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I. INTRODUCTION

The topic of Fuzzy Differential Equations and Fuzzy Integral Equations have been developed in recent
years, in both theoretical and numerical point of view. In relation to fuzzy control fuzzy integral equations is
rapidly developed in recent years. Also, these are encountered in various fields of science and in numerous
applications, including elasticity, plasticity, heat and mass transfer, oscillation theory, filtration theory,
electrostatics, biomechanics, electrical engineering etc. We know that fuzzy integral equations require
appropriate and applicable definitions of fuzzy function and fuzzy integral of fuzzy function. Fuzzy mapping
function was first introduced by Zadeh [1]. Durbois and Parde[2, 3] presented on elementary fuzzy calculus
based on extension principle. Kaleva [4] choose to define the integral of fuzzy function using Lebesgue type
concept of integration. In [7], Andrej V. Plotnikov and Natalia V. S. proved the existence and uniqueness
theorem with- out using the embedding theorem of Kaleva. Different approaches were used to solve fuzzy
integral equations by several Authors [5,6, 8-13].

In present paper, we consider the Fuzzy integral equation of the type
X() = A(t) [xo + S F (5, A7 ()X (), A7) [Tk Gs, T)X(T)dr)ds] e (1),

where, t € [0,d] =] c R, istime, X € E™ is phase variable, A(t) is n X n dimensional matric valued function,
F:R, X E™ X E™ - E™ is a Fuzzy mapping, X, € E™.
Our aim is to prove the existence and uniqueness theorem of fuzzy integral equation given by (1.1).

II. PRELIMINARIES AND NOTATIONS

Let conv(IR™) be a set of all nonempty (convex) compact subset from space R",h(4, B) = min,»,{A S
S-(B), B < S,.(A)} be Hausdorff distance between sets A and B,S,.(A) is r-neighbourhood of set A. E™ be set of
all functions u: R™ — [0,1] satisfying following conditions.

1.  uisnormal

2. wuisfuzzy convex i.e. forany x,y E R"and 0 < 1 < 1, u(Ax + (1 — A)y) = min{u(x),u(y)}
3. uisupper semicontinuous,

4. [u]® = cl{x € R™u(x) > a} is compact.

If u € E™, then u is called a fuzzy number and E™ is fuzzy number space. Let [u]* = {x € R™:u(x) = a}. Then
from above conditions a-level set [u]* € conv(R™) for all 0 < a < 1. The fuzzy mapping 6 is defined by,

1, x=0
9(")_{0, x#0
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Define D: E™ X E™ — [0, ) by D(u, v) = supg<qa<ih([1]%, [v]%). Then D is a metric on E™. Further
1.  (E™ D) is compact metric space.
2. D+w,v+w)=D(u,v)forall u,v,w € E™.
3.  D(Au,Av) = |[A|D(u,v) forallu,v € E™,1 € R.

Definition 1. A mapping F: [0,T] — E™ is measurable if for all « € [0,1] the map F,:[0,T] - conv(R™)
defined by F,(t) = [F(t)]* is Lebesgue measurable.

Definition 2. A mapping F: [0,T] = E™ is said to be integrably bounded if there is an integrable function h(t)
such that |[x(¢)|| < h(t) for every x(t) € E,(t).

Definition 3. The integral of a fuzzy mapping F: [0, T] - E™ is defined levelwise by

[ fo ' (t)dt]a = jo TFa (t)dt

T T
f F, (t)dt = {f f (@®)dt: f:]0,T] - R™ is measurable selection of F,: [0, T] - conv(]R")}
0 0

for all « € [0,1]

Definition 4. Measurably and integrable bounded mapping F: [0, T] — E™ is said to be integrable over [0, T] if
J, F (tydt € E™.

Note that if F: [0, T] - E™ is measurable and integrably bounded, then F is integrable. Also, if F:[0,T] = E™ is
continuous then it is integrable. Proposition 2.1. Let F, G: [0, T] —» E™ be integrable and X € R, then

L [J(F@+6®)de = [[ F©dt+ [] G ©dt;
2. [JAF(®dt =[] F (t)dt;

3. D (F(t), G(t)) is integrable;

4, D(fOTF(t)dt, fOTG(t)dt) < [TD (F(©),6(®)dt.

Definition 5. Fuzzy mapping X:J — E™ is called solution of integral equation (1.1) if it is continuous and
satisfies integral equation (1.1) on interval J.

We list here the following hypotheses which are used in our further discussion.

(H1) : For any fixed t, the fuzzy mapping F(., X,.) is continuous.

(H2): There exist a positive constant L such that

D(F(t, X', Y", F(t, X",Y")) <L[D(X', X")+ D(Y'Y")]for all (t, X', Y"), (t, X",Y") € Q.
(H3): There exist a positive constant K such that

D(F(t,X,),8) < K (1+D(X,8) + D(v,0)) forall (£, X,Y) € Q.

(H4): The matrix valued function A(t), A~1(t) are continuous.

(H5): There exists a positive constant a4, a, such that

A € a, ||1A71(®)]] € ay, forallt €.
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Proposition 2.1: Let F,G: [0, T] = E™ be integrableandA € R then
@ J, (F®) +G6®)dt = [ F(t)dt + [, G()dt ;
(i) [, AF(t)dt = A [, F(t)dt ;
(iii) D(F(t), G(t)) is integrable;
(iv) D(J, F(®)dt, [] G()dt) < [, D(F(1),G(®))dt.

III. MAIN RESULTS

In this section we state and prove results related to existence and uniqueness of solution of Fuzzy integral
equation.

Theorem3.1:- If the hypotheses (H1) — (H5) are satisfied in the domain | X E™ X E™, then equation (1.1) has a
unique solution on the interval J.

Proof. 1: Firstly, we show the existence of solution Consider, the successive approximations of solution

X°(t) = A()X,,

Xk = A(t) [XO + f F <S,A‘1(s)X"(s),A‘1(s) fsk (s, T)Xk(‘[)d‘[) ds]
0 0

for0 <t <d.

By conditions (H1),(H2) and (H4), X*(t) is continuous on J for all k € N. First we prove that sequence
{X*(£)}7-, is uniformly bounded. Let,

D(X°(t), Xo) = D(A(t)Xo, Xo)
D(X°(t),Xo) < D(A(t)X,,0) + D(X,,0)
< a;D(X,,8) + D(X,,0)

< (a; + 1)D(X,,0),

t s
D(X*(®),X°(®) =D <A(t) [XO + f F <S,A_1(S)XO(S),A_1(S)f k(s, T)XO(T)dT> ds] ,X°(t)>
0 0
=D (A(t) [Xo + jtF <S,A_1(S)X0(S),A_1(S) Jsk (s, T)XO(T)dT> ds] ,A(t)Xo(t)>
0 0
<a,D <X0 + JtF (S,XO,XO jsk (s, ‘L')d‘[) ds,Xo)
0 0
< a;D <ftF (s,X,,Yy)ds, é)
0
<a,D (JtF (s, X0, Yo), é) ds
0

t
< ayK (1 + D(Xo,8) + D(Yo, é))f ds
0

< a,K (1 +D(Xo,0) + D(¥,,0)) t.
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D(X%(t), X(1))

A(t) [+ ftF (s,A‘I(s)Xl(s),A‘l(s) fsk (s, T)Xl(‘[)d‘[) ds] ,)

\A(t)

<a,D UtF (s,A‘l(s)Xl(s),A‘l(s) fsk (s, ‘L')Xl(‘[)d‘[> ds,ftF (S,A‘l(s)XO(s),A‘l(s) fsk (s, T)XO(T)dT) ds]

=D

Xo
+ fOtF (s,A‘l(s)XO(s),A‘l(s) J:k (s, T)XO(’L')dT) ds\/

<a ftD (F (s,A‘I(s)Xl(s),A‘l(s) fsk (s, T)Xl(T)dT>,F <s,A‘1(s)X°(s),A‘1(s) fsk (s, T)XO(T)dT)) ds
<a ftL [D(A‘l(s)Xl(s),A‘l(s)XO(s)) +D <A‘1(s) fsk (s, D)X (v)dr, A7 (s) fsk (s, T)XO(T)dT)] ds
0 0 0
t N s
< alasz [D(Xl(s),Xo(s)) +D <f k (s, ‘L')Xl(‘[)d‘[,f k (s, T)XO(T)dT)] ds
0 0 0
t s
< alasz [D(Xl(s),Xo(s)) + KTf D (Xl(T),XO(T))dT] ds
0 0
< aqya,L ftD (X1(s),X°(s))(1 + Krs)ds
0

< a;a,L(1+ KTd)f D (X'(s),X°(s))ds
0

Let M; = max;e[o.q1D(X1(£), X°(£)). Then

d
M; < aja,L(1 + KTd)f M, ds = aja,L(1 + Kpd)dM,
0
t
D(X%(t),X'(1)) < ey, L(1 + KTd)f D (X(s),X(s))ds
0

< aya,L(1 + Kpd) ft (ocle(l + D(XO,Q))) ds
0

< (a,a,L)*Kd?*(1 + D(X,,0))(1 + Krd)

D(X3(t),X%(1)) < qya,L ftD (X2(s), X*(s))(1 + Krs)ds
0
< a;a,L(1 + Krd) ftD (X2(s), X(s))ds

< a;a,L(1 + Kpd) ft ((alazL)ZKdz(l +D(X,,0))(1 + KTd)) ds
0

< (a,a,L)*Kd*(1 + D(Xo,0))(1 + Krd)?
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In general,

n

t
D(X™1(0), X™(1)) < (a1, L)"Kd"(1 + D(Xo, 0))(1 + Krd)" ™" —

n

d
< (@@, L)"Kd™(1 + D(X,,0))(1 + Kpd)™ ™t —

Thus,
d2n
trer%%]D(X”“,X") < (alazL)”KF (14 D(X0,0))(1 + Kpd)™?

(alazL(1+KTd))i

i!

Letb = K(14D(X,,0))(1 + Krd) X324
Then max,ejo,q D (X™*1(t), X,) < b.
Therefore, sequence {X*(t)}i-, is uniformly bounded.

Now, let us show that sequence of fuzzy mappings {X*(t)}r-, is a cauchy sequence for n,p € N.

n+p-1

PRI, XP W) < ) D (K.X4®)

k=p

n+p—1

2k
Z CA de—! (14 D(X0,0))(1 + Kpd)<—!

IA

k=p

< (a1a2Ld2)k
k!

IA

(a2, L)PKdP(1 + D(X,,0))(1 + Kzd)P~?
k=0

dazr
< (alazL)pKF(l +D(Xo,0))( + Kpd)P?

dp
< b(aa,L(1 + Kpd))? o

dP

Hence sequence {X*(t)} is cauchy sequence. Its limit is continuous fuzzy mapping that we will denote by X(t).
By using the conditions of Theorem3.1 fuzzy mapping X (t) satisfies equation (1.1) i.e X(t) is solution of (1.1)
on the interval [0, d].

II: Secondly, we prove the uniqueness of solution Suppose that there exist at least two different solutions X (t)
and Z(t) of (1.1) on the interval [0, d]. Let p = maxeo,qD (X (6), Z(t)) > 0.

X(t) = A(t) [XO + ftF <s,A‘1(s)X(s),A'1(s) fsk (s, ‘L')X(‘L')d‘[) ds]
Z(t) = A(t) [ZO + ftF <s,A‘1(s)Z(s),A'1(S) J-sk (s, T)Z(‘r)d‘r) ds]

A(t) [XO + ftF (S,A_l(S)X(S),A_l(S) jsk (s, T)X(‘L')d‘[) ds],

D(X(®),Z(t))=D °, °

A(t) [ZO +J F (S,A_l(S)Z(S),A_l(S)j k (s, T)Z(T)d‘[) ds]
0 0
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Xo + ftF (s,A_l(s)X(s),A‘l(s) J-Sk (s, T)X(T)dl’) ds,
0 0

<aD ¢ s

Zy +J- F (s,A_l(s)Z(s),A‘l(s)f k (s, r)Z(r)dr) ds
0 0

< a;D(Xo, Zy)

+a; J-tD (F (s,A_l(s)X(s),A‘l(s) J-Sk (s, T)X(T)dT),F (s,A‘l(s)Z(s),A_l(s) fsk (s, r)Z(r)d’[)) ds
0 0 0

< a;D(Xy,Zy) + 4L ft [D(A—l(s)X(s),A—l(s)Z(s))

+D (A‘l(s) fsk (s, )X (0)dt, A71(s) fsk (s, T)Z(T)dT)] ds
< a;.D(Xy, Zy) + aya;,L fr [D(X(s),Z(s)) +D (fsk (s, )X (1)dT, jsk (s, T)Z(T)d‘[)] ds
0 0 0
< a;D(Xo, Zy) + aya,L fr [D(X(s),Z(s)) + Ky JSD (X(T),Z(r))dr] ds
0 0
t
< a;D(Xy, Zy) + aya,L f D (X(s),Z(s))(1 + Krs)ds
0

< a;D(Xy,Zy) + aya,L(1 + Krd) JtD (X(s),Z(s))ds
0
Let p(t) = D(X(£), Z(t)). Then
p(t) < DXy, Zy) + aja,L(1 + KTd)f p (s)ds
0

By Gronwall’s inequality,
p(t) < alD(XO, Zo)ealazL(lﬂ(Td)t

Since X (t) and Z(t) are solutions, X, = Z,. So D(X,, Z,) = 0. Therefore, p(t) = 0 for all t € [0,d].
This implies X(t) = Z(t). Hence equation (1.1) has a unique solution on the interval J.
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  X  ( t ) = A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) d s ]


  t ∈  [ 0 , d ] = J ⊂  ℝ +


  X ∈   E  n


  A  ( t )


  n × n


  F :  ℝ + ×   E  n ×   E  n →   E  n


    X 0 ∈   E  n


   ℝ  n


   ℝ  n


  h  ( A , B ) =  min  r ≥ 0 { A ⊆   S  r  ( B ) , B ⊆   S  r  ( A ) }


  A


  B


    S  r  ( A )


  r


  A


    E  n


  u :  ℝ  n →  [ 0 , 1 ]


  u


  u


  x , y ∈  ℝ  n


  0 ≤ 𝜆 ≤ 1


  u  ( 𝜆 x +  ( 1 − 𝜆 ) y ) ≥ min { u  ( x ) , u  ( y ) }


  u


     [ u ] 0 = c l { x ∈  ℝ  n : u  ( x ) > 𝛼 }


  u ∈   E  n


  u


    E  n


     [ u ]  𝛼 = { x ∈  ℝ  n : u  ( x ) ≥ 𝛼 }


     [ u ]  𝛼 ∈ c o n v  (  ℝ  n )


  0 ≤ 𝛼 ≤ 1


  𝜃


  𝜃  ( x ) =  {    1 ,  x = 0   0 ,  x ≠ 0


  D :   E  n ×   E  n → [ 0 , ∞ )


  D  ( u , v ) =  sup  0 ≤ 𝛼 ≤ 1 h  (    [ u ]  𝛼 ,    [ v ]  𝛼 )


  D


    E  n


   (   E  n , D )


  D  ( u + w , v + w ) = D  ( u , v )


  u , v , w ∈   E  n


  D  ( 𝜆 u , 𝜆 v ) =  | 𝜆 | D  ( u , v )


  u , v ∈   E  n , 𝜆 ∈ ℝ


  F :  [ 0 , T ] →   E  n


  𝛼 ∈  [ 0 , 1 ]


    F  𝛼 :  [ 0 , T ] → c o n v  (  ℝ  n )


    F  𝛼  ( t ) =    [ F  ( t ) ]  𝛼


  F :  [ 0 , T ] →   E  n


  h  ( t )


  | | x  ( t ) | | ≤ h  ( t )


  x  ( t ) ∈   F  𝛼  ( t )


  F :  [ 0 , T ] →   E  n


     [   ∫ 0  T  F  ( t ) d t ]  𝛼 =   ∫ 0  T    F  𝛼  ( t ) d t


    ∫ 0  T    F  𝛼  ( t ) d t =  {   ∫ 0  T  f  ( t ) d t : f :  [ 0 , T ] →  ℝ  n  is measurable selection of    F  𝛼 :  [ 0 , T ] → c o n v  (  ℝ  n ) }


    ∫ 0  T    F  𝛼  ( t ) d t =  {   ∫ 0  T  f  ( t ) d t : f :  [ 0 , T ] →  ℝ  n  is measurable selection of    F  𝛼 :  [ 0 , T ] → c o n v  (  ℝ  n ) }


  𝛼 ∈  [ 0 , 1 ]


  F :  [ 0 , T ] →   E  n


   [ 0 , T ]


    ∫ 0  T  F  ( t ) d t ∈   E  n


  F :  [ 0 , T ] →   E  n


  F


  F :  [ 0 , T ] →   E  n


  F , G :  [ 0 , T ] →   E  n


  X ∈ ℝ


    ∫ 0  T   ( F  ( t ) + G  ( t ) ) d t =   ∫ 0  T  F  ( t ) d t +   ∫ 0  T  G  ( t ) d t


    ∫ 0  T  𝜆 F  ( t ) d t = 𝜆   ∫ 0  T  F  ( t ) d t


  D  ( F  ( t ) , G  ( t ) )


  D  (   ∫ 0  T  F  ( t ) d t ,   ∫ 0  T  G  ( t ) d t ) ≤   ∫ 0  T  D  ( F  ( t ) , G  ( t ) ) d t


  X : J →   E  n


  J


   ( 𝑯 𝟏 )   :  


  t


  F  ( . , X , . )


   ( 𝑯 𝟐 ) :  


  L


  ≤


  ∈


   ( 𝑯 𝟑 ) :  


  K


  D  ( F  ( t , X , Y ) ,   𝜃 ^ ) ≤ K  ( 1 + D  ( X ,   𝜃 ^ ) + D  ( Y ,   𝜃 ^ ) )


   ( t , X , Y ) ∈ Q


   ( 𝑯 𝟒 ) :  


  A  ( t ) ,   A  − 1  ( t )


   ( 𝑯 𝟓 ) :  


    𝛼 1 ,   𝛼 2


  |  | A  ( t ) | | ≤   𝛼 1 , |  |   A  − 1  ( t ) | | ≤   𝛼 2


  t ∈ J


  F ,   G : [ 0 , T ] →   E  n


  𝜆   ϵ   R


    ∫ 0  T   ( F  ( t ) + G  ( t ) ) d t =   ∫ 0  T  F  ( t ) d t +   ∫ 0  T  G  ( t ) d t   ;


    ∫ 0  T  𝜆 F  ( t ) d t = 𝜆   ∫ 0  T  F  ( t ) d t   ;


    ∫ 0  T  𝜆 F  ( t ) d t = 𝜆   ∫ 0  T  F  ( t ) d t   ;


  D ( F  ( t ) , G  ( t ) )


  D (   ∫ 0  T  F  ( t ) d t ,     ∫ 0  T  G  ( t ) d t ) ≤     ∫ 0  T  D  ( F  ( t ) , G  ( t ) ) d t .


  J ×   E  n ×   E  n


  J


    X 0  ( t ) = A  ( t )   X 0 ,


    X  k + 1  ( t ) = A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X  k  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X  k  ( 𝜏 ) d 𝜏 ) d s ]


    X  k + 1  ( t ) = A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X  k  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X  k  ( 𝜏 ) d 𝜏 ) d s ]


  0 ≤ t ≤ d


    X  k  ( t )


  J


  k ∈ ℕ


  {   X  k  ( t )  }  k = 0 ∞


  D  (   X 0  ( t ) ,   X 0 ) = D  ( A  ( t )   X 0 ,   X 0 )


  D  (   X 0  ( t ) ,   X 0 ) ≤ D  ( A  ( t )   X 0 , 𝜃 ) + D  (   X 0 ,   𝜃 ^ )


  D  (   X 0  ( t ) ,   X 0 ) ≤ D  ( A  ( t )   X 0 , 𝜃 ) + D  (   X 0 ,   𝜃 ^ )


  ≤   𝛼 1 D  (   X 0 ,   𝜃 ^ ) + D  (   X 0 ,   𝜃 ^ )


  ≤   𝛼 1 D  (   X 0 ,   𝜃 ^ ) + D  (   X 0 ,   𝜃 ^ )


  ≤  (   𝛼 1 + 1 ) D  (   X 0 ,   𝜃 ^ ) ,


  ≤  (   𝛼 1 + 1 ) D  (   X 0 ,   𝜃 ^ ) ,


  D  (   X 1  ( t ) ,   X 0  ( t ) ) = D  ( A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] ,   X 0 ( t ) )


  D  (   X 1  ( t ) ,   X 0  ( t ) ) = D  ( A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] ,   X 0 ( t ) )


  = D  ( A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] ,   A  ( t ) X 0 ( t ) )


  = D  ( A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] ,   A  ( t ) X 0 ( t ) )


  ≤   𝛼 1 D  (   X 0 +   ∫ 0  t  F  ( s ,     X 0 ,     X 0   ∫ 0  s  k  ( s , 𝜏 ) d 𝜏 ) d s ,   X 0 )


  ≤   𝛼 1 D  (   X 0 +   ∫ 0  t  F  ( s ,     X 0 ,     X 0   ∫ 0  s  k  ( s , 𝜏 ) d 𝜏 ) d s ,   X 0 )


  ≤   𝛼 1 D  (   ∫ 0  t  F  ( s ,     X 0 ,     Y 0 ) d s ,   𝜃 ^ )


  ≤   𝛼 1 D  (   ∫ 0  t  F  ( s ,     X 0 ,     Y 0 ) d s ,   𝜃 ^ )


  ≤   𝛼 1 D  (   ∫ 0  t  F  ( s ,     X 0 ,     Y 0 ) ,   𝜃 ^ ) d s


  ≤   𝛼 1 D  (   ∫ 0  t  F  ( s ,     X 0 ,     Y 0 ) ,   𝜃 ^ ) d s


  ≤   𝛼 1 K  ( 1 + D  (   X 0 ,   𝜃 ^ ) + D  (   Y 0 ,   𝜃 ^ ) )   ∫ 0  t  d s


  ≤   𝛼 1 K  ( 1 + D  (   X 0 ,   𝜃 ^ ) + D  (   Y 0 ,   𝜃 ^ ) )   ∫ 0  t  d s


  ≤   𝛼 1 K  ( 1 + D  (   X 0 ,   𝜃 ^ ) + D  (   Y 0 ,   𝜃 ^ ) ) t


  D  (   X 2  ( t ) ,   X 1  ( t ) )


  = D  (     A  ( t )  [ +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) d s ] ,      A  ( t )  [       X 0      +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] )


  = D  (     A  ( t )  [ +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) d s ] ,      A  ( t )  [       X 0      +   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ] )


  ≤   𝛼 1 D  [   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) d s ,   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ]


  ≤   𝛼 1 D  [   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) d s ,   ∫ 0  t  F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) d s ]


  ≤   𝛼 1   ∫ 0  t  D  ( F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) , F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ) d s


  ≤   𝛼 1   ∫ 0  t  D  ( F  ( s ,   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ) , F  ( s ,   A  − 1  ( s )   X 0  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ) d s


  ≤   𝛼 1   ∫ 0  t  L  [ D  (   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   X 0  ( s ) ) + D  (   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1   ∫ 0  t  L  [ D  (   A  − 1  ( s )   X 1  ( s ) ,   A  − 1  ( s )   X 0  ( s ) ) + D  (   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  (   X 1  ( s ) ,   X 0  ( s ) ) + D  (   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ,   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  (   X 1  ( s ) ,   X 0  ( s ) ) + D  (   ∫ 0  s  k  ( s , 𝜏 )   X 1  ( 𝜏 ) d 𝜏 ,   ∫ 0  s  k  ( s , 𝜏 )   X 0  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  (   X 1  ( s ) ,   X 0  ( s ) ) +   K  T   ∫ 0  s  D  (   X 1  ( 𝜏 ) ,   X 0  ( 𝜏 ) ) d 𝜏 ] d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  (   X 1  ( s ) ,   X 0  ( s ) ) +   K  T   ∫ 0  s  D  (   X 1  ( 𝜏 ) ,   X 0  ( 𝜏 ) ) d 𝜏 ] d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) )  ( 1 +   K  T s ) d s


  ≤   𝛼 1   𝛼 2 L   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) )  ( 1 +   K  T s ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) ) d s


    M 1 =  max  t ∈  [ 0 , d ] D  (   X 1  ( t ) ,   X 0  ( t ) )


    M 1 ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  d    M 1 d s =   𝛼 1   𝛼 2 L  ( 1 +   K  T d ) d   M 1


  D  (   X 2  ( t ) ,   X 1  ( t ) ) ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) ) d s


  D  (   X 2  ( t ) ,   X 1  ( t ) ) ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 1  ( s ) ,   X 0  ( s ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t   (   𝛼 1 K d  ( 1 + D  (   X 0 , 𝜃 ) ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t   (   𝛼 1 K d  ( 1 + D  (   X 0 , 𝜃 ) ) ) d s


  ≤    (   𝛼 1   𝛼 2 L ) 2 K   d 2  ( 1 + D  (   X 0 , 𝜃 ) )  ( 1 +   K  T d )


  ≤    (   𝛼 1   𝛼 2 L ) 2 K   d 2  ( 1 + D  (   X 0 , 𝜃 ) )  ( 1 +   K  T d )


  D  (   X 3  ( t ) ,   X 2  ( t ) ) ≤   𝛼 1   𝛼 2 L   ∫ 0  t  D  (   X 2  ( s ) ,   X 1  ( s ) )  ( 1 +   K  T s ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 2  ( s ) ,   X 1  ( s ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  (   X 2  ( s ) ,   X 1  ( s ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t   (    (   𝛼 1   𝛼 2 L ) 2 K   d 2  ( 1 + D  (   X 0 , 𝜃 ) )  ( 1 +   K  T d ) ) d s


  ≤   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t   (    (   𝛼 1   𝛼 2 L ) 2 K   d 2  ( 1 + D  (   X 0 , 𝜃 ) )  ( 1 +   K  T d ) ) d s


  ≤    (   𝛼 1   𝛼 2 L ) 3 K   d 3  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d ) 2


  ≤    (   𝛼 1   𝛼 2 L ) 3 K   d 3  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d ) 2


  D  (   X  n + 1  ( t ) ,   X  n  ( t ) ) ≤    (   𝛼 1   𝛼 2 L )  n K   d  n  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  n − 1     t  n  n !


  ≤    (   𝛼 1   𝛼 2 L )  n K   d  n  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  n − 1     d  n  n !


  ≤    (   𝛼 1   𝛼 2 L )  n K   d  n  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  n − 1     d  n  n !


   max  t ∈  [ 0 , d ] D  (   X  n + 1 ,   X  n ) ≤    (   𝛼 1   𝛼 2 L )  n K     d  2 n  n !  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  n − 1


  b = K  ( 1 + D  (   X 0 , 𝜃 ) )  ( 1 +   K  T d )   ∑  i = 1 ∞       (   𝛼 1   𝛼 2 L  ( 1 +   K  T d ) )  i  i !


   max  t ∈  [ 0 , d ] D  (   X  n + 1  ( t ) ,   X 0 ) ≤ b


  {   X  k  ( t )  }  k = 0 ∞


  {   X  k  ( t )  }  k = 0 ∞


  n , p ∈ ℕ


  D  (   X  n + p  ( t ) ,   X  p  ( t ) ) ≤   ∑  k = p  n + p − 1  D  (   X  k + 1  ( t ) ,   X  k  ( t ) )


  ≤   ∑  k = p  n + p − 1     (   𝛼 1   𝛼 2 L )  k K     d  2 k  k !  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  k − 1


  ≤   ∑  k = p  n + p − 1     (   𝛼 1   𝛼 2 L )  k K     d  2 k  k !  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  k − 1


  ≤    (   𝛼 1   𝛼 2 L )  p K   d  p  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  p − 1   ∑  k = 0  n − 1       (   𝛼 1   𝛼 2 L   d 2 )  k  k !


  ≤    (   𝛼 1   𝛼 2 L )  p K   d  p  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  p − 1   ∑  k = 0  n − 1       (   𝛼 1   𝛼 2 L   d 2 )  k  k !


  ≤    (   𝛼 1   𝛼 2 L )  p K     d  2 p  p !  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  p − 1


  ≤    (   𝛼 1   𝛼 2 L )  p K     d  2 p  p !  ( 1 + D  (   X 0 , 𝜃 ) )    ( 1 +   K  T d )  p − 1


  ≤ b    (   𝛼 1   𝛼 2 L  ( 1 +   K  T d ) )  p     d  p  p !


  ≤ b    (   𝛼 1   𝛼 2 L  ( 1 +   K  T d ) )  p     d  p  p !


  ≤ b {   𝛼 1   𝛼 2 L  ( 1 +   K  T d )  }  p     d  p  p !


  ≤ b {   𝛼 1   𝛼 2 L  ( 1 +   K  T d )  }  p     d  p  p !


  {   X  k  ( t ) }


  X  ( t )


  X  ( t )


  X  ( t )


   [ 0 , d ]


  X  ( t )


  Z  ( t )


   [ 0 , d ]


  𝜌 =  max  t ∈  [ 0 , d ] D  ( X  ( t ) , Z  ( t ) ) > 0


  X  ( t ) = A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) d s ]


  Z  ( t ) = A  ( t )  [   Z 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) d s ]


  Z  ( t ) = A  ( t )  [   Z 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) d s ]


  D  ( X  ( t ) , Z  ( t ) ) = D  (     A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) d s ] ,      A  ( t )  [   Z 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) d s ] )


  D  ( X  ( t ) , Z  ( t ) ) = D  (     A  ( t )  [   X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) d s ] ,      A  ( t )  [   Z 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) d s ] )


  ≤   𝛼 1 D  [       X 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) d s ,      Z 0 +   ∫ 0  t  F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) d s ]


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   ∫ 0  t  D  ( F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) ,   F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ) d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   ∫ 0  t  D  ( F  ( s ,   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ) ,   F  ( s ,   A  − 1  ( s ) Z  ( s ) ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ) d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1 L   ∫ 0  t   [ D  (   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s ) Z  ( s ) ) + D  (   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1 L   ∫ 0  t   [ D  (   A  − 1  ( s ) X  ( s ) ,   A  − 1  ( s ) Z  ( s ) ) + D  (   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ,   A  − 1  ( s )   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  ( X  ( s ) , Z  ( s ) ) + D  (   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ,   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  ( X  ( s ) , Z  ( s ) ) + D  (   ∫ 0  s  k  ( s , 𝜏 ) X  ( 𝜏 ) d 𝜏 ,   ∫ 0  s  k  ( s , 𝜏 ) Z  ( 𝜏 ) d 𝜏 ) ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  ( X  ( s ) , Z  ( s ) ) +   K  T   ∫ 0  s  D  ( X  ( 𝜏 ) , Z  ( 𝜏 ) ) d 𝜏 ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t   [ D  ( X  ( s ) , Z  ( s ) ) +   K  T   ∫ 0  s  D  ( X  ( 𝜏 ) , Z  ( 𝜏 ) ) d 𝜏 ] d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t  D  ( X  ( s ) , Z  ( s ) )  ( 1 +   K  T s ) d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L   ∫ 0  t  D  ( X  ( s ) , Z  ( s ) )  ( 1 +   K  T s ) d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  ( X  ( s ) , Z  ( s ) ) d s


  ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  D  ( X  ( s ) , Z  ( s ) ) d s


  𝜌  ( t ) = D  ( X  ( t ) , Z  ( t ) )


  𝜌  ( t ) ≤   𝛼 1 D  (   X 0 ,   Z 0 ) +   𝛼 1   𝛼 2 L  ( 1 +   K  T d )   ∫ 0  t  𝜌  ( s ) d s


  𝜌  ( t ) ≤   𝛼 1 D  (   X 0 ,   Z 0 )   e    𝛼 1   𝛼 2 L  ( 1 +   K  T d ) t


  X  ( t )


  Z  ( t )


    X 0 =   Z 0


  D  (   X 0 ,   Z 0 ) = 0


  𝜌  ( t ) = 0


  t ∈  [ 0 , d ]


  X  ( t ) = Z  ( t )


  J

