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ABSTRACT: In this paper sufficient conditions for the controllability of nonlinear neutral integrodifferential
equations with infinite delay where established using the fixed point theorem due to Schaefer.
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l. INTRODUCTION
In this paper, we establish a controllability result to the following nonlinear neutral integrodifferential
equations with infinite delay:

%[X(t)_ n(t,x,)]= AQR)X()+ Bu(t)+ [ gt,sx Hs+ Ft,x), >0
X, =peR (1.2)

where the state X() takes values in the Banach space X endowed with the norm || , the control function u()

is given in the Banach space of admissible control function L’ (J ,U) with U as a Banach space.
A(t): D(A) — X is an infinitesimal generator of a strongly continuous semigroup of bounded linear operator
T(t), t>0 in X. R is a bounded linear operator from U into X, whereg:JxJ xR —> X,
f:IJxR—>X, and h:JIxR—> X are given functions. The delay X, :(—O0,0]—> X defined by
X; (0) = X(t + 9) belongs to some abstract phase space R, which will be a linear space of functions mapping

(—O0,0] into X endowed with the seminorm ””9{'“ R. Controllability problems of linear and nonlinear

systems represented by Ordinary differential Equations in finite dimensional space has been studies extensively
[6, 15]. Several authors extended the controllability concept to infinite dimensional systems in abstract spaces
with unbounded operators [1, 2, 8]. There are many systems that can be written as abstract neutral functional
equations with infinite delays. In recent years, the theory of neutral functional differential equations with infinite
delay in infinite dimension has received much attention [4, 7, 10]. Meanwhile, the controllability problem of
such systems was also discussed by several scholars. Meili et al. [13] studied the controllability of neutral
functional integrodifferential systems in abstract spaces using fractional power of operators and Sadovski fixed
point theorem. Balachandran and Nandha [5] established sufficient conditions for the controllability of neutral
functional integrodifferential systems with infinite delay in Banach spaces by means of Schaefer fixed point
theorem. Li et al. [12] used Hausdoff measure of noncompactness and Kakutani’s fixed point theorem to
establish sufficient conditions for the controllability of nonlinear integrodifferential systems with nonlocal
condition in separable Banach space. The purpose of this paper is to establish a set of sufficient conditions for
the controllability of neutral integrodifferential equations with infinite delay using Schaefer fixed point theorem.

1. PRELIMINARIES
In this section, we introduce notations, definitions and theorems which are used throughout this paper.
In the study of equations with infinite delay such as Eq. (1.1), we need to introduce the phase space. In this
paper we employ an axiomatic definition of the phase space first introduced by Hale and Kato [9] and widely

discussed by Hino et al [11]. The phase space R is a linear space of functions mapping (—o0,0]into

X endowed with the seminorm | . |\R and assume that R satisfies the following axioms:
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(A1) If X:(=o00,b) = X,b >0, s continuous on [0,b] and X, € R , then for every t €[0,b]the
Following conditions hold:

0] X isin R

G [xt)<Hlx],

iy %[, <K@E)sup{x(s):0<s<t{+ME)x,|,

where H >0 is a constant; K, M :[0,0) —[0,0), K is continuous and M is locally bounded, and

H, K, M are independent of X()
(A2) For the function X() in (A1), X, isa R -valued continuous function on [0, b].

(A3) The space R is complete.

We need the fixed point theorem as stated below,

Schafer’s theorem [14]: Let S be a convex subset of a normed linear space Eand 0 € S. Let F:S — S be
completely continuous operator and let

¢(F)={xeS:AFx=x for some 1< (01)}

Then either g(F) is unbounded or F has a fixed point.
We assume the following hypothesis:

(H1) A is the infinitesimal generator of a compact semigroup of bounded linear operators T (t), t>0on
X and their exists M <1 and M, >0 such that
T(t) <M and |AT(t) <M,.
(H2) For h:J xR — X is completely continuous and there exists constants C,;,C, such that l.(.01 <1

and
[n(t. )| <. +c.
te[0,b] R, where K = max {K(t):teJ}.
(H3) The function f:J xR — X satisfies the following conditions
(i). Foreach t € J,the function f :J xR — X is continuous.
(i) Foreach w € R, the function f (; ) l,u)I J — X is strongly measurable.

(iii). For each positive integer k, there exists o, () el [(0, b)]such that

sup{[f(t, x )| : [X| <k}<  (t), ted ae.
and

1f(t,x)<Qfx, ted, xeR

where Q:[0,0) — [0, oo is a continuous nondecreasing function.
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(H4) g:J xJ xR — X is continuous and there exists N > O, such that

lo(t.s.m)<N

Forevery 0<s<t<b,.
(H5) foreach g R, q(t) =lim J:Oa g(t, s, #(s))ds exists and it is continuous. Further there exists
N, >0 such that [q(t)] < N,.
(H6) there exists a compact set V. <= X , such that T (t)f (s,1), T (t)Bu(s), T (t)g(s,7,7) and
T(t)a(s)eV forall w,n R, and 0<r<s<t<b,
(H7) The linear operator W : L*(J,U ) — X, defined by
Wu = I;T(b— s)Bu(s)ds

has an inverse operator W ~, which takes values in L? (J U )/ ker W and there exist positive constants

M3, M, > 0 such that |B| < M, and [\/\/ﬂsM4

» ds
0 s+Qs)

(H8) Lb m(s)ds <
where
Ny = MM, x|~ M(g(0) — e, g + ¢, )~ cux | + ¢, = M, [ (e, | + ¢, s

~MN,b— MNb—M [ Qx, ||ds}

N g+ KM |$(0) + ¢, ] + ¢, ]+ ¢, + M,c,b + MN, + MN, + MNb}

M =max{M(t):te J} fﬁ(t):max{KMl(:l RM}

1-Kc, '1- K,
Definition 2.1: The system (1.1) is said to be controllable on the interval J iff, for every X,, X, € X , there
exists a control U € L?(J,U ) such that the mild solution X(t)of (1.1) satisfies X(0)= X, and x(b)= X, .

Definition 2.2: A function X: (— 0, b] — X is called a mild solution of the integrodifferential equation (1.1)
on [0, b] iff,

x(t)=T(t)[#(0) - h(0, )]+ h(t, x,) f AT( t—s)h(s X, )ds
+I —s{Bu +q(s (s 7,x )d7 + f(s,xs)}ds te[0,b] (2.1)

is satisfied. See [3,10]

www.ijmsi.org 60|Page



Controllability of Neutral Integrodifferential Equations with Infinite Delay

. MAIN RESULT
Theorem 3.1: Assume that (H1)-(H8) holds. Then the system (1.1) is controllable.

Proof: Consider the map defined by
Ix(t)=T(t)¢(0)— h(0, ¢)]+ hit J. AT(t - s)h(s, x, )ds
+ J'OT(t - s)[(Bu)(s)+ q(s)+ L (s, 7, x, )z + (s, x, )}ds ted 3.

and define the control function u('[)as

u(t)=w *{x, ~T(0)p(0)- h(0,#)] - hib,x, ) - || AT(b— S)h(s, x, Jis
- jObT(b —s)q(s)ds — job jOST(b —s)g(s,z,x, )dzds — jObT(b —s)f(s, x, )dskt) (3.2)

First we show that there is a priori bound K > Qsuch that”xt” <K, teJ,where K depends only on b and

on the function Q() Then we show that the operator has a fixed point, which is then a solution to the system
(1.1). Obviously, (FX)(b) = X, , which means that the control U steers the system from the initial function ¢

to X, intime b, provided that the nonlinear operator I"has a fixed point.

Substituting (3.2) into (2.1) we obtain
X(t) =T (f#(0) - h(0. #)] + h(t, x, )+ [| ATt s)n(s, x, )ds
+ [T n)BW ", ~T(0)#(0)- h(0, )]~ hlb, x,)- [ AT (6 - s)n(s, x, s
[ Tlo-s)(s)s—[ [T(b-s)g(s.z.x )dzds—jobT(b—s)f(s,xs)ds}jn
[T _s)[q(s)+ [ ols.ex X+ (5., s

Then, we have

[x(t) < M[p(0) + ¢, ] + ¢, ]+ x| + ¢, + M, [ (e, + ¢, )ds + MN, + MN, + MNb
t

+M IO Q) |ds

From which using Axiom (A1)(iii), it follows that

x| < Kt)sup{x(s):0 < s <t}+M(t)
< Ksup{x(s)|:0<s <t}+M|g|

< Mg+ K{M[g(0) + c.|¢] + ¢, ]+ ¢, + M,c,b + MN, + MN, + MNb}

+ Ke, suplx, | + K, [[[x,]ds + KM [ [Lalx, ||jds
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Let u(t) = supﬂ|xs|| :0<s< t}, then the function ,u(t) is continuous and nondecreasing and from Axiom
(A2) we have

w(t) < M| + K{M[@(0) + ¢, || + ¢, ]+ ¢, + Myc,b+ MN, + MN, + MNb}

+ Keyult)+ }ZMlclj'; p(s)ds + KM I; Qu(z)ds

From which it follows that

~

KM,c, KM
ut)<c+ . Kici J.O (s)ds + Ko, L Qu(s)ds

Denoting the right hand side of the above inequality as }/(t), we have }/(0) =C, ,u(t) < }/(t), teJ and

KM .c KM
"t)= 11 u(s)+ — Quls
y'(t) 1—Kc1'u() e 4(s)

_ KMy, S(s) KM

<—= ~— Qy(s
1-Kc, 1-Kc, 7/()

<L KM,c,| #(s)+ M
1-Kc, M,c,

Q}/(s)} ted

<f(t)y(s)+Qx(s))

which implies that

<J§rﬁ(s)ds< 0 ey

J-y(t) ds
0 s+Qs)

705+ Qs)
This inequality implies that there is a constant K such that 7/(t) <K, telJ andhence,

||Xt|| < u(t)< y(t)< K, t e K, where K only depends on b and on the function Q).

We now rewrite the initial value problem (1.1) as follows:

For ¢ € R, define ¢?€€R by

i(t) = #(t)- h(t.¢) if —o<t<0
~|T(@)p(0)-h(0,¢)] if 0<t<a

Ify e R and X(t) = y(t)+ ¢?(t), te [— 00, a], then it is easy to see that X satisfies (2.1) if and only if
Y satisfies,

y(t)=y, =0, —0<t<0
y(®) =T, 4)+ hit, v, +4 )+ [ ATE - sy, + 4, s
+ [T n)BW  {x, “T(b)#(0)~ h(0.4)]- hlb. v, + ) [} AT(o —s)h(s. v, + 4, His
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—ijb s)q(s)ds — H (b-s) (sry +¢)dfd8 T(b-s)f (Sys+¢)ds}d77

+I t— s{q STy +¢)dr+f(sys+¢)}ds teld

We define the operator I' 1R, > R, R, = {y eNyY, = 0} by

(Ty)t)=T(h(0.4)+ h( Y+ 9+ [ AT(=s)hls, y, +4, bs
[Tl -m)BW {x ~T()0) - (0. ¢)]-hlb. y, +d, )~ [ AT~ s)hls. v, + 4 bs
—IObT(b s)q(s)ds — II (b-s) (SZ' Y.+ )drds T(b-s)f (s ys+¢)ds}i77
+J‘;T(t—s)[q(s)+'|'0 g(s,r, y, +¢T)dr+ f(s, Y, +¢S)}ds, tel

From the definition of an operator I defined on equation (3.1), it can be noted that the equation (2.1) can be
written as

y(t)=ATy(t) 0<A<1 (3.3)

Now, we prove that I" is completely continuous. Forany y € B, , let 0 <t, <t, <D, then

(ry)e)- (v, )
<IT(t)-T()JhO.¢) + ity v, +4,)-hlt,.y., +4,)

[ AT~ 9)-TC - Shls.y. +4, s +
[T =) =T - Bw b - TE)o0)- O] - o.y, +4)
~[aT b—s)h(s, Vo +6,)- [, T(o-shlsks
L [T6-slgfs ey, +4 bats— [ Tlo-5)1fsy. 4. bsk
#[[ Tt - new k- T0)o(0)-h0. 9] .y, +4,)
- ;AT (b= s)hls.y, + 4, bs— [ T(b-s)als)ds
- I [Tb-s)b.z.y, +¢,)ﬂzds— [T0-5)16.y. +4. bsfan

— —s:[q 3ry +¢)dr+f(s y5+¢)}ds‘

J:z AT(t, - s)h(s, Y, + 4, )ds‘

+

T(t, —s)[q SZ'y +¢)dr+f(s ys+¢)}ds‘
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<IT)-T)O.¢) + ity v, +4,)-hlt,.y., +4,)
(t,—s)-TI(t, —s)](c1 b, +<:2)15+J?|AT(t2 —s)(c1

Y.+, +cz)js (3.4)

Y,
+ [T - 5)-T (6 - sYMsM, x|+ M[4(0)- (0. ¢)]+ c.[ly, +, |+, + MN;b

}15+j: T(t, —s) MM, x| + M[$(0)— h(0,9)]

+c, )ds +MN,b+M job jo Ndzds + M job Q(s)ds}ds

+C, + Mljb (C1HYb +¢?b

+ ClHyb + Py

T(t, —s)-T(, —s)[N, + Nr+Q(s)]ds+J’:2T(t2 —s)N, + Nz +Q(s)[ds

The right-hand side of equation (3.4) is independent of Y € R, and tends to zero as t, —t, — 0, since g is
completely continuous and the compactness of T (t) for t > 0 implies the continuity in the uniform operator

topology. Thus I" maps R, into an equicontinuous family of functions.

CYY)=TOO.P)+ht—e.y, +4. )+ [ “ATE-shls,y, + 4 Hs
+ [T (- 9)Bw - TO)#0)-h(0.8)]- by, +4;)

_Job AT(b—s)h(s, A +¢3b)ds—J‘0bT s)q(s)ds — I T(b—s)f (s Y, + 9, )ds

L ETO-skobey, +dasfs [T s ols)s 1oy, 0 ) Loy, +d e
TON0.¢)+ hft— .y, . +¢1_5)+T<e>j;" AT (-, y, +4,)
+T()[ Tl-s-2)BW Hx, ~T(0)p(0)-h(.p)]-hlb.y, + 4,

_Job AT(b—s)h(S, Yy +qﬁb)ds—jobT(b—s)q(s)ds—J‘ObT(b—s)f (s, Y, +¢33)ds
—JObJ:T(b—S)g(S,r, Y. +¢fr)dzdsbs
+T(g)£_gT(t—s—g{q( s)+ f (s Y, +¢) j (s 7Y, +¢)d }ds

Since T (t) is a compact operator, the set Y, (t) = {(F&. y)(t): yeR, } is precompact in X for every ¢,
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0< & <t. Moreover, for every Y € R, we have
(o) - ()Xo <[y, + 4)-hle— ey, + b )]+ [
+[.
+ [P|AT-s(s. v, + 4. Jds+ [T~ shas)ds + [Tt —s)f(s.y, +4, Jds
e[ [T-s)gls.r.y. +4, Jamsps
T(t- S][Q(S) + sy, +d.)+ [als.oy. +4, )dS]dS

AT (t - s)h(s, y, + 4, ]ds

T(t-s)M,M, (] + MIg(0)— h(0.6) + b, v, + 4,

t
+
t-¢
Clearly |(l'y)(t) - (l"g y)(t} —0as& — 07 . Therefore, there is a family of precompact sets which are
arbitrarily close to the set {(Fy)(t): yeR, } Hence, the set {(Fy)(t): yeR, } is precompact in X .

Next we prove that the set I": 92§ — 9 is continuous. Let {Y, },., = %y with Y, — Yin %} . We have
Iy, YO - [y )Xo <|plt. v, +6)-hlt. v, + )]+ [ JAT (= s)hls. v, +4,)-hls. v, + . Jds
+[mt- S]M3M4{M1J.;‘h(s.yns +4,)-hls,y, + Mds
M fob fos\g(s’f’ Vo, +6.)- 07y, + Mds +M I:\ ts.y, + ) floy, + éS]ds}ds

+£|T(t—s)|“f(s, Yo, +(ﬁs)— f(s, Y, +</351+I:‘g(s,r, ' +¢?r)— g(s, 7Y, +¢?T]ds}

From the assumption (H1) and the Lebesgue Dominated Convergence theorem we conclude that I'y, — I'y as
n—oo in Ny. Thus F() is continuous, which completes the proof that F() is completely continuous.
Hence there exists a unique fixed point X(t)forF on R, . Obviously X() is a mild solution of the system
(1.1) satisfying X(b) =X,.

IV. CONCLUTION
Sufficient condition for the controllability of the nonlinear neutral integrodiffential equation was established

using Schaefer’s fixed point theorem. First we show that there is a priori bound K > Osuch
that”xt || <K, t € J . Then we show that the operator has a fixed point, which is then a solution to the system

(1.1). Obviously, (FX)(b) = X;, which means that the control U steers the system from the initial function ¢

to X, intime b, provided that the nonlinear operator I"has a fixed point.
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