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Abstract: Chemical Graph Theory is a branch of Mathematical Chemistry whose focus of interest is to finding
topological indices of molecular graph which correlate well with chemical properties of the chemical molecules.
In this paper, we introduce the augmented Revan Sombor and reciprocal augmented Revan Sombor indices of a
graph. Also we determine the augmented Revan Sombor and reciprocal augmented Revan Sombor indices of
triangular benzenoids, benzenoid rhombus, benzenoid hourglass and jagged rectangle benzenoid systems.
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I. Introduction

A molecular graph is a graph such that the vertices correspond to atoms and the edges to the bonds.
Chemical Graph Theory is branch of Mathematical Chemistry which has an important effect on the development
of the Chemical Sciences, see [1, 2].

In this paper, we consider only a finite, simple connected graph G with a vertex set /(G) and an edge
set E(G). The degree dg(v) of a vertex v is the number of vertices adjacent to v. Let A(G)( 6(G)) denote the
maximum (minimum) degree among the vertices of G. The Revan vertex degree of a vertex v in G is defined as
ro(v) = A(G) + &(G) — dg(v). The Revan edge connecting the Revan vertices u and v will be denoted by uv. For
other undefined notations and terminologies, we refer [3].

The augmented Sombor index [4] of a graph G is defined as

dg(u)’ + dg(v)’
dgu)+ dg(v)- 2

AS0(G)= 8§ \/
wi E(@

Recently, some augmented indices were studied, for example, in [5, 6, 7, 8,9, 10].

We now introduce the augmented Revan Sombor index, defined as

ARSO(G): s (u)2 + del (V)z
o)+ rg(v)- 2

We define the reciprocal augmented Revan Sombor index as

+ -2
RARSO(G)= /—FG(”)Z 6 (v) =z
16(u)” + 15(v)
We consider some families of benzenoid systems. In this paper, the augmented Sombor index, augmented

Revan Sombor index and reciprocal augmented Revan Sombor index of triangular benzenoids, benzenoid
rhombus, benzenoid hourglass and jagged rectangle benzenoid systems are determined.
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IL. Results for Triangular Benzenoids

In this section, we consider the graph of triangular benzenoid 7, where p is the number of hexagons in the base

graph. Clearly 7, has % p ( p+ 1) hexagons. The graph of triangular benzenoid 74 is presented in Figure 1.

Figure 1. The graph of triangular benzenoid 7.

Let G be the graph of a triangular benzenoid 7). The graph G has p*+ 4p +1vertices and % p ( p+ 3) edges. From

Figure 1, it is easy to see that the vertices of 7, are either of degree 2 or 3. Therefore A(G)=3 and 6(G)=2. Thus
re(u) = A(G)+0(G) — dg(u) = 5 — de(u). By algebraic method, we obtain that the edge set £(G) can be divided
into three partitions:

Ezz = {uv S E(G) | dG(u) = dG(V) = 2}, |E22| = 6.
E23 = {uv S E(G) | dG(u) = 2, dG(V) = 3}, |E23| = 6p — 6.
Esz={uv € E(G) | do(u) = ds(v) =3}, |Es3| = %p(p—l).

Thus there are three types of Revan edges based on the degree of end Revan vertices of each Revan edge as
given in Table 1.

r6(u), ra(W)\ e = uve E(G) (3,3) (3,2) (2,2)

Number of edges 6 6p—6 %p(p _ 1)

Table 1. Revan edge partition of 7,
Theorem 1. Let 7}, be the triangular benzenoid. Then

30, 313 3\P 13
ASOG)= 2 2?2+ 2 |25 2 |24 64 6.]—.
@) 2\f2p N EN P V4 \3

Proof: Let G be the graph of a triangular benzenoid 7,,.

The augmented Sombor index of 7, is

do()’ + dg(v)*
dow)+dg(v)- 2

4S0(G)= § J

wi E(@)

2%+ 22 22+32 3 32+ 32
=6/—+6-6 A R AR I S
e U e U e
39, 3F 3\F F
ENCICONE N EF 3 IS S [E)
2\f2p N ERE Y P 3

Theorem 2. Let 7, be the triangular benzenoid. Then
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ARSO(G)=3p* + 6@;7- 3p+ 6@- 6\/?.

Proof: Let G be the graph of a triangular benzenoid 7.

The augmented Revan Sombor index of 7, is
2, 2
ARSO(G): Uei (Z/l) el (V)
o)+ rg(v)- 2
/32+32 22+3 3 2%+ 22
=6,]——— + = - ) |—
3+3-2 +6p )2+3 2 2p(p )2+2—2
13 9 13
=3 2+6/— -3 +6\/:- 6/—.
p 317 p > 3
Theorem 3. Let 7, be the triangular benzenoid. Then
3, 3 3 2 3
RARSO(G)= =p~+ 6,|—p- —p+ 6,]—- 6,[—.
©=%7 J;p ¥ \f9 \13

Proof: Let G be the graph of a triangular benzenoid 7,,.

The reciprocal augmented Revan Sombor index of 7, is

RARSO(G)= FG(M)';' rG(v)_ 22
\ 76 + 175 (v)
3+3- 2 2+3 2 3 2+2-2
6,/ ==+ (6p- 6) =t + 2 p(p- |
O > 2 po- 0

3%+ 32
3, [3 3 2 I3
N +6/—-6/—.
47 1377 47" ™Mo 13

II1. Results for Benzenoid Rhombus

In this section, we consider the graph of a benzenoid rhombus R,. The benzenoid rhombus R, is obtained from
two copies of a triangular benzenoid 7, by identifying hexagons in one of their base rows. The graph of
benzenoid rhombus R4 is presented in Figure 2.

Figure 2. The graph of benzenoid rhombus R4

Let G be the graph of a benzenoid rhombus R,. The graph G has 2p* + 4p vertices and 3 p2 +4p—1edges.

From Figure 2, it is easy to see that the vertices of R, are either of degree 2 or 3. Therefore A(G)=3 and 5(G)=2.
Thus re(u) = A(G)+8(G) — do(u) = 5 — do(u). By calculation, we obtain that the edge set £(G) can be divided
into three partitions:

E»n = {uv € E(G) | do(u) = do(v) = 2}, |Ex| = 6.
E23 = {uv € E(G) | dG(u) = 2, dG(V) = 3}, |E23| = 8(p — 1)
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E33 = {uv S E(G) | dc(u) = dc(v) = 3}, |E33| = 3p2 — 4p + 1.

Thus there are three types of Revan edges based on the degree of end Revan vertices of each Revan edge as
given in Table 2.

re(u), ra(v) \ uve E(G) (3,3) (3,2) (2,2)

Number of edges 6 8(p-1) 3pt—4p+ 1

Table 2. Revan edge partition of R,
Theorem 4. Let R, be the benzenoid rhombus. Then

T, [3 1 3 [
450(G)= 9,2 p? + 82 p- 12 L pr12- 8 [P+ 3 /L
©) \fzp 3P \Ep 3 \fz

Proof: Let G be the graph of a benzenoid rhombus R),.

The augmented Sombor index of R, is

dg(u)’ + dg(v)°
dg(u)+ ds(v)- 2

4S0(G)= § J

wi (@)

—4/ ,/ 3p2. 4

2722 G ® +Gp7- dp )3+3 2
T, [33 1 3

N T I LRy Sy L ey L

o

TheoremS5 . Let R, be the benzenoid rhombus. Then

ARSO(G)= 6p* + S\Ep- 8p+ 18\/%- 8E+ 2.

Proof: Let G be the graph of a benzenoid rhombus R,,.

The augmented Revan Sombor index of R, is
2, 2
ARSO(G): Uei (M) e (V)
o)+ rg(v)- 2
32 + 32 3 2 2%+ 22
=6 3p°- 4p+ 1), |——
\/332(p)232( PN
13 1 13
=6 2+8\/: -8 +18\/:- 8\/:+2.
p 317 p > 3

Theorem 6. Let R, be the benzenoid rhombus. Then

RARSO(G)= %p2+ 8\/%19— 2p+ 6\E- 8\/%+ %

Proof: Let G be the graph of a benzenoid rhombus R,,.

The reciprocal augmented Revan Sombor index of R, is

_ e+ (v)- 2
RARSO(G) ‘/—rc WPt ()
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3+3- 2 2+3 2 24+2-2
6 8),[—————+Q3p°- 4p+ 1) |[——
,/32”2 +(8p- 8) Gp’ ) s
—p +8f p 2p+ \/:- / +—

Results for Benzenoid Hourglass

In this section, we consider the graph of benzenoid hourglass X, which is obtained from two copies of a
triangular benzenoid 7, by overlapping hexagons. The graph of benzenoid hourglass is shown in Figure 3.

Figure 3. The graph of benzenoid hourglass

Let G be the graph of a benzenoid hourglass X,. The graph G has 2(p*+ 4p — 2) vertices and 3 pr+9p—4
edges. From Figure 3, it is easy to see that the vertices of benzenoid hourglass X, are either of degree 2 or 3.
Therefore A(G) = 3 and 8(G) = 2. Thus rg(u) = A(G) + &(G) — dg(u) = 5 — ds(u). By algebraic method, we obtain
that the edge set E(X,) can be divided into three partitions:

E»n = {uv € E(G) | do(u) = do(v) =2}, |Ex| =
E23 = {uv S E(G) | d(;(u) = 2, dG(V) = 3}, |E23| = 4(3p — 4).
Esz={uv € E(G) | do(u) = ds(v) =3}, |Es3| =3p*—3p +4.

Thus there are three types of Revan edges based on the degree of end Revan vertices of each Revan edge as
given in Table 3.

ro(u), re(v) \ uve E(G) 3,3) 3,2) 2,2)

Number of edges 8 43p—-4) 3p2-3p+ 4

Table 3. Revan edge partition of X,
Theorem 7. Let X, be the benzenoid hourglass. Then

ASO(G)= %p2+ 12\/%0- 9£p+ 16- 16\/g+ 12\E.

Proof: Let G be the graph of a benzenoid hourglass X,. The augmented Sombor index of X, is

dg(u)’ + dg(v)°
dgu)+ ds(v)- 2

4S0(G)= § J

wi (@)

[22+22 2%+ 3 +3?
=82 12p- 16)] 2 (3pP- 3p+ 4
SRR G )232(p p)3+32
9 , 13 1 13 1

2 e B, o 16l 162 12,0

2p 2B oftre 16 B L
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Theorem 8 . Let X, be the benzenoid hourglass. Then

ARSO(G)= 6p* + 12\/§p— 6p+ 24£- 16E+ 8.

Proof: Let G be the graph of a benzenoid hourglass X,.

The augmented Revan Sombor index of X, is
2, 2
ARSO(G): dei (U) G (V)
1)+ rg(v)- 2
3?2+ 32 22 + 22
= +(2p- 16 3p - 3p+4
=855 5 T2 )«/ + 00 3pr )
13 1 13
=6 2+12/— - 6p+ 24,|—- 16/—+8.
P 31? P \/; 3

Theorem 9. Let X, be the benzenoid hourglass. Then

3, 33 2 3
RARSO(G)= 2 p* + 12,2 p- 2 p+ 8 |=- 16,/ + 2.
@)=3r 1377 P \g 13

Proof: Let G be the graph of a benzenoid hourglass X,. The reciprocal augmented Revan Sombor index of X, is

rew)+ rg(v)- 2

RARSO(G)= |62 G 7V~ =

@ \ @’ + 507
3+3-2 2+ 3- 2

= 82 ¢ (12p- 16) [+ (- 3p 4
el WG +(3p? )

3, J? 3 \F \/?
Y AP I LN P Ay
27 1377227 N 13

V. Results for Jagged Rectangle Benzenoid Systems

2+2-2
224 92

We now focus on the molecular graph structure of a jagged rectangle benzenoid system. This system is denoted
by By, for all m, n € N. Three chemical graphs of a jagged rectangle benzenoid system are shown in Figure 4.

J%
L)

Let G be the graph of a jagged rectangle benzenoid system B, ». From Figure 4, it is easy to see that the vertices
of G are either of degree 2 or 3. Thus A(G) = 3 and 6(G) = 2. Therefore ro(u) = A(G) + 8(G) — do(u) =5 — do(u).
By calculation, we obtain that G has 4mn + 4m + 2n — 2 vertices and 6mn + 5m + n — 4 edges. In G, there are
three types of edges based on the degree of end vertices of each edge as follows:

Figure-4

Ex»= {uv e E(G) | dG(u) = dG(V) = 2}, |E22| =2n+4.
Ex = {uv € E(G) | do(u) = 2, do(v) = 3}, |Ens| = 4m + 4n — 4.
Ez={uv € E(G) | do(u) = de(v) = 3}, |E33| = 6mn + m — 5n —4.
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Thus G has three types of Revan edges based on the revan degree of end revan vertices of each revan edge as
given in Table 4.

re(u), re(v) \ uve E(G) (3,3) (3,2 (2,2)

Number of edges 2n+4 4dm+4n—4 6mn+m—5n— 4

Table 4. Revan edge partition of B, »
Theorem 10. Let B,, » be the jagged rectangle benzenoid system. Then

ASO(G)= 18\/Imn+ 4\/§m+ 3\/Im+ 4n+ 4\/En— 15\/In+ 8+ 4\/§— 12\/1.
2 3 2 3 2 3 2

Proof: Let G be the jagged rectangle benzenoid system B, ». The augmented Sombor index of B, , is

dg(u)’ + dg(v)°
dg(u)+ ds(v)- 2

4S0(G)= § J

wi E(@)

2+ 2 2+ 2 2+ 2
=Qn+ 4)4/ 2t2 +(4m+ 4n+ 4) 2+3 +(6mn+ m- 5n- 4)4’L
3+3-2
= 18\/Imn+ 4\/§m+ 3\/Im+ 4n+ 4\/§n— 15\/In+ 8+ 4\/§— 12\/1.
2 3 2 3 2 3 2

Theorem 11. Let B,, » be the jagged rectangle benzenoid system. Then

ARSO(G)= 12mn+ 4\/§m+ 2m+ 6\gn+ 4\/§n- 10n+ 12\g+ 4\/?- 8

Proof: Let G be the jagged rectangle benzenoid system B, » The augmented Revan Sombor index of B, , is
1)’ + ()’
ARSO(G)= | ——"T"—
15+ 15(v)- 2
2, 32 2, 32 2, 52
=Qn+ 4) 33 +(4m+ 4n+ 4) 2+3 +(6mn+m Sn- 4) 22 222
=12mn+ 4 ’Em—i- 2m+ 6\/In+ 4 /En— 10n+ 12\/14‘ 4,’2— 8
3 2 3 2 3

Theorem 12. Let B,, » be the jagged rectangle benzenoid system. Then

RARSO(G)= 3mn+ 4\/zm+ Lo+ 2\/§n+ 4\/2;1- 2+ 4\E+ 4JE- 2
13 2 9 13 2 9 13

Proof: Let G be the jagged rectangle benzenoid system By, .

The reciprocal augmented Revan Sombor index of By, » is

- ;
RARSO(G)= M
16W)" + 15 (v)
_l’_
—(2n+4)\’ +(4m+4n+4)1{ +(6mn+m 5n- 4),/222222
+
zsmn+4ﬁm+1m+2ﬁn+4ﬁn_ gwﬁﬂﬁ_ ,
13 2 9 13 2 9 13
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VI Conclusion

In this paper, the augmented Sombor index, augmented Revan Sombor index and reciprocal augmented
Revan Sombor index of triangular benzenoids, benzenoid rhombus, benzenoid hourglass and jagged rectangle
benzenoid systems are determined

REFERENCES

[1]. R.Todeschini and V. Consonni, Molecular Descriptors for Chemoinformatics, Wiley-VCH, Weinheim, (2009).

[2]. V.R.Kulli, Multiplicative Connectivity Indices of Nanostructures, LAP LAMBERT Academic Publishing, (2018).

3] V.R.Kulli, College Graph Theory, Vishwa International Publications, Gulbarga, India (2012).

[4]. K.C.Das, .Gutman and A.Ali, Augmented Sombor index, MATCH Commun. Math. Comput. Chem. 95 (2026) 523-547.

[5] B. Furtula, A Graovac and D. Vukicevi¢, Augmented Zagreb index, J. Math. Chem. 48(2010) 370-380.

[6]. V.R.Kulli, ABC Banhatti and augmented Banhatti indices of chemical networks, Journal of Chemistry and Chemical Sciences, 8(8)
(2018) 1018-1025.

[7]. V.R.Kulli, New augmented Zagreb indices, International Journal of Mathematical Archive, 8(8) (2017) 102-108.

[8]. V.R.Kulli, Augmented Nirmala index of certain nanotubes, Annals of Pure and Applied Mathematics, 32(2) (2025) 83-86.

[9]. V.R.Kulli, Augmented Euler Sombor index of certain chemical drugs, International Journal of Science and Research, 15(1) (2026)
534-536.

[10].  V.R.Kulli, Reduced augmented Sombor index of certain networks, Journal of Mathematics and Informatics, 30 (2026) 1-5.

DOI: 10.35629/4767-14032330 Www.ijmsi.org 30 | Page



