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ABSTRACT : In this paper we apply the differential transform method to solve some non-linear differential
equations. The non linear terms can be easily handled by the use of differential transform methods.
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l. INTRODUCTION
Many problems of physical interest are described by ordinary or partial differential Equations with
appropriate initial or boundary conditions, these problems are usually formulated as initial value Problems or
boundary value problems, differential transform method [1, 2, 3] is particularly useful for finding solutions for
these problems.

The other known methods are totally incapable of handling nonlinear Equations because of the
difficulties that are caused by the nonlinear terms. This paper is using differential transforms method[4 ,5 ,6] to
decompose the nonlinear term, so that the solution can be obtained by iteration procedure .The main aim of this
paper is to solve nonlinear differential Equations by using of differential transform method. The main
thrust of this technique is that the solution which is expressed as an infinite series converges fast to exact
solutions.

1.1 Differential Transform:
Differential transform of the function y(x) is defined as follows:

&y (2
dxk ]x:D {1:]

Vik) = i,[

And the inverse differential transform of Y (k) is defined as:
¥ = ) ¥lx*
k=D

The main theorems of the one —dimensional differential transform are:
Theorem (1) If  w(x)= yx) +z(x), then Wik) = Y(k) + Z(k)
Theorem (2) If  w(x) = cy) . then W(k) = cY(k)

Theorem (3) If  wix) :% .then W(k) = (k +1)¥ (k + 1)

Theorem (4) If wix) = ':]?T;m ,then Wik) = ik; !u:' 'V (k + )
Theorem (5) If w(x) =Yy (X) z (x), then W (k) = ELD Y Z (k—r)
1 , k=n
Theorem (6)  Ifw (x) =x™, then W (k) = & (k-n) =
0 , k#n

Note that ¢ is constant and n is a nonnegative integer.
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1.2 Analysis of Differential transform:

In this section, we will introduce a reliable and efficient algorithm to calculate the differential transform of

nonlinear functions.

1.2.1 Exponential non-linearity: f(y) = e**
From the definition of transform:

E (0) — [941.1-' [rj)]xzo —gf¥ (01 ) ga¥ (L] (2)
By differentiation f (y) = e*¥ with respect to x, we get:
df(y) v dy&d
dx ae dx af (y) dx )
Application of the differential transform to Eq. (3) gives:
k+1Fk+1)=ais_olm+1) Y(m+1) F(k-m), %
Replacing k + 1 by k gives:
-1
FK)= 2y DFk—1-m), k=1 5
()=a ) (E2) ¥ Gm+ DF( m) (5)
Then From Egs. (2) and (5), we obtain the recursive relation:
ga¥ (1] k=0
F k)= (6)
-1 +1
m
a TY(m+l]F(m—1—m] k=1
m=0
1.2.2. Logarithmic non-linearity:
f(y) =In(a + b), a+by >0.
Differentiating f (y) = In(a + by) , with respect to x , we get:
df(y(x)) b dy(x) o a df(y) _ . dyla)  dfly) %
dx  a+by dx dx dx 0 dx
By the definition of transform:
F(0)=[In(@a+by (x)]x=0 = In[a+by (0)] =In[a+bY(0)] ®)
Take the differential transform of Eq. (7) to get:
aF(k+1)=b[ Y (k+1)
—m +1
- m=[,k_+1 Fim+1)¥(k —m)] (9)
Replacing k + 1 by k yields:
k-1
m+1
aF{k]:EJ[F{k]—ETF{m+1]F(k—l—m]] k=1 (10}
m=0
Put k=1 into Eq. (10) to get:
)
FO= oy YD (12)
For k >2, Eq. (10) can be rewritten as:
k-2
m+1
F{k]—m[ ¥ (k) — ;DTF{m+1]F(k—l—m]] (12)
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Thus the recursive relation is:

In[ @+ bY (0)] k=0
‘v k=1
-I:+Ei'_}' (o ( ) 1 -
Fk=_—-
-2
m+1
E_I_&—ymj[Y{k]—rZDTF(m+1]F(k—1—m]] .
- k>2
1.3 Application:
Example (1)
Solve /’(r) = [f ()] , f(0)=1
Solution:
fr=f2
(13)
f(0)=1
(14)
By taking differential transform on both siq_es of Eq. (13), we get:
= k!
1 = E— Y i —in —
k+1MFk+1) ;E!{k—i] GUFE (k=i Fk -
L
L, F{k+1]:k—_l_1;F(n]F{k—n]
(15)
Using Eqg. (15) as a recurrence relation and putting coefficient of thek=0,1,2,3,4, ...... in Eq. (15) ,
We can get the coefficient of the power series:
Whenk=0 , F@)=[F(0)]*=1,
Whenk=1 , F@)= : [FIOF() +FOFO]=1
Whenk=2 , F@) = ; B3 FWF(2-1)
F@)=[FO)F2) +F (1) F (1) +FQR)FO)1=1
When k=3, 4, 5 ....proceeding in this way, we can find the rest of the coefficients in the power series:
1
f)=FO) + FA)r* + F@r? + F3ri =14+ r4+ri 403 4= T
Example (2): Solve
We consider the following nonlinear differential Equation:
LR = f6) - (O )P f(0)=2
Solution:
S ) =f(r)-[f1? (16)
f0)=2 a7
Applying differential transform on both sides of Eq. (16), we get:
x 1
' — 1 _ S | ; _ M i
K+ 1MF(4+1) =k!F(k) ;if{k—ijl GUIFE (k —VF(k — i)
i Flk+1) = ! F(k) - iF(']F(k i) 18
e U TRe1 4 -t (8)

Using Eqg. (18) as a recurrence relation and using Eq. (17) in Eq. (18), we can obtain the coefficients of
the power series as follows:
Weputk=0,1,2,3 ...
Whenk =0, F()=F(0)- [F(O)]*=-2
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1 1e
Whenk =1 . F(E]=EF(1]—EZ;F&]F(R:—Q

1 1
F@2) =5 F() - 5 [ FO)FQQ) + F()F(0) ]

F(2) = %(—2] - % (-8)
F(2)=3
When k = 2, ) )
F(3) =3 Fi2) -3 [FIOOF(2) + FQA)F(1) + F2IF(0)]

F(3) =§ @) —g (D) + (-2 + B ]

8 -5
F@=1- - =—
(3) 3 3

Then we have the following approximate solution to initial value problem:
Fe) =F0) + FQ)rt + FRI+2 + FEIPT 4+ - ..

3 2
f) = 2—2?"4—3?"2——3?54—--- = PP
Example (3)
Solve: y’ (1) = 2,/y (&) , y@0)=1
() =2Jf (r) ,at r=0, f=1
Solution:
[ (N*=4f() (19)
f(0)=1 (20)
Applying differential transform method on both sides (19), we get:
1 k!
1 = — _— i ! i —il! - i
k!F(k) 425:{&-5]: (i+10FG+1)(k+1-D!Flk+1-1)
k
1
F(k]=:}2(i+l]F(i+1](k+1—i]F(k+1—i] 1)
=0

Using Eq. (21) as a recurrence relation and using Eq.(20) in Eq. (21), we can obtain the coefficient of power
series as follows, by puttingk =0, 7, 2, 3 ...

When k = 0 F(U]=i [F(1)]?
F()=2
When k=1 F(1) = % [2F()F(2) + 2F(2Q) F(1) ]
F(1) = F(1)F(2)
F(2)=1
When k = 2 F(2) = 2 [ 3F(DF(3) +4F[(D)° + 3 F(DF() ]
1= ; F3)F(1) +4
1= 3F(3) +4
F(3)=-1
When k= 3 F(3)= i [FO)4F(4) + 2F(2)3F(3) + 3F(3) 2F(2) + 4F (4)F(1)]
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1

-1=7 [8F(4) —6—6+8F(4)]

— 4= [16 F4) —12]
8= 16F(4)

1
Fl4) = 5

Proceeding in this way we can obtain the foIIBwing power series as a solution:

1
flr) = 1+2'r+1'":—'r!+—?'r'4+---

1. CONCLUSION
In this paper, the series solutions of nonlinear differential Equations are obtained by Differential

transform methods. This technique is useful to solve linear and nonlinear differential Equations.
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