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ABSTRACT: In the field of Mathematics and Engineering, there are several integral transforms and many
researchers worked on it. Integral transforms are broadly used in various areas of applied science and
engineering for finding solution of problem. The Mellin transform is a most important integral transform to
solve differential problem in mathematics and physics. A new transform Aboodh transform arises as an
alternative to solve differential equation in recent days.

This paper, presents the generalization of Aboodh-Finite Mellin Transform in the distributional sense. We first
present definition of generalized Aboodh-Finite Mellin Transform, define some testing function spaces. The
main aim of this paper is to prove Inversion theorem and Uniqueness theorem which will be useful to solve
differential and integral equations.
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I. INTRODUCTION

The role of integral transform is well-established, particularly through their application in applied
mathematics, mathematical physics and engineering science [1]. Mellin Transform is introduced by Robert
Hjalmar Mellin in 1854-1933. Mellin Transform has many applications in medical field, agriculture and
quantum calculus [2]. Also, important use in solution of fractional differential equation [3], to derive different
properties in statistics and probability densities of single continues random variable [4]. Aboodh Transform
(AT) is named in the honor of Khalid Suliman Aboodh in 2013 [5]. It is designed to simplify the process of
solving ordinary and partial differential equation in time domain. Many authors studied on integral transforms
extending double transformation. B.N. Bhosale and M.S. Choudhary [6] and S.M. Khairnar et.al.[7] has
discussed double transform and their application. So, we have introduced a new combination of integral
transform namely Aboodh-Finite Mellin Transform with definition and its analytical study in distributional
generalized sense is already proved.

We present and prove the Inversion Theorem and Uniqueness Theorem for the Distributional Aboodh-
Finite Mellin Transform.For the generalization of Aboodh-Finite Mellin Transform and for its inversion, various
testing function spaces are required, which we have been defined and discussed in this paper by Gelfand-Shilov
technique.

The outline of the paper is as follows: Testing function Spaces are defined in section 2. In section 3
definition of Distributional generalized Aboodh-Finite Mellin Transform is given. In section 4 main course of
this paper that is Inversion Theorem is proved. In section 5 conclusions are given. The notations and
terminology as per A. H. Zemanian [9], [10].

II. TESTING FUNCTION SPACES
2.1 The Space AMy 4 p ..«

Let I be the open sets in R, X R, and E, denote the class of infinitely differentiable function defined on I, the
space AMy 4, c.a.« 1S given by,
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AMf,a,b,c,d,a = {q) q) € E+/]/a,b,c,d,q,l ¢(t. X) = OE?POJKa,b (t) Ac,d (X) xq+1 Dtl Dg d)(t, X)l < Clq A% g%«

0<x<a
foreach l,q = 0,1,2,3, ....

e, 0<t<ow

where K, ,(t) = {ebt' —<t<0

xte, 0<x<1
A = ’
ea(X) {x+d, 1<x<a
respectively.
Also, where the constants A and C;, depend on the testing function ¢.

are the kernels for testing function space of Aboodh-Finite Mellin Transform

2.2 The Space AMf’a’b’c,d,a

The space AMﬁ abcda 1S given by,

AMﬁa.b,c,d,a =10:d € EL/papcaqi P x) = 0i?£w|Ka,b(t) Aea(x) xT* 1 DED o(t,x)| < CA®a**B' I'F

0<x<a

where the constants A, B and C depend on the testing function ¢.

III. DISTRIBUTIONAL GENERALIZED ABOODH-FINITE MELLIN TRANSFORM (AM fT)

For f(t,x) € AM;ﬁ where AM;‘i‘b‘C,d,a is the dual space of AM]F It contains all distributions of

,a,b,c,d,a ,a,b,c,d,a’
compact support. The distributional Aboodh-Finite Mellin Transform is a function of f(t, x) is defined as

1 a’?
AMAf(t,x)} =F(s,p) = <f(t. x),ge_St (xp+1 - xp_1)> 3.1

where, for each fixed t (0 < t < ©),x(0 < x < a),s > 0and p > 0, the right-hand side of (3.1) has a sense as
2p
to %e‘“ (a— - xp‘l) € AMf‘a‘b‘C‘d_a

xp+1

an application of f(t,x) € AM;‘g

,a,b,c,d,a
IV. INVERSION THEOREM FOR ABOODH-FINITE MELLIN TRANSFORM
41LEMMA 1

STATEMENT: Let AM{f(t,x)} = F(s,p) and suppf < S, N Sp ,where S, = {t:t € R",|t| < A,A > 0} and
Sg={x:x €R"|x| <B,B>0},fors>0andp; < Rep < p,.

Let ¢ € Dand Y(s,p) = [ foaq,')(t, x) seStx~Pdtdx

Then for any fixed real number T and r with —co <r <o 0 <7 <a,

e e e e = s

Where p = p + iw, also s and p are fixed with 0; < s <oy, and p; <p < p,.
Proof: - For ¢p(t, x) = 0, the result is trivial, so assume that ¢ (t, x) # 0.

If AMyf(t,x) = F(s,p), then F(s,p) is analytic fors > 0, p; < Rep < p, and ¥(s,p) is an entire function.
Therefore, above integrals certainly exist.

In order that right hand side is meaningful, we show that
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r T

e—St
f f S xp+1 - X’H) W(s,p)dsdw € AM; 41 ca.a
-r -7

Consider,

r T
a+ipl pnd € St _op—1
Ko p(€)Ac,a()x9* Dy Dy s \gprr ¥ Y(s, p)dsdw
=T

-r

ror —st 2p
< f f K @20 Gx D! 03 (S = 201y, )| st
r T e—st
< f f Kap (D)2, ()X T (=5)! ——{a®PP(=p = )x"P~97" = P(p — @x" """} (s,p) | dsdw
< f f |Kap (D Aea(x)s' e~ {a?? P(—p)x~P — P(p)xP}Y (s, p)|dsdw

where P(p) is a polynomial in p

r

-]

2p

Kap(Ohca@)s' e {(2) P(p)a? = P()x?} (s, )| dsdw

-r -7

T T
as 2(p+iw) )

< [ [ Kar@2catrstre {(;) P(—p) - P(p)}x@“%(s, p)|dsaw <o (4.11)

-r -7
—st a??
= j J S (xp+1 - xp—l) Y(s,p)dsdw € AMtap cda
-r —7T
Partition the path of integration on the straight line from s = —r to s = r into m-intervals, each of length fn—r

and from p = p — it top = p + itinto n-intervals, each of length % .
Let s, = o be any point in v interval and p, = p + iw be any point in u*"* interval.
Suppose,

Brn(t,) —ZZ (T—xw (o) o (41.2)

v=1u=

e~

st 2p
To show that ¢, , (t, X) converges in AMs 4 p ¢ g o 10 f_rr f_rr (;,H - x”'1> Y(s,p)dsdw

N

—st 2
We have to show that ¢, , (¢, x) — f [re ( o’ _ xp_l) Y (s, p)dsdw, converges to zero in

T s xP+1
AMf‘a‘b,c,d,a asm,n — oo,

We write,
r T
e=St 1 2P
Kan(©2eaCx®D{ DY e - | [ & (xp+1—xp-1)w(s,p)dsdw]
-r -1
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= |Kap(O2ca()x 7D DY ZZ (T—xw 1>¢(su.pu)zﬁ

v=1u=
r T
et [ q?P
- J-f s (xp+1_xp_1)1/’(s,p)dsdw
2 e

= ab(t)acd(qu“ZZ( ()" S {azpuP( Py — q)xPum1!

v=1pu=
2r 2T
- P(_pu - q)xp#—q—l}w(sv’ pu) E? - Ka,b (t)lc,d (x)xq+1

r T

[ fore?

-r -7

2PP(—p — @)x P71 — P(—p — @)xP " (s, p)dsdw

where P(—p, — q)is a polynomial in p,,

2r 2T

= |Kgp () Ac,q(x) izn: (s,) te SvtxPu {(a) P( pu) P( P#)}IIJ(SU,Z)#)——
v=1 =1

2

- ab(t)/lcd(x)lj J(S)z 1,5t 5 {(g) P

-r -7

P(=p) — P(p)}l,b (s, p)dsdw || (4.1.3)

Since f f(s)l_1 {(%)210 P(—p) — P(p)}l/)(s, p)dsdw is finite and

-r -7
|Kap (O Aca(x)e™txP| > 0, For sufficiently large values of x and t.

Given any € > 0 ,we have chosen x, and t,. So large that for x>xyand t> to,
2

Kap()Ac,a(x) f f(s)l_1 e=StyP {(g) P

-r -1

P(=p) — P(p)}¢(s, pydsdw| < 2(4.1.4)

Now consider the first term of , choosing m, and n, so large that for m > mg and n > n,,

Kan®2ea() Y Y e (5™ () — P(p)}0(sm)| < o (419)

v=1pu=1
For all x>x,, t> to

In view of above in equations (4.1.3), (4.1.4) and (4.1.5),

Ka,b (t)/lc,d (x)xq_'—lDé DJ?

Pmn(t, %) — f fe:t (xffl _x”_l) ¥(s, p)dsdw

-r -7

= ¢Pma(t, x) converges to - x”'1> Y(s,p)dsdw in AMs g pca.a

p+1
-r -1
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A —st 2p
Hence (f(t,x),qu,n(t,x)) =(f(t x), J- J-es (;pﬂ—xp—l>1p(5,p)dsdw (4.1.6)

-r -7

Further left-hand side of (4.1.6)

e—st aZp

(f (£,%), P (&, 0)) = | f (£, %), f f S <xp+1 - xp_l)l,b(s, p)dsdw

2r 2t
(xp;t“ — Xt 1) (s, p“) mn

i i <f(t o, e~ Sut (% — U 1>>¢(5v;pﬂ) 2r2t

T

f <f(t 0 —(: - x”‘l)>¢(s' p)dsdw

=T

-|

Since, <f(t x),— ( - xp‘l) zp(sv,pﬂ)dsdw> is continuous function of s and w from (4.1.6).

We have

f J-<f(t x), _St(c;zfl—xp 1>>z,b(s p)dsdw = {f(t,x), f fe_St xp+1—xp‘1>1l}(s,p)dsdw

N

—r -7 -r -7
Lemma 2

Let a,b,c,d,p,r and t be real numbers withc < s <d,a <p < b.Also let ¢ € D then

[ee)

-1 : sinh(t — v)r |a?xP*1sin (z(log(xu)) ,u\p+1sin (t(log ( ))
?_{o ! t—v) up+t x log (xu) (x) x log ( )

¢(t, x)dtdx = A(v,u)

Then A(v,u) converges in AMs g pcaa to d(t,x), 1= ©,T - 0.

Proof:—To prove

o(t, x)dtdx - p(v,u)

1 sinh(t — v)r [a?Px~P*1 sin(z(log (xu)) p-1sin (T(log ( ))
2 ,[o f (t—v) uP+t x log(xu) (;) x log( )

We have to show that
Yiq[A(v,u) — p(v,u)] > 0,where v, 4|A(v,w)| = sup|K,, (v) A o () u?** D, D A(v,u)|

Consider,

Yi,q [A (17, u) - ¢ (17, u)]
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1 R _ 2D, —p+1 o
S PR = £ S E Y
— 0
U~ P+1 Sin (T(log (u))
- (—) — "Wt x)dtdx — p(v,w) H = 0 (4.2.1)
X xlog( )
‘ sinh(t—v)r r sinh(rt;) B
Becauseof W = f —1dt1 =T
a d
sin (z(log(xw)) . [ sin (tx;) m
J- xlog(xu) dt = J- X, = 2

[ee]

fsin (t(log(xu)) it = fsin(rxl) d T

x log(xu) X4

0 oo

-1 (s h(t = v)r [a?Px=P*1 sin (z(log (xw)) p+1sin (7(log %
_J‘J‘sm v)r|a*Px sin (t(log (xu _(E) ( ())

(t—v) uP+1! x log(xu) x % log (2) ¢(v,uw)dtdx = ¢

=¢(v,u)(4.2.2)

In the view of 4.2.1 and 4.2.2, we have to prove

Yl,q [A (U, u) - ¢(U, u)]

= sup

=

o a
1 sinh(t — v)r [a?Px~P*!sin (t(log (xw))
Kap(@) Aca(w) u®™* Dy Dy {1‘[2 f f (t—v) [ uPtl x log(xu)

p+15in (1(log (%))
) xlog (%)

S

] ¢(t, x)dtdx

1 (7 sinh(t — v)r|a??x P*1sin (7(log (xu)) p+1sin (T(log (%))
F [G bf (t-v) [ up+1 x log (xu) (x) xlog (g) _‘ o (v, u)dtdx}
= sup |Kap () Apq (W) w9+ D} D _%_f sing(i;)v)r fazl;g;:H sinx(;(gggcix)u)) (1) dx
fa p+1 sin T(log ( )) ot x)dx‘
o xlog( )
17 sinh(t — v)r [ a?Px P+ gin (t(log(xu)) [ u\p+1sin (T(ZOQ ( ))
F_[O v dt Of oy * log (xd) q,')(v,u)dx—l-(;) Wd)(v ,u)dx
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= sup (Kqp ) kc,d(u) uatt D1li Dg

J' smh(rt1) J. sz P+1sin (1x;) o(t, x)dx,
1

T2
-0

d
a?Px~P*1lsin(tx,)

Bt x)dx, - f e W

(E)P—l sin (7x;)

x b

(E)P—l sin (7x;)

X X ¢(U, u)dxl

—1 [ sinh (rt;) aZpy—ptl
F J-Tdtl fv[¢(t1+v,x)
) d

sin (‘L'xl) f P 1sin (Txl)

= sup (Kqp ) kc,d(u) uatt D1li Dg

-, w)]—— —— ¢t + v, x) — p(v,w)]dx,

Since ¢ is continuous, as in Zemanian[9],[10].

YiglA(w,u) — ¢p(v,u)] - 0

Hence proved.

4.3 Inversion Theorem

Let AMy{f(t,x)} = F(s,p), fors > 0 and p; < p < p;. Also letr and 7 be real variables such that

0 < r < 0,0 <1 < a.Then in the sense of convergence in D*,

r ptit
flt,x) = PJ&LLT[ZI f seStx PF(s,p)dsdp
T -r p-it

Where p = p + iw, also s and p are fixed real numbers with —r <s <rand p; <p < p,.

Proof: - Let ¢(¢t, x) € D. Choose the real numbers ¢ and d such that ¢ < s < d and the real numbers
aand b such thatp, <a <p <b < p,.

We have to show that

r ptit
(ft, )0, x)) = lim o 2] J seStx~PF(s,p)dsdp, ¢ (t,x) ) (4.3.1)
Uinded] —-r p—it

Now, the integral on
s and p is a continuous function of t and x and therefore the right hand side of (4.3.1)

without the limit notation can be written as

0 a T T
-1
2 f f o (t, x) f JseStx‘pF(s, p)dsdwdtdx, where,p = p + iw,r,7 >0 (4.3.2)
- 0 -r -7

Since ¢ (t,x) is of bounded support and the integrand is a continuous function of t,x,s,w, the order of
integration may be changed and we write,
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co a r T r T co a

-1 -1

s ff(b(t.x) f fse“x"’F(s.p)dsdwdtdx=m f fF(S,p) ff(;b(t,x) sestx Pdtdxdsdw
—co 0 -r —T -r —T —o 0

_1 r T 1 azp © a
— 14 p—-1 st _pd dxdsd
T 4m? f(v'”)'ge wrrt Y @(t,x) se tdxdsdw
T o 0

—r —

=|{f(v, u) o J-J- (uP+1 uP~ 1) ffqb(t,x)se“ “Pdtdxdsdw
~0 0

-r -7

The order of integration for the repeated integral here in may be changed because again ¢ (t, x) is of bounded
support and the integrand is continuous function of ¢, x s, w upon doing this we obtain,

0 a T T
-1 1
= f(v,u),m JJ¢(t,x) f j;e sv (up+1—up_1>se“x‘pdtdxdsdw
—o0 0 -r -7
T
= fw,w),— o fjd)(t x)[fe(t ””ds”] p+1—up 1> pdw] dtdx
—00 0 -r
.. (43.3)
c A Jr t-v)sgg — e(t=v)s T _ =0 H=(t-v)r
onsider, | e S_(t—v)__ D R
= ! [etT — g=(t0r] = ! [2sinh(t — v)7]
(t—v) (t—v)
2sinh(t — v)r
T T T
a?? L a?P L
f(upﬂ—u” )x Pdw = fx ”up+1dw— fx PuP~tdw
-T -7 -T
T T
= Jx‘pu‘p‘lazz’dw - Jx‘pup_ldw
2 e
T T 1 1
Uu\P~
= fx(xu)'p'lazpdw— f(—) —dw
x X
2 =
; H +i 11
. U\ PTIO=
= J-x(xu)‘f’_““_lazz’da)— f(—) —dw
X x
i 2
T T 1 . 1
. u\P-1 u\tw
= a?? fx(xu)'p'l(xu)'“"dw— J-(—) (—) —dw
x x/ x
2 2
(x)~° H 1 1 i
X))~ . UN\P~ U (@0
— 42D —iw [ — —
= —(u)P+1 j(xu) dw x(x) f(x) dw
-7 -7
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- ((x));ﬂ f (xu)t(idt)—%(;)p_l f (;)t(—idt)

-T =T

putting t = —iw and t = iw respectivity

i [eacrin (3 [(6) @
07 [ Gt T © 1
= e ! _log(xu)]_r riz6) Log (x)‘
e GO i'(xu)_"“’]f +l_(%)” 1ll(x) ‘

(w)P*+t " |log(xu) . x Og(Z)

. (%)'”‘

2y (07

(WPt

Jw)* i (aw)*® ] N il(u)p—l

log(xu) log(xu) x \x

os0) " iee ()

_ @ [t o 1| (9 ©

a _l{a (w)P+t [log(xu) log(xu) E(;) llog (5) * log (E) }

. (x)7* 1 it ir 1, uwr1 1 u Uy 7]

) _l{“ W Togtey |20~ G071 =2 () @[(;) -(3) }

. {azp (x)~° [2isin(t log (xu))] B E(E)p—l [Zisin (T log (E))]
x

B (w)r+1 log(xu) x

o8

2p (x)7° sin(rlog(xu)) ,u\P-15in (T log (E))
WPt loglaw) (;) xlog (E)

_ (x)~P*1sin(rlog(xu)) (Z)p 1 M

WP xlog(ew) xlog( ) (4.3.5)

From (4.3.4) and (4.3.5), (4.3.3) becomes

_ f(v,u) fstmh(t v)r[ (x)-p+1 sin(t log (xuw)) (x)p 1M

(t—v) WP+t xlog(xu) xlog( ) ]¢(t X)dtdx>

- 0
Taking r — o and T — o and using Lemma (2), we get

r p+it
(f (v, 1),p (v, 1)) = m,< o [ se“pr(s,p)dsdp,qs(t,x))

T—00 -r p—it

This completes the proof.
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4.4 Uniqueness Theorem:

If AM¢{f (t,x)} = F(s,p), for s,p € Qr and AM{g(t,x)} = G(s,p), for s,p € Qg4 ,s > 0and

p1 < Rep < p,. If Qr N Qg is not empty and if F(s,p) = G(s,p), fors € Qr N Qyand p € Qr N Q.
Then f = g in the sense if equality D*(I).

Proof :- Let f and g must assign the same value to each ¢ € D.

By inversion theorem and equating F(s,p)and G(s,p) in (f — g, (¢, x))

r

(f = g.b(t, 1)) = i _—1ij—6( YsetxPdsdp, d(t,x)] = 0
f-go@x) =lim|— | |(F=G)(sp)sexPdsdp,¢(t,x)| =

-r -1
Thus f = g in D*(I).
V. CONCLUSIONS

In this paper, we have rigorously established both the inversion theorem and the uniqueness theorem
for generalized Aboodh-Finite Mellin Transform. The inversion theorem confirms that, under appropriate
conditions on the testing function space, the original function can be fully reconstructed from its transformed
counterpart. This result not only validates the operational reliability of the transform but also ensures its
applicability in solving differential equations, boundary value problems and inverse problems across
mathematics, physics, and engineering. Equally significant is the uniqueness theorem, which guarantees that the
transform representation of a function is one-to-one within the prescribed domain. This implies that no two
distinct functions share the same transform.
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  𝐀   𝑴  𝒇 , 𝒂 , 𝒃 , 𝒄 , 𝒅 , 𝛂


    R + ×   R +


    E +


  A   M  f , a , b , c , d , α


  A   M  f , a , b , c , d , α =   { ϕ : ϕ ∈   E + /   𝛾  a , b , c , d , q , l   ϕ  ( t , x ) =    sup    0 < t < ∞  0 < x < a ⁡    |   K  a , b  ( t )    λ  c , d  ( x )     x  q + 1     D  t  l     D  x  q   ϕ  ( t , x ) | ≤   C  l q     A  a     a  a α }


  l , q = 0 , 1 , 2 , 3 , … .


    K  a , b  ( t ) =  {       e  a t   ,                0 ≤ t < ∞      e  b t ,        − ∞ < t < 0


     λ  c , d  ( x ) =  {       x  + c   ,          0 < x < 1      x  + d ,          1 < x < a


    C  l q


  ϕ


  𝐀   𝑴  𝒇 , 𝒂 , 𝒃 , 𝒄 , 𝒅 , 𝜶  𝜷


  A   M  f , a , b , c , d , 𝛼  𝛽


  A   M  f , a , b , c , d , 𝛼  𝛽 =   { ϕ : ϕ ∈   E + /   𝜌  a , b , c , d , q , l   ϕ  ( t , x ) =    sup    0 < t < ∞  0 < x < a ⁡    |   K  a , b  ( t )    λ  c , d  ( x )     x  q + 1     D  t  l     D  x  q   ϕ  ( t , x ) | ≤   C A  a   a  a α   B  l     l  l 𝛽 }


  ϕ


   ( 𝑨   𝑴  𝒇 𝑻 )


  f  ( t , x ) ∈ A   M  f , a , b , c , d , 𝛼  ∗ 𝛽


  A   M  f , a , b , c , d , 𝛼  ∗ 𝛽


  A   M  f , a , b , c , d , 𝛼  𝛽


  f  ( t , x )


  A   M  f  { f  ( t , x ) } = F  ( s , p ) =   ⟨ f  ( t , x ) ,  1  s   e  − s t  (     a  2 p    x  p + 1 −   x  p − 1 ) ⟩  ( 3 . 1 )


  t    ( 0 < t < ∞ ) ,   x  ( 0 < x < a ) ,   s > 0  


  p > 0


  f  ( t , x ) ∈   A   M  f , a , b , c , d , 𝛼  ∗ 𝛽     t o      1  s   e  − s t  (     a  2 p    x  p + 1 −   x  p − 1 ) ∈   A   M  f , a , b , c , d , 𝛼  𝛽


  A   M  f  { f  ( t , x ) } = F  ( s , p )


   sup ⁡  p f ⊂   S  A   ∩ S  B


    S  A =  { t : t ∈   R  n ,  | t | ≤ A , A > 0 }


    S  B =  { x : x ∈   R  n ,  | x | ≤ B , B > 0 }


  s > 0


    𝜌 1 < R e   p <   𝜌 2


  L e t     𝜙 ∈ D  


      𝜓  ( s , p )   =   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   s   e  s t   x  − p d t d x              


  𝜏   a n d   r  


  − ∞ < r < ∞


  0 < 𝜏 < a


    ∫  − r  r    ∫  − 𝜏  𝜏    ⟨ f  ( t , x ) ,       e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) ⟩ 𝜓  ( s , p ) d s d w =   ⟨ f  ( t , x ) ,   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ⟩


  p = 𝜌 + i 𝜔


  s  


  p


    𝜎 1   < s < 𝜎 2


    𝜌 1   < p < 𝜌 2


  𝜙  ( t , x ) ≡ 0


  𝜙  ( t , x ) ≠ 0 .


  A   M  f f  ( t , x ) = F  ( s , p )


  F  ( s , p )


  s > 0


    𝜌 1 < R e   p <   𝜌 2


  𝜓  ( s , p )


    ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ∈ A   M  f , a , b , c , d , 𝛼


    |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w |


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) | d s d w


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) | d s d w


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1    ( − s )  l     e  − s t  s  {   a  2 p P  ( − p − q )   x  − p − q − 1 − P  ( p − q )   x  p − q − 1 } 𝜓  ( s , p ) | d s d w              


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1    ( − s )  l     e  − s t  s  {   a  2 p P  ( − p − q )   x  − p − q − 1 − P  ( p − q )   x  p − q − 1 } 𝜓  ( s , p ) | d s d w              


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   s  l − 1   e  − s t  {   a  2 p P  ( − p )   x  − p − P  ( p )   x  p } 𝜓  ( s , p ) | d s d w                                                                                  


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   s  l − 1   e  − s t  {   a  2 p P  ( − p )   x  − p − P  ( p )   x  p } 𝜓  ( s , p ) | d s d w                                                                                  


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   s  l − 1   e  − s t  {    (    a  x )  2 p P  ( − p )   x  p − P  ( p )   x  p } 𝜓  ( s , p ) | d s d w                                                                                            


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   s  l − 1   e  − s t  {    (    a  x )  2  ( 𝜌 + i 𝜔 ) P  ( − p ) − P  ( p ) }   x   ( 𝜌 + i 𝜔 ) 𝜓  ( s , p ) | d s d w < ∞                        ( 4 . 1 . 1 )


  ≤   ∫  − r  r    ∫  − 𝜏  𝜏    |   K  a , b  ( t )   𝜆  c , d  ( x )   s  l − 1   e  − s t  {    (    a  x )  2  ( 𝜌 + i 𝜔 ) P  ( − p ) − P  ( p ) }   x   ( 𝜌 + i 𝜔 ) 𝜓  ( s , p ) | d s d w < ∞                        ( 4 . 1 . 1 )


  ⇒   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ∈ A   M  f , a , b , c , d , α


  ⇒   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ∈ A   M  f , a , b , c , d , α


  s = − r   t o   s = r


    2 r  m


  p = 𝜌 − i 𝜏


  p = 𝜌 + i 𝜏


    2 𝜏  n


    s  𝜐 = 𝜎


    𝜐  t h


    p  𝜇 = 𝜌 + i 𝜔


    𝜇  t h


    𝜙  m , n  ( t , x ) =   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n      e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n  ( 4 . 1 . 2 )


    𝜙  m , n  ( t , x )


  A   M  f , a , b , c , d , 𝛼


    ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w


    𝜙  m , n  ( t , x ) −   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ,


  A   M  f , a , b , c , d , 𝛼   a s   m , n → ∞


    |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q  [    𝜙  m , n  ( t , x ) −   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ] |


  =   |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q  [    ∑  𝜐 = 1  m    ∑  𝜇 = 1  n      e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n −   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ] |


  =  |   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n     ( − 1 )  l    (   s  𝜐 )  l     e  −   s  𝜐 t    s  𝜐  {   a  2   p  𝜇 P  ( −   p  𝜇 − q )   x  −   p  𝜇 − q − 1   − P  ( −   p  𝜇 − q )   x    p  𝜇 − q − 1 } 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n −   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1


  =  |   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n     ( − 1 )  l    (   s  𝜐 )  l     e  −   s  𝜐 t    s  𝜐  {   a  2   p  𝜇 P  ( −   p  𝜇 − q )   x  −   p  𝜇 − q − 1   − P  ( −   p  𝜇 − q )   x    p  𝜇 − q − 1 } 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n −   K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1


     ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l     e  − s t  s  {   a  2 p P  ( − p − q )   x  − p − q − 1 − P  ( − p − q )   x  p − q − 1 } 𝜓  ( s , p ) d s d w |


     ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l     e  − s t  s  {   a  2 p P  ( − p − q )   x  − p − q − 1 − P  ( − p − q )   x  p − q − 1 } 𝜓  ( s , p ) d s d w |


  P  ( −   p  𝜇 − q )


    p  𝜇


  =   |   K  a , b  ( t )   𝜆  c , d  ( x )  [     ∑  𝜐 = 1  m    ∑  𝜇 = 1  n     (   s  𝜐 )  l − 1   e  −   s  𝜐 t   x    p  𝜇  {    (    a  x )  2   p  𝜇 P  ( −   p  𝜇 ) − P  ( −   p  𝜇 ) } 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n ] −   K  a , b  ( t )   𝜆  c , d  ( x )  [   ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l − 1   e  − s t   x  p  {    (    a  x )  2 p P  ( − p ) − P  ( p ) } 𝜓  ( s , p ) d s d w ] |  ( 4 . 1 . 3 )


  S i n c e   ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l − 1  {    (    a  x )  2 p P  ( − p ) − P  ( p ) } 𝜓  ( s , p ) d s d w   i s   f i n i t e     a n d


  S i n c e   ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l − 1  {    (    a  x )  2 p P  ( − p ) − P  ( p ) } 𝜓  ( s , p ) d s d w   i s   f i n i t e     a n d


    |   K  a , b  ( t )   𝜆  c , d  ( x )   e  − s t   x  p | → 0   ,  


  𝜖   > 0  


    x 0     a n d   t 0 .  


  x


    x 0


  t


    |   K  a , b  ( t )   𝜆  c , d  ( x )   ∫  − r  r    ∫  − 𝜏  𝜏     ( s )  l − 1   e  − s t   x  p  {    (    a  x )  2 p P  ( − p ) − P  ( p ) } 𝜓  ( s , p ) d s d w | <   𝜖 3  ( 4 . 1 . 4 )


  Now   consider   the   first   term   of   ,   choosing    m 0   and    n 0   so   large   that   for   m >  m 0   and   n >  n 0 ,


  Now   consider   the   first   term   of   ,   choosing    m 0   and    n 0   so   large   that   for   m >  m 0   and   n >  n 0 ,


    |   K  a , b  ( t )   𝜆  c , d  ( x )   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n    e  −   s  𝜐 t   x    p  𝜇  {    (    a  x )  2   p  𝜇 P  ( −   p  𝜇 ) − P  ( −   p  𝜇 ) } 𝜓  (   s  𝜐 ,   p  𝜇 ) | <   2 𝜖 3  ( 4 . 1 . 5 )


    |   K  a , b  ( t )   𝜆  c , d  ( x )   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n    e  −   s  𝜐 t   x    p  𝜇  {    (    a  x )  2   p  𝜇 P  ( −   p  𝜇 ) − P  ( −   p  𝜇 ) } 𝜓  (   s  𝜐 ,   p  𝜇 ) | <   2 𝜖 3  ( 4 . 1 . 5 )


  x


    x 0


  t


    |     K  a , b  ( t )   𝜆  c , d  ( x )   x  q + 1 D  t  l     D  x  q  [    𝜙  m , n  ( t , x ) −   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ] | < 𝜖


  ⇒   𝜙  m , n  ( t , x )   c o n v e r g e s   t o   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w   i n   A   M  f , a , b , c , d , 𝛼


  ⇒   𝜙  m , n  ( t , x )   c o n v e r g e s   t o   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w   i n   A   M  f , a , b , c , d , 𝛼


  H e n c e       ⟨ f  ( t , x ) ,   𝜙  m , n  ( t , x ) ⟩ =  ⟨ f  ( t , x ) ,    ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ⟩  ( 4 . 1 . 6 )


    ⟨ f  ( t , x ) ,     𝜙  m , n  ( t , x ) ⟩ =  ⟨  f  ( t , x ) ,   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ⟩


                                =  ⟨  f  ( t , x ) ,   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n      e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n ⟩


                                =  ⟨  f  ( t , x ) ,   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n      e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n ⟩


  =   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n   ⟨  f  ( t , x ) ,     e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) ⟩ 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n


  =   ∑  𝜐 = 1  m    ∑  𝜇 = 1  n   ⟨  f  ( t , x ) ,     e  −   s  𝜐 t    s  𝜐  (     a  2   p  𝜇    x    p  𝜇 + 1 −   x    p  𝜇 − 1 ) ⟩ 𝜓  (   s  𝜐 ,   p  𝜇 )   2 r  m   2 𝜏  n


  =   ∫  − r  r    ∫  − 𝜏  𝜏   ⟨  f  ( t , x ) ,     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) ⟩ 𝜓  ( s , p ) d s d w                                                            


  =   ∫  − r  r    ∫  − 𝜏  𝜏   ⟨  f  ( t , x ) ,     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) ⟩ 𝜓  ( s , p ) d s d w                                                            


   ⟨  f  ( t , x ) ,     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  (   s  𝜐 ,   p  𝜇 ) d s d w ⟩ i s   c o n t i n u o u s   f u n c t i o n   o f   s   a n d   w   f r o m    ( 4 . 1 . 6 ) .


    ∫  − r  r    ∫  − 𝜏  𝜏   ⟨  f  ( t , x ) ,     e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) ⟩ 𝜓  ( s , p ) d s d w =  ⟨  f  ( t , x ) ,   ∫  − r  r    ∫  − 𝜏  𝜏      e  − s t  s  (     a  2 p    x  p + 1 −   x  p − 1 ) 𝜓  ( s , p ) d s d w ⟩


  L e t   a , b , c , d , 𝜌 ,   r   a n d   𝜏   b e   r e a l   n u m b e r s   w i t h   c < s < d   , a < p < b   . A l s o   l e t   𝜙   𝜖   D


    − 1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x = A  ( v , u )


  T h e n   A  ( v , u )   c o n v e r g e s     i n   A   M  f , a , b , c , d , 𝛼     t o   𝜙  ( t , x ) ,     r → ∞ , 𝜏 → ∞


  𝑷 𝒓 𝒐 𝒐 𝒇 : − T o   p r o v e  


    − 1      π 2   ∫  − ∞ ∞    ∫ 0 a    sin h  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ − 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x         → 𝜙  ( v , u )


    − 1      π 2   ∫  − ∞ ∞    ∫ 0 a    sin h  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ − 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x         → 𝜙  ( v , u )


   γ  l , q  [ A  ( v , u ) − 𝜙  ( v , u ) ] → 0 ,   w h e r e      γ  l , q  | A  ( v , u ) | = s u p  |   K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q   A  ( v , u ) |


  C o n s i d e r ,


  C o n s i d e r ,


   γ  l , q  [ A  ( v , u ) − 𝜙  ( v , u ) ]


   γ  l , q  [ A  ( v , u ) − 𝜙  ( v , u ) ]


  = s u p  |    K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q     {   − 1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x − 𝜙  ( v , u ) } | → 0  ( 4 . 2 . 1 )


  Because   ∫ 0 ∞    sinh  ( t − v ) r   ( t − v ) d t =   ∫ 0 ∞    sinh ( r   t 1 )    t 1 d   t 1 = 𝜋


  Because   ∫ 0 ∞    sinh  ( t − v ) r   ( t − v ) d t =   ∫ 0 ∞    sinh ( r   t 1 )    t 1 d   t 1 = 𝜋


    ∫ 0 a    sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) d t =   ∫ ∞ d    sin ⁡ ( 𝜏   x 1 )    x 1 d   x 1 =   𝜋 2


    ∫ 0 a    sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) d t =   ∫ ∞ d    sin ⁡ ( 𝜏   x 1 )    x 1 d   x 1 =   𝜋 2


    ∫ 0 a    sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) d t =   ∫ ∞ a     sin ⁡   ( 𝜏   x 1 )    x 1 d   x 1 =   𝜋 2


    ∫ 0 a    sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) d t =   ∫ ∞ a     sin ⁡   ( 𝜏   x 1 )    x 1 d   x 1 =   𝜋 2


    − 1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( v , u ) d t d x =   𝜙   = 𝜙  ( v , u )  ( 4 . 2 . 2 )


    − 1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( v , u ) d t d x =   𝜙   = 𝜙  ( v , u )  ( 4 . 2 . 2 )


   γ  l , q  [ A  ( v , u ) − 𝜙  ( v , u ) ]


  = s u p  |    K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q     {   − 1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x                                                                                                                                                                                                           +  1   π 2   ∫  − ∞ ∞    ∫ 0 a    sinh  ( t − v ) r   ( t − v )   [    a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) −     (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) ] 𝜙  ( v , u ) d t d x } |


  = s u p  |   K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q    { −  1   π 2   ∫  − ∞ ∞    sinh  ( t − v ) r   ( t − v )   [   ∫ 0 a     a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) 𝜙  ( t , x ) d x −   ∫ 0  a      (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) 𝜙  ( t , x ) d x ]


  = s u p  |   K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q    { −  1   π 2   ∫  − ∞ ∞    sinh  ( t − v ) r   ( t − v )   [   ∫ 0 a     a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) 𝜙  ( t , x ) d x −   ∫ 0  a      (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) 𝜙  ( t , x ) d x ]


   +  1   π 2   ∫  − ∞ ∞    sinh  ( t − v ) r   ( t − v )  d t  [   ∫ 0 a     a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) 𝜙  ( v , u ) d x −   ∫ 0 a      (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) 𝜙  ( v , u ) d x ] |


   +  1   π 2   ∫  − ∞ ∞    sinh  ( t − v ) r   ( t − v )  d t  [   ∫ 0 a     a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏 (   l o g ⁡   ( x u ) )  x   l o g ⁡   ( x u ) 𝜙  ( v , u ) d x −   ∫ 0 a      (   u  x )  ρ + 1   sin  ( 𝜏 (   l o g ⁡   (   u  x ) )  x   l o g ⁡   (   u  x ) 𝜙  ( v , u ) d x ] |


  = s u p  |    K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q     {   − 1   π 2   ∫  − ∞ ∞    sinh ( r   t 1 )    t 1 d   t 1   [   ∫ ∞ d     a  2 p   x  − ρ + 1   u  ρ + 1   sin ⁡ ( 𝜏   x 1 )    x 1 𝜙  ( t , x ) d   x 1 −   ∫ ∞ d      (   u  x )  ρ − 1   sin ⁡ ( 𝜏   x 1 )    x 1 𝜙  ( t , x ) d   x 1 −   ∫ ∞ d     a  2 p   x  − ρ + 1   u  ρ + 1    sin ⁡   ( 𝜏   x 1 )    x 1 𝜙  ( v , u ) d   x 1 +   ∫ ∞ d      (   u  x )  ρ − 1   sin ⁡ ( 𝜏   x 1 )    x 1 𝜙  ( v , u ) d   x 1 ] } |


  = s u p  |    K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q     {   − 1   π 2   ∫  − ∞ ∞    sinh ⁡ ( r   t 1 )    t 1 d   t 1   [   ∫ ∞ d     a  2 p   x  − ρ + 1   u  ρ + 1 [ 𝜙  (   t 1 + v , x ) − 𝜙  ( v , u ) ]   sin ⁡ ( 𝜏   x 1 )    x 1 d   x 1 −   ∫ ∞ d      (   u  x )  ρ − 1   sin ⁡ ( 𝜏   x 1 )    x 1 [ 𝜙  (   t 1 + v , x ) − 𝜙  ( v , u ) ] d   x 1 ] } |


  = s u p  |    K  a , b  ( v )    λ  c , d  ( u )     u  q + 1     D  v  l     D  u  q     {   − 1   π 2   ∫  − ∞ ∞    sinh ⁡ ( r   t 1 )    t 1 d   t 1   [   ∫ ∞ d     a  2 p   x  − ρ + 1   u  ρ + 1 [ 𝜙  (   t 1 + v , x ) − 𝜙  ( v , u ) ]   sin ⁡ ( 𝜏   x 1 )    x 1 d   x 1 −   ∫ ∞ d      (   u  x )  ρ − 1   sin ⁡ ( 𝜏   x 1 )    x 1 [ 𝜙  (   t 1 + v , x ) − 𝜙  ( v , u ) ] d   x 1 ] } |


  𝜙


   γ  l , q  [ A  ( v , u ) − 𝜙  ( v , u ) ] → 0


  A   M  f  { f  ( t , x ) } = F  ( s , p )


  s > 0


    𝜌 1 < p <   𝜌 1


    r   a n d   𝜏   b e   r e a l   v a r i a b l e s   s u c h   t h a t  


    ∞ < r < ∞ , 0 < 𝜏 < a .


    D ∗


  f  ( t , x ) =     l i m     r → ∞   𝜏 → ∞ ⁡    − 1  4  π 2   ∫  − r  r    ∫  𝜌 − i 𝜏  𝜌 + i 𝜏  s   e  s t   x  − p F  ( s , p ) d s d p


  p = 𝜌 + i 𝜔 ,   a l s o   s   a n d   p   a r e   f i x e d   r e a l   n u m b e r s   w i t h   − r < s < r   a n d     𝜌 1 < p <   𝜌 2 .


  𝜙  ( t , x ) ∈ D


  c < s < d


  a   a n d   b   s u c h   t h a t   𝜌 1 < a < p < b <   𝜌 2 .


    ⟨ f  ( t , x ) , 𝜙  ( t , x ) ⟩ =     l i m     r → ∞   𝜏 → ∞ ⁡   ⟨    − 1  4  π 2   ∫  − r  r    ∫  𝜌 − i 𝜏  𝜌 + i 𝜏  s   e  s t   x  − p F  ( s , p ) d s d p , 𝜙  ( t , x ) ⟩  ( 4 . 3 . 1 )


  s   a n d   p   i s   a   c o n t i n u o u s   f u n c t i o n   o f   t   a n d   x   a n d   t h e r e f o r e   t h e   r i g h t   h a n d   s i d e   o f  ( 4 . 3 . 1 )


    − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   ∫  − r  r    ∫  − 𝜏  𝜏  s   e  s t   x  − p F  ( s , p ) d s d 𝜔 d t d x ,                 w h e r e ,   p = 𝜌 + i 𝜔 , r , 𝜏 > 0                          ( 4 . 3 . 2 )


  𝜙  ( t , x )


  t , x , s , w


    − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   ∫  − r  r    ∫  − 𝜏  𝜏  s   e  s t   x  − p F  ( s , p ) d s d 𝜔 d t d x =   − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏  F  ( s , p )   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x ) s   e  s t   x  − p d t d x d s d 𝜔


  =   − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏    ⟨ f  ( v , u ) ,  1  s   e  − s v  (     a  2 p    u  p + 1 −   u  p − 1 ) ⟩   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x ) s   e  s t   x  − p d t d x d s d 𝜔          


  =   − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏    ⟨ f  ( v , u ) ,  1  s   e  − s v  (     a  2 p    u  p + 1 −   u  p − 1 ) ⟩   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x ) s   e  s t   x  − p d t d x d s d 𝜔          


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏   1  s   e  − s v  (     a  2 p    u  p + 1 −   u  p − 1 ) ⟩   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x ) s   e  s t   x  − p d t d x d s d 𝜔        


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏   1  s   e  − s v  (     a  2 p    u  p + 1 −   u  p − 1 ) ⟩   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x ) s   e  s t   x  − p d t d x d s d 𝜔        


  𝜙  ( t , x )


  t , x   s , w


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   ∫  − r  r    ∫  − 𝜏  𝜏   1  s   e  − s v  (     a  2 p    u  p + 1 −   u  p − 1 ) s   e  s t   x  − p d t d x d s d 𝜔 ⟩


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   [    ∫  − r  r    e   ( t − v ) s d s ]  [   ∫  − 𝜏  𝜏   (     a  2 p    u  p + 1 −   u  p − 1 )   x  − p d 𝜔 ] d t d x ⟩


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a  𝜙  ( t , x )   [    ∫  − r  r    e   ( t − v ) s d s ]  [   ∫  − 𝜏  𝜏   (     a  2 p    u  p + 1 −   u  p − 1 )   x  − p d 𝜔 ] d t d x ⟩


  … … …  ( 4 . 3 . 3 )


  … … …  ( 4 . 3 . 3 )


  C o n s i d e r ,     ∫  − r  r    e   ( t − v ) s d s   =     [     e   ( t − v ) s   ( t − v ) ]  − r  r  =  [     e   ( t − v ) r   ( t − v ) −     e  −  ( t − v ) r   ( t − v ) ]


  C o n s i d e r ,     ∫  − r  r    e   ( t − v ) s d s   =     [     e   ( t − v ) s   ( t − v ) ]  − r  r  =  [     e   ( t − v ) r   ( t − v ) −     e  −  ( t − v ) r   ( t − v ) ]


                                                                                          =  1   ( t − v )   [   e   ( t − v ) r −   e  −  ( t − v ) r ]   =  1   ( t − v )   [ 2 s i n h  ( t − v ) r ]


                                                                                          =  1   ( t − v )   [   e   ( t − v ) r −   e  −  ( t − v ) r ]   =  1   ( t − v )   [ 2 s i n h  ( t − v ) r ]


                                                                                                                      =   2 s i n h  ( t − v ) r   ( t − v )  ( 4 . 3 . 4 )


                                                                                                                      =   2 s i n h  ( t − v ) r   ( t − v )  ( 4 . 3 . 4 )


    ∫  − 𝜏  𝜏   (     a  2 p    u  p + 1 −   u  p − 1 )   x  − p d 𝜔 =   ∫  − 𝜏  𝜏    x  − p     a  2 p    u  p + 1 d 𝜔 −   ∫  − 𝜏  𝜏      x  − p u  p − 1 d 𝜔


    ∫  − 𝜏  𝜏   (     a  2 p    u  p + 1 −   u  p − 1 )   x  − p d 𝜔 =   ∫  − 𝜏  𝜏    x  − p     a  2 p    u  p + 1 d 𝜔 −   ∫  − 𝜏  𝜏      x  − p u  p − 1 d 𝜔


  =   ∫  − 𝜏  𝜏      x  − p u  − p − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      x  − p u  p − 1 d 𝜔


  =   ∫  − 𝜏  𝜏      x  − p u  − p − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      x  − p u  p − 1 d 𝜔


  =   ∫  − 𝜏  𝜏    x  ( x u )  − p − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  p − 1  1  x d 𝜔      


  =   ∫  − 𝜏  𝜏    x  ( x u )  − p − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  p − 1  1  x d 𝜔      


  =   ∫  − 𝜏  𝜏    x  ( x u )  − 𝜌 − i 𝜔 − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  𝜌 + i 𝜔 − 1  1  x d 𝜔


  =   ∫  − 𝜏  𝜏    x  ( x u )  − 𝜌 − i 𝜔 − 1   a  2 p d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  𝜌 + i 𝜔 − 1  1  x d 𝜔


  =   a  2 p   ∫  − 𝜏  𝜏    x  ( x u )  − 𝜌 − 1    ( x u )  − i 𝜔 d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  𝜌 − 1     (   u  x )  i 𝜔  1  x d 𝜔                                                                                  


  =   a  2 p   ∫  − 𝜏  𝜏    x  ( x u )  − 𝜌 − 1    ( x u )  − i 𝜔 d 𝜔 −   ∫  − 𝜏  𝜏      (   u  x )  𝜌 − 1     (   u  x )  i 𝜔  1  x d 𝜔                                                                                  


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   ∫  − 𝜏  𝜏     ( x u )  − i 𝜔 d 𝜔 −  1  x     (   u  x )  𝜌 − 1   ∫  − 𝜏  𝜏      (   u  x )  i 𝜔 d 𝜔


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   ∫  − 𝜏  𝜏     ( x u )  − i 𝜔 d 𝜔 −  1  x     (   u  x )  𝜌 − 1   ∫  − 𝜏  𝜏      (   u  x )  i 𝜔 d 𝜔


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   ∫  − 𝜏  𝜏     ( x u )  t  ( i d t ) −  1  x     (   u  x )  𝜌 − 1   ∫  − 𝜏  𝜏      (   u  x )  t  ( − i d t )


  p u t t i n g     t = − i 𝜔   a n d   t = i 𝜔   r e s p e c t i v i t y


  p u t t i n g     t = − i 𝜔   a n d   t = i 𝜔   r e s p e c t i v i t y


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i   ∫  − 𝜏  𝜏     ( x u )  t d t + i  1  x     (   u  x )  𝜌 − 1   ∫  − 𝜏  𝜏      (   u  x )  t d t


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i   ∫  − 𝜏  𝜏     ( x u )  t d t + i  1  x     (   u  x )  𝜌 − 1   ∫  − 𝜏  𝜏      (   u  x )  t d t


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i    [      ( x u )  t   log ⁡   ( x u ) ]  − 𝜏  𝜏 + i  1  x     (   u  x )  𝜌 − 1    [       (   u  x )  t   log ⁡   (   u  x ) ]  − 𝜏    𝜏


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i    [      ( x u )  t   log ⁡   ( x u ) ]  − 𝜏  𝜏 + i  1  x     (   u  x )  𝜌 − 1    [       (   u  x )  t   log ⁡   (   u  x ) ]  − 𝜏    𝜏


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i    [      ( x u )  − i 𝜔   log ⁡   ( x u ) ]  − 𝜏  𝜏 + i  1  x     (   u  x )  𝜌 − 1    [       (   u  x )  i 𝜔   log ⁡   (   u  x ) ]  − 𝜏  𝜏


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i    [      ( x u )  − i 𝜔   log ⁡   ( x u ) ]  − 𝜏  𝜏 + i  1  x     (   u  x )  𝜌 − 1    [       (   u  x )  i 𝜔   log ⁡   (   u  x ) ]  − 𝜏  𝜏


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i  [      ( x u )  − i 𝜏   log ⁡   ( x u ) −      ( x u )  i 𝜏   log ⁡   ( x u ) ] + i  1  x     (   u  x )  𝜌 − 1  [       (   u  x )  i 𝜏   log ⁡   (   u  x ) +       (   u  x )  − i 𝜏   log ⁡   (   u  x ) ]


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   i  [      ( x u )  − i 𝜏   log ⁡   ( x u ) −      ( x u )  i 𝜏   log ⁡   ( x u ) ] + i  1  x     (   u  x )  𝜌 − 1  [       (   u  x )  i 𝜏   log ⁡   (   u  x ) +       (   u  x )  − i 𝜏   log ⁡   (   u  x ) ]


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1  [      ( x u )  i 𝜏   log ⁡   ( x u ) −      ( x u )  − i 𝜏   log ⁡   ( x u ) ] −  1  x     (   u  x )  𝜌 − 1  [       (   u  x )  i 𝜏   log ⁡   (   u  x ) +       (   u  x )  − i 𝜏   log ⁡   (   u  x ) ] }


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1  [      ( x u )  i 𝜏   log ⁡   ( x u ) −      ( x u )  − i 𝜏   log ⁡   ( x u ) ] −  1  x     (   u  x )  𝜌 − 1  [       (   u  x )  i 𝜏   log ⁡   (   u  x ) +       (   u  x )  − i 𝜏   log ⁡   (   u  x ) ] }


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1  1   log ⁡   ( x u )  [    ( x u )  i 𝜏 −    ( x u )  − i 𝜏 ] −  1  x     (   u  x )  𝜌 − 1  1   log ⁡   (   u  x )  [    (   u  x )  i 𝜏 −    (   u  x )  − i 𝜏 ] }


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1  1   log ⁡   ( x u )  [    ( x u )  i 𝜏 −    ( x u )  − i 𝜏 ] −  1  x     (   u  x )  𝜌 − 1  1   log ⁡   (   u  x )  [    (   u  x )  i 𝜏 −    (   u  x )  − i 𝜏 ] }


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1    [ 2 i s i n  ( 𝜏   l o g ⁡   ( x u ) ) ]   log ⁡   ( x u ) −  1  x     (   u  x )  𝜌 − 1    [ 2 i s i n  ( 𝜏   l o g ⁡   (   u  x ) ) ]   log ⁡   (   u  x ) }


  = − i  {   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1    [ 2 i s i n  ( 𝜏   l o g ⁡   ( x u ) ) ]   log ⁡   ( x u ) −  1  x     (   u  x )  𝜌 − 1    [ 2 i s i n  ( 𝜏   l o g ⁡   (   u  x ) ) ]   log ⁡   (   u  x ) }


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   s i n  ( 𝜏   l o g ⁡   ( x u ) )   log ⁡   ( x u ) −     (   u  x )  𝜌 − 1   s i n  ( 𝜏   l o g ⁡   (   u  x ) )  x  log ⁡   (   u  x )


  =   a  2 p      ( x )  − 𝜌     ( u )  𝜌 + 1   s i n  ( 𝜏   l o g ⁡   ( x u ) )   log ⁡   ( x u ) −     (   u  x )  𝜌 − 1   s i n  ( 𝜏   l o g ⁡   (   u  x ) )  x  log ⁡   (   u  x )


  =   a  2 p      ( x )  − 𝜌 + 1     ( u )  𝜌 + 1   s i n  ( 𝜏   l o g ⁡   ( x u ) )  x  log ⁡   ( x u ) −     (   u  x )  𝜌 − 1   s i n  ( 𝜏   l o g ⁡   (   u  x ) )  x  log ⁡   (   u  x )  ( 4 . 3 .   5 )


  =   a  2 p      ( x )  − 𝜌 + 1     ( u )  𝜌 + 1   s i n  ( 𝜏   l o g ⁡   ( x u ) )  x  log ⁡   ( x u ) −     (   u  x )  𝜌 − 1   s i n  ( 𝜏   l o g ⁡   (   u  x ) )  x  log ⁡   (   u  x )  ( 4 . 3 .   5 )


  =   ⟨ f  ( v , u ) ,   − 1  4  π 2   ∫  − ∞ ∞    ∫ 0  a    2 s i n h  ( t − v ) r   ( t − v )   [   a  2 p      ( x )  − 𝜌 + 1     ( u )  𝜌 + 1   s i n  ( 𝜏   l o g ⁡   ( x u ) )  x  log ⁡   ( x u ) −     (   u  x )  𝜌 − 1   s i n  ( 𝜏   l o g ⁡   (   u  x ) )  x  log ⁡   (   u  x ) ] 𝜙  ( t , x ) d t d x ⟩


  r → ∞   a n d   𝜏 → ∞   a n d   u s i n g   L e m m a    ( 2 ) , w e   g e t


    ⟨ f  ( v , u ) , 𝜙  ( v , u ) ⟩ =     l i m     r → ∞   𝜏 → ∞ ⁡   ⟨    − 1  4  π 2   ∫  − r  r    ∫  𝜌 − i 𝜏  𝜌 + i 𝜏  s   e  s t   x  − p F  ( s , p ) d s d p , 𝜙  ( t , x ) ⟩


    A M  f  { f  ( t , x ) } = F  ( s , p )


  s ,   p ∈  Ω  f   a n d     A M  f  { g  ( t , x ) } = G  ( s , p ) , f o r   s ,   p ∈  Ω  g   , s > 0  


    𝜌 1 < R e   p <   𝜌 2 .  


   Ω  f ∩  Ω  g


  F  ( s , p ) = G  ( s , p ) ,


  s ∈  Ω  f ∩  Ω  g


  p ∈  Ω  f ∩  Ω  g


  f = g


    D ∗  ( I ) .


  f   a n d   g


  ϕ ∈ D .


  F  ( s , p ) a n d   G  ( s , p )


   〈 f − g ,       ϕ  ( t , x ) 〉


    ⟨ f − g ,     𝜙  ( t , x ) ⟩ =     l i m     r → ∞   𝜏 → ∞ ⁡   ⟨    − 1  4  π 2   ∫  − r  r    ∫  − 𝜏  𝜏  ( F − G )  ( s , p ) s   e  s t   x  − p d s d p , 𝜙  ( t , x ) ⟩ = 0


  f = g


    D ∗  ( I ) .

