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I.  INTRODUCTION
Let C_ . be the space of nx n complex matrices of order n . Let C be the space of all complex

n-tuples. A matrix A, = A U A, is called a bimatrix if A and A, are matrices of same or different orders

[4]. we consider here only matrices of same order. For A, € C letA] A", A” and o (A,) denote the

nxn ! B, B B

transpose, inverse, conjugate transpose and spectrum of A_ . A bimatrix A is called normal if A_A_ = AJ A,
and unitary if A, A_ = A_A, =1, [5]. Let A, bean nxn bimatrix. An eigen bivector of A_ isa non-zero
bivector x, € C_such that A x, = A, x,. The scalar 1, is called an eigen bivalue of A_  [5]. The
characteristic polynomial of A_ is the polynomial fo defined by f,, (X)=det(x,1, - Ap). The set
o (A,) of all eigenvalues of A, is called spectrum of A . In this section we have given a characterization of
eigen bivalues of normal bimatrices analogous to that of the results found in [3].

Theorem: 1.1
Anormal bimatrix is unitary if and only if its eigen bivalues all have absolute value of 1.
Proof

Let Ajx, =4 x Where‘/la ‘=1and(xB Xy ) =6, (L<i, j<n). Foranybivector x, € C_,
write x, = > a, x, thenitis found that

i=1

. Lo )
AgAgXy = AgA, LZ aB,XB,J
i=1

—AB[ZQ ABXBJ
LZQ(AUA)(X ux)}
LZa (Ax, U AX, )

= A, LZ @y (A%, U2, X,)
i=1

~ = g
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= A, [Zn: ag (A, U2, )(x, U le)j

i=1

ALA X, = A;(Zn:aBlﬂ.BIXBJ D

We know that A_ x, =ZBIXB_ (i=1,2,3,..,n) so (1) becomes

AJA Xy =Y a2y (AgX,)

i=1

= Z g, (ﬂ'Blﬂ'Bl )XB‘
i-1

2

n
=2 %o e | X,
i=1

= z ag (1)XB,

= z Ay Xy = Xq
i=1
Thus AJ A x, =x, forevery x, e C_~ andtherefore, A_A, = 1. Therelation A_A_ =1, now
follows since a left inverse is also a right inverse. Hence the bimatrix A, is unitary.
Conversely, if A_x, = A,x, and (x,,x,)=1.
(AGXg  Agxgy = ((A U A (X W X, ), (AU A (X, U X))
= (A X, VU A X, AX U AX,)

(A X

1717

A1X1>l b <A2X2' A2X2>2

<X1' Al A1X1>1 i <X2’A2 A2X2 >2

= (X, LX), U (X, 1,X,),
= (X X0, VA%, Xy,
= (X, U Xy, X, U X,)
= (Xg0 Xg)
(A xg, Agxy) =1 @
Ontheother hand, (A x,, A X,) = (A;X,, A,Xy)
= (4, U 4,)(x vV x,), (4,0 4,)(x VX, )
= (A, X W A4,%,, A4, X U A4,X,)

= (A,X

171!

ﬂ/lﬂ/l<xl' Xl>l U /12/12<X2 ! X2>2

11X1>1 - <AZX2'12X2>2

[ ola,,
= (|’11|2 “ |’12|2)(|1U Iz)

:(|Al|u|12|)z(llu 1,)

2
= [l 1
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(AgXg, Agxy) =|a,[ @3)

Form (2) and (3) ,we get |2, |2 —1. Thus|i,|=1.

1. UNITARY SIMILARITY
In this section we have generalized some important results of unitary and normal matrices found in [2] to
unitary and normal bimatrices. Also we have given a generalization of a result found in [1]. Here we define
unitary similarity of bimatrices and have proved some theorems on unitary similarity.

Definition: 2.1

Two bimatrices A, and B, in C are said to be unitarily similar if there exists a unitary

nxn
- . -1 *
bimatrixC_, e C__suchthat B, =C_, A,C, =C_A,C,.
- -1 -1 * *
Thatis, B,uB,=C,'AC,uUC, AC,=C,/AC,UC,ALCC,.

Lemma: 2.2
Unitary similarity on bimatrices is an equivalence relation.
Proof

Let A, and B, beany two unitary bimatrices. Bimatrix B is unitarily similarto A_, if there exists a

unitary bimatrix C, suchthat B, = C ;lABC 5 - To show that this is an equivalence relation , we have to prove

that it is reflexive, symmetric and transitive.
(i) Reflexive

Let I, be the unit bimatrix, we have A, = 1_"A 1, Thusas I isinvertible, A, is unitarily

similar to itself, showing that the relation of unitary similarity is reflexive.
(ii) Symmetric

If A, isunitarily similarto B, then to show that B, is unitarily similarto A, . We have

-1
Az =Cg BsCy
-1 -1
A,UA,=C, BC,uUC, B,C,
-1 -1 -1 -1
C,(A,UA,)C, =C,(C, BC,UC, B,C,)C,
-1 -1 -1 -1
(C1UC2)(A1U Az)(clucz) = (Clu CZ)(Cl Blcluc2 Bzcz)(clucz)
-1 -1 -1 -1 -1 -1
(C,uC,)(AVA,)(C, uC, )=(Cc,uC,)(C, BC,UC, B,C,)(C, uC,)
C,AC 'uUC,AC,'=CC 'BC,.C "uC,C,B,C,C,"
=1,B,1, U I,B,I,
=B, U B,
-1
(C,ucC,)(AVA,)C,uC,) =B UB,
C,A,C.' =B,
Therefore, B, is unitarily similarto A that is, the relation unitary similarity is symmetric.
(iii) Transitive
Let A, be unitarily similar to B and B, be unitarily similar toC, that is, for unitary bimatrices P,

and Q, , we have

A, =P, 'B_P, (4)

and B, = Q,'C,Q, ()
From (4), we have A, = P, 'B_P,

= P, (Q,C,Q,)P, (by 5)
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=(P,UP,) (Q,'C,Q,uQ,'C,Q,)P UP,)
(P, "U P, )(Q,C,Q,uQ, C,Q,)P uUP,
P171Q171C1Q1P1 o P271Q271C2Q2P2

- (PlilQlil i Pzileil)(cl i CZ)(lel A szz)
= ((Q,P,) "U (Q,P,) )(C,UC,)Q,uQ,)(PuUP,

= (Q1P1 o szz)ilchBPB
= ((Q, U Q,)(P,UP,)) 'C(Q,P,)

[~ P, and Q, are unitary |

A, = (Q,P,) 'C,(Q,P,) | = P,Q, isunitary

L=> (Q.P,) ' =P 'Q,"

J

Therefore, A, is unitarily similarto C_ . That is, the relation of unitary similarity is transitive.
Hence, unitary similarity on bimatrices is an equivalence relation.

Lemma: 2.3

Two unitarily similar bimatrices have the same determinant.

Proof

Let A, be unitarily similar to B, .Therefore, there exists a unitary bimatrix P, such that

Lemma: 2.4

“1
Ag = Py BgPg

det A, = det(P, 'B_P,)

= det(P, ) det(B,)det(P,)

det(B,)det(P, ) det(P,)

det(B P, 'P,)

det(B,P, 'P, U B,P, 'P,)

det(B,I, U B,1,)

det((B, U B,)(1, U 1,))

det(B,1,)

det(B,)det(l,)

det(B,)1,

= det(B,)
Hence, unitary similarity bimatrices have the same determinant.

Let A, andB, be two bimatrices. If B, is unitarily similar to A, then B isunitarily similarto A .

Proof

Since B, is unitarily similar to A, we can find a unitary bimatrix P, suchthat B, = P

-1

B

A, B ®)

BB

N . is the bimatrix whose column vectors are normalized eigen bivectors of P, then (6) can be written

B

.
as B, = NJA N,

B,UB,=(N,UN,) (A UA)N,UN,)

(N] UN,)A UA)N UN,)

T T
N/ AN, UN, AN,
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(B,uB,) =(N/AN UN,AN,)

B, = (NJAN,) U(N,AN,)

B, = (N/A'N)U(N,AN,)

B, = (N, UN,)A UA)N,UN,)
B, =(N,UN,) (A, UA,) (N,UN,)
B, = N_A, N,

Therefore, B is unitarily similarto A .

Lemma: 2.5

Let A, andB, be unitarily similar. Then A is normal iff B is normal.
Proof

Let P, be unitary bimatrix with B, = P, 'A,P, .Then B, = (P, "A_P,) = P,/A.P, and P, = P_"

SoB_,B, -B_,B, = (P, AP, )(P,A,P,)— (P, A P, )(P,A_P,)
=(P,UP,) (AU A) (P, UP,)P UP,) (A UA)P UP,)-(P,UP,) (A UA)P UP,)P UP,) (A UA,) (PuUP,)
= (P U P, ) A U AP UPP VP A UA)P UP,)-(P UP A UA)PUP,)P UP, A U AP UP,)
= ((PA'P,PAP)U (P, A P,P,A,P,)) - ((PAPP A'P)U (P,A,P,P, A P,))
= (P A ILAP, UP AI,AP,)— (P AI AP UP AIAP,)
= (P A AP UP A AP,)- (P AAP UP, A AP,)
= (P U P, )(A UA)NA UA)PUP,)-(P UP, A UA)A UA)P UP,)
=(P,UP,) (A UA) (A UA)PUP,)-(P,UP,) (A UA)A UA) (P UP,)
=P, A AP, — P A A P,
=P, (A A, — A_A,)P,

Thus B,B, -B_,B, =0 iff AJA, - A A =0

B.B, = B,B, iff AJA, = A_A;

Hence, A, isnormal iff B is normal.

1. SPECTRAL THEORY FOR NORMAL BIMATRICES
In this section the spectral theorem for normal bimatrices basically states that a bimatrix A, is normal

if and only if it is unitarily diagonolizable that is, there exists a unitary bimatrix C_ and a diagonal bimatrix

D, suchthat C,A,C, =D

5 ., analogous to that of the results found in [6]. It is important to note that the

latter is equivalent to saying that there exists an orthonormal basis (the columns of C ) of eigen bivectors of

A, (the corresponding eigen bivalues being the diagonal elements of D, ).

Theorem: 3.1
Let A, e C . .Then A, isunitarily similar to an upper triangular bimatrix.
Proof
The proof is by induction on n. Since every 1x 1 bimatrix is upper triangular, then n=1 case is trivial.
Assume n > 1. Let A, be an eigen bivalue of A, afforded by the eigen bivector x, € C_ .

Since x, # 0 . Therefore, we may assume ||xB || =1.
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By theorem 2.9 of [6], {x, } can be extended to an orthonormal basis {xB Ve e Ve } of C, , Let

C , be the bimatrix whose first column is x, and whose jth columnis y, ,1< j<n. Then c;cB =1_,
]

the nx n identity bimatrix. Moreover, the first column of C A _C, isC, A x, = 4,C x, = 1,C, ,

where C , is the first column of I, thatis

Where A, isan ((n —1) x (n —1)) bimatrix and #’s stands for unspecified entries. It follows from the
induction hypothesis that there is an (n-1) square unitary bimatrix C 6, such that C ;1 A, C, is upper triangular.

Let D, =(1)® C, thatis,

o O

D

B

( )
| |
| |
| |
| . |
| : |
o )
A # # e #
0

0

Then (C ,D,) A,(C,D, is upper triangular. Since it is a product of

( )
| |
| |
= |
| |
| |
Lo )
unitary bimatrices. Hence C D is unitary.
Theorem: 3.2

Let A, e C . .Then A, is unitarily similar to a diagonal bimatrix if and only if A_A, = A_A_ .
Proof

Let C, be a unitary bimatrix such that C_ A ,C = is diagonal. Then

A A, =(C,D,C_.)(C,D,C.)
=(C,D,C,)(C,D,C,)

(C,vC,)(P,uD,)(c,vC,) |

c,uc,)(Dp,u Dz)(cl*uC;)}

=(¢,b,D,C,)u (CZDZD;CZ*)
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=(¢,b,c,c,b,C;)u(c,D,C,C,D,C,)

=(C,vC,)(D,uD,)(C, vC,)(C,uC,)(D, uD,)(C,ucC,)
= (€, €,)(D,uD,)(C,uC,) (C,uC,)(D,uD,) (C,uC,)
= (CyD4C;)(CsD,Cy)
=(CzD4C,)(C;yD CB)*
= A A,

Therefore, A_A, = A A,
Hence, A, isanormal bimatrix.
Conversely, by theorem (3.1) there is a unitary bimatrix C, suchthatc _ A_,C, and C_A_C_ are

both upper triangular. Since C _ A C , is upper triangular, its conjugate transpose, C ; A C . must be lower
triangular.

Therefore, C A, C , is both upper and lower triangular. That is, C ; A C , is a diagonal bimatrix.
The following result provides an easy -to-check necessary and sufficient condition for normality.

Theorem: 3.3

Given A, € C , the following statements are equivalent
(i) A, isnormal bimatrix

(i) A, is unitarily diagonalizable

2
Al oA, Al u At arethe eigen bivalues of A

(i) ¥ \afjuaz
1<i, j<n 1<i<n

counting multiplicities.

Proof

(i) & (ii) : By theorem (3.1), A, is unitarily similar to a triangular bimatrix T . Then

A, isnormal bimatrix iff T is normal bimatrix

iff T, isdiagonal bimatrix
iff A, is unitarily diagonalizable.
(ii) = (iii)
suppose that A, is unitarily similar to a diagonal bimatrix D, . Note that the diagonal entries of

D, are the eigen bivalues 2, U 4],..., 2. U 4’ of A, .Then

2 2 *
v aivj‘ =tr(A;Ay)

=tr(D_D,)
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2

Aol

= > ()

1<i<n
(iii) = (ii)
By theorem (3.1), A, is unitarily similar to a triangular bimatrix T _ .

2

> ‘aillj U afj. =tr(AA,)
1<i, j<n
=tr(D_D,)
2 2
=> ‘t”utlJ (8)
1<i, j<n
2 2
On the other hand , we have 3" |2/ w 47| =3 |t Ut )
1<i<n 1<i<n

because the diagonal entries of T are the eigen bivalues 2] U 27,..., 2. U 2] of A, .

Thus, the equality between (8) and (9) imply that t wt’ =0, whenever i = j, thatis, T,

is a diagonal bimatrix.
Hence, A, is unitarily diagonalizable.

IV CONCLUSION
A spectral theory for unitary and normal bimatrices is studied. This can be used to study two system
simultaneously.
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