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ABSTRACT: This paper considers the development of a class of seven-point implicit methods for direct 

solution of general second order ordinary differential equations. We extend the idea of collocation of linear 

multi-step methods to develop a uniform order 6 seven (7)-step block methods. The single continuous 

formulation derived is evaluated at grid point of   and its second derivative evaluated at 

interior points  yielding the multi-discrete schemes that form a self starting uniform order 6-

block method. Two numerical examples were used to demonstrate the efficiency of the methods.  
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I. INTRODUCTION 
In this paper, a direct numerical solution to the general second order initial value differential equations of the form: 

, ,                                                                             (1) 
is proposed without recourse to the conventional way of reducing it to a system of first order of equations which has many 

disadvantages (Awoyemi and Kayode, 2002). Attempts have been made by various authors to solve equation (1) in which 

the first derivative (  is absent, (Onumanyi et-al, 2002). This limits the solution to a special class of differential equations. 

Efforts have also been made to develop method for solving equation (1) directly with little attention at solutions at some grid 

points (Yahaya and Badmus, 2009; Umar, 2011). In this paper, we construct a uniform order 6, seven-step block method for 

direct approximation of the solution of equation (1).   
 

II. DEVELOPMENT OF THE METHOD 
 We propose an approximate solution to (1) in the form: 

                                                                                             (2) 

                                                                             (3) 

Collocating (3) at  and interpolating (2) at  leads to a system of equations 

written in the form: 

   

  

  

  

  

  

  

                                         (4) 

When re-arranging (4) in a matrix form , we obtained 

                                          

                                                                          

  

1                                                                                                                                                                                           

      

1       

1        

0   0          2      6 12                                                        (5) 
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where the  are the coefficients to be determined, and are obtained as continuous coefficients of  and 

. 

Specifically, the proposed solution takes the form: 

                                                                                                                                                    (6) 

A mathematical software (maple 15) is used to obtained the inverse of the matrix D in equation (5) were values 

for  were established. After some manipulation to the inverse of the matrix, we obtain the continuous 

formulation of the method as: 
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Evaluating the continuous formulation at  and its second derivative evaluated at  

and its first derivative evaluated at we obtained the following discrete equations: 

 

  

 

   

 

    

  

  

   (7) 

Equation (7) is the proposed seven-step block method from the continuous formulation. The application of the 

block integrators (7) with , give values of  and  directly without the use of 

starters. 

III. ANALYSIS OF THE METHODS 
Order, Consistency and zero-stability   

1.1 Order of a LMM  

A linear multistep method (LMM) is said to be of order  if Co = 0, C1 = 0,...,  but  where 

 is called the error constant. 

 

1.2 Consistency of LMM 

A linear multistep method (LMM) is consistent if it has order P ≥ 1. 

 

1.3 Zero Stability of LMM   

A LMM is said to be zero-stable if no root of the 1st characteristic polynomial has modulus greater than one, 

and if every root with modulus 1 is simple. 

 

1.4 Fundamental theorem of Dahlquist on LMM 

The necessary and sufficient conditions for a LMM to be convergent are that, it be consistent and zero-stable. 
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Thus, equation (7) shows that it has uniform order  with error constants 

                                                                                       (8) 

hence, equation (8) therefore satisfies definitions (1.1) and (1.2), (Fatunla, 1992). 

 

IV. CONVERGENCE ANALYSIS 
A desirable property for a numerical integrator is that its solution behaves similar to the theoretical 

solution to a given problem at all times. Thus, several definitions, which call for the method to posses some 

“adequate” region of absolute stability, can be found in several literatures. See Fatunla [6, 7], Lambert [11, 12] 

etc. Following Fatunla [6, 7], the seven block integrators in equation (7) are put in matrix form as:      

 

                            

              = 

                                  

         0    0    0    0    0     0                    

         0    0    0    0    0     0              

         0    0    0    0    0     0                

         0    0    0    0    0     0                       +   

         0    0    0    0    0     0                   

         0    0    0    0    0     0                

         0    0    0    0    0     0              

 

                                   

         0    0        0      0         0      0                 

         0    0        0       0        0      67           

         0    0        0       0      938     0             

         0    0        0    -469      0       0                    

         0    0        1       0        0       0               

         0    469    0       0        0       0               

         0    0        0       0        0       0                                                                    (9) 

 

For easy analysis, the expression in (9) was normalized to obtained  
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1    0 0    0 0    0 0                0     0     0     0     0     0     1       

0    1 0    0 0    0 0                0     0     0     0     0     0     1       

0    0 1    0 0    0 0                0     0     0     0     0     0     1       

0    0 0    1 0    0 0          =    0     0     0     0     0     0     1       

0    0 0    0 1    0 0                0     0     0     0     0     0     1       

0    0 0    0 0    1 0                0     0     0     0     0     0     1       

0    0 0    0 0    0 1                0     0     0     0     0     0     1         

 

 

0                             

0                                  

0                             

0                                   

0                    

0                               

0                                                                                 (10)        

                                         

Equation (10) is the 1-block 7 point method. The first characteristics polynomial of the 1-block 7-step 

block method is thereby given as:  

  

 

                 1    0     0    0     0     0    0      0    0     0     0     0     0     1 

                 0    1     0    0     0     0    0      0    0     0     0     0     0     1 

                 0    0     1    0     0     0    0      0    0     0     0     0     0     1 

= det  R     0    0     0    1     0     0     0  -  0     0     0     0     0     0     1       

                 0    0     0    0    1     0    0      0     0     0     0     0     0     1 

                 0    0     0    0    0     1    0      0     0     0     0     0     0     1 

                 0    0     0    0     0     0    1      0     0     0     0     0     0     1 

 

 

 

              R    0    0    0  0    0 0      0     0     0     0     0     0     1 

              0    R     0    0 0    0 0      0     0     0     0     0     0     1 

              0    0     R    0 0    0 0      0     0     0     0     0     0     1 

= det    0    0     0    R 0    0 0  -   0     0     0     0     0     0     1 

              0    0     0    0 R    0 0      0     0     0     0     0     0     1 

              0    0     0    0 0    R 0      0     0     0     0     0     0     1 

              0    0     0    0 0    0 R     0     0     0     0     0     0     1 

 

            R   0    0    0 0    0 -1                    

            0   R 0    0 0    0 -1   

            0   0 R    0 0    0 -1    

=det     0   0 0    R 0    0 -1                                           

            0   0 0    0 R    0 -1   

            0   0 0    0 0    R -1   

            0   0 0    0 0    0 R-1                                                                                                     (11) 

 

.This implies that  

The 1-block 7 point is zero stable and is also consistent as its order .Thus, it is 

convergent, following Henrici [9]. 

Equation (7) can also be reformulated to give: 
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V. REGION OF ABSOLUTE STABILITY  
To compute and plot region of absolute stability of the block methods, we reformulate (7) to obtain equation 

(12) and express it as a general linear methods in the form: 

 

   Y              A   U        h f (y) 

  =      B   V      

 

Where: 

               0      0       0       0      0      0      0       

               0      0       0       0      0      0     0     

               0      0         0      0      0     0   

     A=     0      0       0          0      0     0      0 

               0      0       0      0        0     0      

               0      0       0     0       0    0    

               0      0       0     0       0      0     

               0      0       0     0       0      0     0      

 

        

                   0             0    0          0          0           0         1  

              0     

                0                                                                                                                                                                                                                                                       

                                                       

                0                            

          0                           

                 0                           

                                                                

 

 

                  0     0     0      0      0      0        0        

                  0     0     0      0      0      0           

                  0     0     0      0      0        0       

       B=      0     0     0      0       0         0          

                   0    0     0        0       0        0        0  

                   0    0      0     0       0        0        

                   0    0    0       0     0       0        0       

and 

 

                                

              0                     

               0                          

   V=                0                         

                                      0                          

                              0        

                          0              
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Using a matlab program, the values of the following matrix of A, B, U and V are used to produce the absolute 

stability region of the seven step block method as shown in fig.1 

 
Fig.1 Absolute Stability Region of the Seven Step Block Method 

 

VI. NUMERICAL EXPERIMENT 
Two numerical examples are solved to demonstrate the efficiency and accuracy of our block methods 

for values of ,  being the numerical solution at  Our results from block method(8) is compared with 

results obtained by other scholars: 
 

1.  

     Theoretical solution:  

2.  

     Theoretical solution:       

 

Table I: Numerical solution of the methods for problem 1 

 
 

Table II: Numerical solution of the methods for problem 2 
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Table III: Table of Absolute Errors for problem 1 

 
Table IV: Table of Absolute Errors for problem 2 

 

VII. CONCLUSION 
We conclude that our new block method is of uniform order 6 and is suitable for direct solution of 

general second order ordinary differential equations. All the discrete equations derived in this work were 

obtained from a single continuous formulations and its combination with the main method form the block 

method which is self starting. 

   

Analytical solutions were obtained in block form which tends to speed up computation process. Our 

method was applied to two numerical problems and results obtained converges to the theoretical solution. 
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