 ,𝑥𝑛 +1 
≤ 1  

However, if 𝜆 <
1

2
 𝑖. 𝑒. 

𝜆

1−𝜆
< 1 and  𝑥𝑛  is a 𝑇-Cauchy sequence, then 𝑇1𝑥𝑛 = 𝑥𝑛+1 → 𝑥∗ in 𝑇 for some 𝑥∗ ∈ 𝑋 

due to the completeness of 𝑋. 𝑥𝑛+1 = 𝑇1𝑥𝑛 → 𝑇1𝑥
∗ in 𝑇 since 𝑇1 is a continuous mapping. Obviously 

𝑇 𝑥∗, 𝑇1𝑥
∗ = 𝑇𝑥∗𝑇1𝑥∗ 

                                                                  0 = lim
n→∞

 T xn+1 , T1xn+1 − Txn +1,T1xn +1
   

                                                                     = T x∗, x∗ − Tx∗T1x∗  

= T T1x∗, T1x∗ − Tx∗T1x∗ 

T x∗, T1x∗ = Tx∗T1x∗ = T T1x∗, T1x∗ = T x∗, x∗  

Thus, x∗ = T1x∗. Therefore, the uniqueness element is evident by contraction T1.  
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II. Concluding Remarks 
This communication reveals that the rational contractive condition plays a crucial role in the existence 

of common fixed points.  Furthermore, our fixed point theorems in cone metric spaces over Banach algebras are 

not equivalent to their counterparts in metric spaces, even when assuming that the cone is normal. In other 

words, our results are not simply copies of the classical results in metric spaces. Based on these observations, 

cone metric spaces over Banach algebras provide a more general framework compared to ordinary metric 

spaces. 
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