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ABSTRACT : In this article we prove two important results. Let L considered as a lattice. A congruence of L
is agree to be uniform, if any two congruences classes of L are uniform. We prove that every finite distributive

lattice D can be represented as the congruence lattice of a finite uniform lattices.

I. INTRODUCTION
In this article we prove that every finite distributive lattice D can be represented as the congruence
lattice of finite uniform lattice L. In fact we prove that “For any finite distributive lattice D, there exists a finite
uniform lattice L such that the congruence lattice of L is isomorphic to D, and L satisfies the properties (P) and
(Q) where
(P) Every join-irreducible congruence of L is of the form 6 (0,p), for a suitable atom p of L.
Q 10,0, ... , 0, € J (ConL) are pair wise incomparable, then L contains atoms py,

P2yeenvnnnn.. , pn that generate an ideal isomorphic to B, and satisfy 6;=6 (0,p;), for all i <n.

To prove this result, we introduce a new lattice construction which is described in section 1.2. Then we
find the congruences on this new lattice in section 1.3. In 1.4, we introduce a very simple kind of chopped
lattices. In section 1.5, we prove that the ideal lattice of this chopped lattice is uniform. The proof of the

theorem is presented in section 1.6.

NOTATION:

B, will denote the Boolean algebra with 2" elements. For a bounded lattice A with bounds 0 and 1, A’
will denote the lattice A — {0,1}

We start with the definition of uniform lattices.

DEFINITION : 1.1.1
A congruence 6 of a lattice L is uniform, if any two congruence classes A and B of 9 are of the same size.

Thatis, |A| =|B].

DEFINITION : 1.1.2
A lattice L is said to be uniform, if all of its congruences are uniform.
NOTE: 1.1.3
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Every lattice need not be a uniform lattice.

For example, the lattice Ng, given below is not uniform.

The lattice has exactly one non-trivial congruence 6 and 6 has exactly two congruence classes {0, a, b, d} and

{e,1}.These two congruence classes are not of the same order.

NOTE: 1.1.4

There exists uniform lattices.

For example,

Consider the Boolean algebra B>, with four elements.

1

Its congruence lattice is also B,. It has 4 congruences. The null congruence w, the all congruence i and

two non-trivial congruences 6, and 0,.

0, has two congruence classes {{0, a,},{b, I}} and 0, has two congruence classes {{0,b},{a,1}} and
both 6, and 0, are uniform congruences.

Hence B, is a uniform lattice.

Il. ALATTICE CONSTRUCTION
Let A and B be lattices. Let us assume that A is bounded with bounds 0 and 1 with 0 #1. We introduce a

new lattice construction N(A,B).
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If u € AxB, then u = (ua,ug) where uaeA and ugeB. The binary relation <x will denote the partial

ordering on AxB, and Vx and Ax the join and the meet in AxB respectively.

On the set AxB, we define a new binary relation denoted by <y as follows :
N=<x—{(uv) /uv € AXB and ug=vg}.

We denote (AXB, <y) by (N(A,B), <p).

EXAMPLE : 1.2.1

For example, consider A=B: and B=B;

1

1
®

b

a
® 0
0
A B
AxB= {(0,0), (0,1), (&,0), (a,1), (b,0), (b,1), (1,0), (1,1)}

(1.1%
|||
(0.a) (0.b)

(0.0)

Then (AxB. =) is the lattice.

But N (A, B) has elements the same as AxB. But the partial ordering differs.
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0
AXB = {(0.0). (0.x). (0.¥). (0.1). (a.0). (a.x). (a.y). (a.1). (b.0). (b.x). (b.y). (b.1). (1.0).
(1.x), (1.y). (1.1)}
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ButIN (B2.B2) is the lattice given beloww :

EXAMPLE - 1.2.3

Consider the lattice A=MN; and B=FB-

Then AXB = { (0,0) (0,X), (0.¥). (0.1), (a.0). (2.), (a.y). (a.1)
(©.0). (0.%). (b,3). (b.1). (€.0), (€.X), (©.¥). (e 1),

(1,0). (1,x), (1.y). (1,1) }

Then the lattices M3xBz and N(M3, Bz) are as given be]ow :
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N (M5, B2) is the lattice given below

Now we prove that N(A,B) is a lattice.
LEMMA : 1.24

Let A and B be lattices. Let A be a bounded lattice with bounds 0 and 1
and 0=1. Then N(A,B) is a lattice. The meet and join in N(A,B) of <y -
incomparable elements can be computed by the formulae.

(0,usAvg), If UAxv € A'XB and ug # Vg;

UANV =
UAxV, otherwise.
(L,usVVg) if uVxv € A'xB and ug # Vg;
uVpv =
uVyv,  other wise.
Proof:-

First we claim that (N(A,B), <\) is a poset.
(i) <\ is reflexive.

Let acA, beB.

Then (a,b) < (a,b) in AXB.
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Therefore, ( (a,b), (a,b) ) <.
But ((a,b), (a,b)) ¢{(u,v) / u,ve AxB, ug=vg} for b=b.
- ((a,b), (a,b)) € <n.

oo <y IS reflexive.

(if) =y Is antisymmetric.
Let (a,b) <y (c,d) and (c,d) <y (a,b).
Then (a,b) <x (c,d) and (c,d) <x (a,b).
But <y is antisymmetric, hence (a,b) = (c,d) in AxB.
.. a=c and b=d.
.. (a,b) = (c,d) under < for b=d.
. <y Is antisymmetric.
(i) =y is transitive.
Let (a,b) <\ (c,d) and (c,d) < (e,f)
Then (a,b) <x (c,d) and (c,d) <x (e,f)
But <x is a transitive relation.
Hence (a,b) <x (e,").
(a,b) <y (c,d) implies ((a,b), (c,d)) ¢{(u,v)/lu,ve A'xXB, ug=vg}
. b=d.
Similarly, (c,d) <n(e,f) implies d=f.
b=d, d=f implies b=f.
(a,b) <x (e,f) and b=f implies
((a,b),(e,9) ¢ {(u,v) / uve AxB, ug=Vg}.
- (a,b) <\ (e)0).
.. <y IS a transitive relation.
That is (N(A,B), <n) is a poset.
To prove (N(A,B)<y) is a lattice.
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For that we have to prove uAnv, uVyyv exist for all elements u,veN(A,B).

For that, it is enough if we prove that uAnv, uVyv exist for <y-
incomparable elements u, veN(A,B).

Because of duality principle, it is enough if we prove that uAyv exists for
<ny-incomparable elements u, v eN(A,B).

Let u, veN(A,B) and u, v be <y -incomparable.

Let t be a lower bound of u and v in N(A,B).
Case : 1

UAxV is not a lower bound of both uand v in N(A,B).

If uAyv is not a lower bound of both u and v in N(A,B), then either

UAV<=N U Or UALV<=n V.

Suppose UAxv <<\ u,

then u, uUAyv e A'XB and ug # (UAxV)g .
But (UAxV)g # Ug implies that ug#Vsg .
Since t <, UAyyv, it follows that tg < (UA4V)g < Ug and sot ¢ A'XB.
For, if te A'XB, ue A'XB and tg # ug implies that t <y u.
Which is a contradiction to t is a lowerbound of u.
Sincet ¢ A'XB , the first element of t must be O or 1.
If t = (1, tg), then it gives a contradiction to t <, UA,V.
.. t must be equal to (0, tg).
That is, t=(0,tg).
Since tg <, Ug and tg <x Vg, It follows that tg < ugAvg
- 1< (0,usAxVa).
. UANV = (0,ugAxVg).

Case : 2

UAxV is a lower bound of both uand v in N(A,B)
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We claim that uAnVv = UAxV

For that it is enough if we prove that t <y UAxV

Suppose t <=nUAxV, thent, uAxv e A'XB and tg # (UAxV)s

2 tg < (UAXV)B.

. ueAxBorveAxB

Suppose ueA'xB

. The assumption of case 2, namely, uAxv <y u, implies that
(UAxV)g = U,

.1, ue A'xB and tg # ug, contradicting that t <y u.

Similarly, for ve A'xB
Thus, t <=j UAxV leads to a contradiction.

S S NUAxV.
Hence in case 2, UANV = UAxV.
This verifies the meet formula.
Hence the lemma.
NOTATION :

B.={0} x B, B" = {1} x B and for beB, A, = A x {b}. We observe that
B. is an ideal of N(A,B) and B™ is a dual ideal of N(A,B).

1.3 CONGRUENCES ON N(A,B)

DEFINITION : 1.3.1
Let K and L be lattices and let o be an embedding of K into L. Let 6 be a
congruence on L. We can define a congruence 6, on K via o.. That is for a,

beK define 6, by a =Db(6,) if, and only if, a(a)= a(b) (0) .
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We call 6 the restriction of 0 transferred via the isomorphism o to K.

REMARK : 1.3.2
Let A be a bounded lattice and B be a lattice. Then N(A,B) is a lattice.

Define o : B — N(A,B) by a(b)=(0,b) for all beB. Then o is an isomorphism of
B into N(A,B) with image of a equal to B.. Similarly, if we define p : B —
N(A,B) by B(b)=(1,b) for all beB, then 3 is an isomorphism of B into N(A,B)
with image of 3 equal to Bx. Define a map y,: A > N(A,B) by yu(2) = (a,b) for
all acA and for a fixed beB. Then y, is an isomorphism of A into N(A,B) with
the image of y, equal to Ay .
REMARK : 1.3.3

Let W be a congruence relation on N = N(A,B). Using the natural
isomorphisam o of B into N(A,B), we define ®. as the restriction of ¥ to B..
Using the natural isomorphism  of B into N(A,B), we define ®* as the
restriction of W to B*. Using the natural isomorphism y, of A into N(A,B). We

define 6y as the restriction of y to A, for beB.

LEMMA : 1.3.4
O,=0"
Proof :-
Let b = by (D.).
Then (0,bo) = (0, by) (w).
Joining both sides with (1,bgAb;) we get,
(0,bg) V (1,bpAb;) = (0,by) V (1,bpAby) ().
(ie) (0V1, by V (boAby)) = (0V1, byV (beAby)) ()
(ie)  (1,bo) = (1,b) (w)
. bo=by ().
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Conversely, if by = by(® ™) then (1,bg) = (1,b)(\P).

Taking meet on both sides with (0, by V b;) we get,

(1, bo) A (0,boVby) = (1,b1) A (0,bgVhy) (¥)

(ie) (LAO,boA (boVby)) = (LAO, by A (boVby)) (*F)
(ie) (0, bo) = (0,b1) (¥)
o bo=by (D).
Hence @, = ®" .

NOTE :1.3.5

It is easy to see that ® = &, = ®*e Con B and {6,| beB} = Con A.
Further @ and 6, describe .

DEFINITION : 1.3.6

Let A be a bounded lattice. A congruence 6 of A is said to separate O if
[0] 6 = {0}. That is x = 0 (0) implies that x = 0. similarly, a congruence 6 of A
is said to separate 1 if [1] 6 = {1}. That is x = 1 (6) implies that x = 1. The
lattice A is said to be non-separating, if 0 and 1 are not separated by any

congruence 0 # .

EXAMPLE : 1.3.7
Consider the lattice B..

Then Con (Bz) = {(D, i, 0 (0,a)s 0 (O,b)}-
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Con (B,) is the lattice
Con (Bg)

0 (0.9) 0 o

()
Here o is the only congruence separating 0 and 1.

Hence B, is a non-separating lattice.

LEMMA : 1.3.8
Let A and B be lattices with |A[>2and [B|> 1. Let A be bounded with
bounds 0 and 1. Let us further assume that A is non-separating. Let v # wy be
a congruence of N(A,B). Define a map ¢ by o (y) = ®.,where @, is the
restriction of y to B. via the natural isomorphism o. Then o is a bijection
between the non-my congruences of N(A,B) and the congruences of B.
Therefore, Con N(A,B) is isomorphic to Con B with a new zero added.
Proof : -
Let v = oy be congruence relation of N(A,B).
We start with the following statement.
Claim 1:
There are elements a; < a, in A and an element b; B such that (a;,b;) =
(a2,02) (W)
Proof of Claim 1 :
Assume that (ug,vi) = (Uz,V2) (w) with (ug,v1) <y (U2,V>)
We distinguish two cases :
case (i) Ui=u,
Then (ug,vy) <y (Uz,V2) implies v;<v, and either u; = u, =0 or u; = u,=1.

That is either (0,vy) = (0, v2) (w) or (1,v1) = (1, V2) (y).
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But (0,v1) = (0,v2) () implies (1,v1) = (1,v2) (v)
and (1,v1) = (1,v2) (v) implies (0,v1) = (0,v2) (v)
Hence we have both the congruences hold.
Since |A|> 2, we can choose acA".
Then (a,vy) V (0,vy) = (@V0, v;VVvy) = (a,v1)
(a,v1) = (a,vy) V (0,vy) = (a,v1)V (0,v7)
= (aVvo, v;VVv,)
= (1,v,) (since v;<Vv, and by definition of <\
in N(A,B), av0=1)
2 (@vy) = (Lvz) ().
From this we get (a,v1) A (1,v1) = (1,v2) A (1,v1) (v).
That is (a,v1) = (1,v1) (v).
Hence the claim is true witha; = a, a,=1 and b; = v;.
Case (ii) us< u;
Since we have assumed that (ui;,vi) <y (UzV;) it follows from the
definition of <\ that either vi=v, 0oru;=0o0r u, = 1.
If vi = v,, then (u,vi) = (UpVvi) (v) and so the claim is true with
a;=UuU;, ax=U,and b;=v; .
If u=0, then (0, v1) = (U,v2) (v)
As (ug,v1) <n (Uz,V2), (ie) (0,v1) <n (Uz,V2) We get vi =V,
2 (0,v2) = (U2,V2) (w).
Hence the claim is verified witha; =0, a,=u, and by = v,
If u, = 1, then (ug,v1) = (1,v2) (v).
As (u1,v1) <n (1, Vo), it follows that v; = v,.
S (uvi) = (Lva) (w).
Hence the claim is true with a; = uy, a,=1 and by, = v;.
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Thus there are elements a; < a, in A and an element b;eB such that
(a1,b1) = (a2,b1) (w).
Claim 2 :-
There is an element b,eB such that Ay, is a single congruence class of v .
proof of claim 2 :-
By claim 1, there are a;<a, in A and by in B such that (a;,b;) = (a2, by) ().
Since A is non-separating, there exists az; in A with O<a; and
Osag(e(al -, )
As A.D1 is a sublattice of N(A,B), it follows that
(0.b1) =(a301)(Oa, .b,). a, . bp)
= (0,b1) = (as,bs) (w).
So, for any b,eB with b;<b,, joining both sides with (0,b,) we obtain that
(0,b1) V (0,b;) = (a3,b1) V (0,b2) (w).
That is (0,b,) = (1,by) (w).
(ie) Ap, is in a single congruence y-class.
If by is the unit element 15 of B we cannot find a b,B such that b;<b,.
Hence the proof is complete if b; is not the unit element of B.
If by is the unit element of B, then we have (0, 1g) = (a3, 1g) (v).
Since A is non-separating, there exists a;e A with a;<1 and a4sl(e(0,33)).
Moreover Ay is a sublattice of N(A,B).
So, it follows that (as,1g) = (1,1s) (00, 13y 1) ).
Therefore, (as,1g) = (1,1g) (V).
Now choose any b, < 1g.
As | Bl >1, such a b, exists.
Meeting bothsides with (1,b,), we obtain that
(as,18) A (1,b2) = (1,18) A (1,b2) (w).
That is (0,b,) = (1,by) (w).
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That is A, is in a single congruence class of .
Claim 3:
Abzis in a single congruence class of y for each beB.
Proof of claim 3 :
LetbeB
By claim 2, there is an element b,eB such that Ay , is in a single
congruence class of .
(ie)  (1b2) = (0,b2) (w)
(L,b)=((L,b2) V(0,bVhy))A (D)
=((0,b)) V(0,b Vb)) A(1b)
= (0,b) (w).
That is, (1,b) = (0,b) (v).
. Ay is in a single congruence class of v .
Proof of lemma :-
Let w € Con (N(A,B)) - {on}
Define o : Con (N(A,B)) - {&n} — Con (B) by
o(y) = @., where ®. is the restriction of y to B.,
Claim : ois one-one
Let v 1, y, € Con (N(A,B)) -{on} be such that c (1) = o (y2).
That is (@1). = (Dy)-
Let by=b, (Dy)., then (0,by) = (0,by) (w1).
(D1) « = (D2)« and by = b, (D) « implies that by = by(D,) «
= (0,b1) = (0,b2) (w2).
Thus (0, by) = (0, by) (1) implies (0,by) = (0,b2) (v 2).
Again by = b, (@) . implies by = b, (D,) «
. (0,by) = (0,by) (v 1) implies (1,by) = (1,b,) (v 1) and
(0,bz) = (0,b2) (v 2) implies (1,b1) = (1, b) (v 2).
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Thus (1,by) = (1,b2)( v 1) implies (1,b1) = (1,b2) (v 2).
This implies y 1=y 5,
..o IS 0ne-one.
Claim :- ois onto
Let ® € Con (B)
Define a relation y on N(A,B) by
(ug,v1) = (Uz,v2) (y) if, and only if, vy = v, (D).

Claim :- wis a congruence relation
(i) wis reflexive
Let (u;,v1) € N(A,B).
Then vy € B.
Since @ is reflexive, vy = v, (D).
By definition of v ,(ug,vi) = (ug,vi)( ).
-y is reflexive.,
(i) wis symmetric
Let (a,b) ,(c,d) € N (A,B) be such that (a,b) = (c,d) ().
@b)=cd(y) = b=d(D)
= d=b (D)
= (cd)=(ab) (y)
-y IS symmetric.
(i) wis transitive
Let (a,b), (c,d), (e,f)eN(A,B) be such that
(a,b) = (c,d)( ) and (c,d) = (&,F) ()
Thenb=d (®)and d =f (D).
s bh=f (D).
This implies (a,b) = (e,f) (y).
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.y IS transitive.
..y IS an equivalence relation.
Let (Uy,v1), (Uz2,V2), (U3,V3), (Ug,va) € N(A,B) be Such that (ug,vi) = (Uz,v2) (v)
and (Us,V3) = (Us,Va) ().
Then vi= v, (@) and vz = v, (D).
Since @ is a congruence relation,
ViV V3=V, V V(D) and vy A V3= Vo A vy (D).
So(UV uz,viVove) = (U Vo ug, Vo V vy) () and
(Ur A Uz, Vi A vs) = (Uz A Ug, V2 A Va) ().
-y Is a congruence relation.
By definition of ¢ and v, we get o(y) = ®
-.o is onto
..o is a bijection from Con (N(A,B)) - {on} — Con (B).

Hence the lemma.

1.4 CHOPPED LATTICES

DEFINITION : 1.4.1
Let M be a finite poset satisfying the following two conditions.
()  Inf{a,b} existsin M, for any a,b € M
(i)  Sup {a,b} exists for any a,b € M having a common upper bound in
M.
In M, we define a Ab = inf{a,b}and aVb = sup{a,b} whenever sup{a,b} exists
in M.

Then M is a partial lattice called a chopped lattice.
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DEFINITION : 1.4.2
Let M be a finite chopped lattice. An equivalence relation 6 of a chopped
lattice M is a congruence relation if, and only if, a = b(6) and ¢ = d (6) imply
that aAc = bAd(6) and whenever aVc and bVd exist, aVc = bVd(6). The set Con
M of all congruence relations of M partially ordered by set inclusion is again a
lattice.
DEFINITION : 1.4.3
Let M be a finite chopped lattice. A subset | of M is said to be an ideal of
M if
(i) 1elandae M implyaAi el
(i) a,b e I implies aVb e | provided that aVb exists in M. The set IdM of
all ideals of M partially ordered by set inclusion is a lattice.
LEMMA : 1.4.4

Let M be a finite chopped lattice. Then for every congruence 6 of M,
there exists exactly one congruence 6 oHdM, such that fora,b e M ,
(@] = (b] (5) if, and only if, a=b (0)
Proof :-
Since arbitrary meet exists in M, (m] is a finite lattice for every meM.
If {X, y} has an upperbound then xVy exists.
Let © be a congruence relation on M.
For X = M, set [X]0=uU { [x] 0| xeX }.
Thatis, [X] 6 = {y | x = y(0) for some xe X}.
If, 1, J € 1dM, define | = J(E) if, and only if, [1]6 = [J]0.

Then 0 is an equivalence relation.
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For,

(i)

(1)

(iii)

[1]6 = [1]6 implies | = 1(0).
. 0'is reflexive.

Let I = J(6). Then [1]6 = [J]6.

~.[316 = [116, which implies J = | (6).

.0 is symmetric.

Let I = J(0) and J = K(0).

Then [1]6 = []6 and [J] 6 = [K] 6.
Hence [I] 6 = [K]6.

- 1=K (0).

-, 0 is transitive.

So, 0 is an equivalence relation.
Let | = J@®), NeldM and xel A N.
1 =J(0) = [110 = [J]6.

~.xel implies [x]6 = [y]6 for some yeJ.

~.X =Yy (0) for some yel.

. XAX = XAy(0).

That is x = XAy(0).

yeld, xeN implies xAyeJ N N.

XAyeJnN, x = xAy(0) implies xeJ " N

Thus xel N N implies xe J n N.

~ [ N]6 < [J n N]6.

Similarly, we can prove that [ J n N]6 < [I » N]6.

Hence [I N N]6 = [J n N]®6.
~ 1A N=JNN(®).

Next we claim that IVN = JVN@).
Let A,=1UN.
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Let A, = {X | X < t,Vty, toticAni}, for0<n<w
Then I U N = U{A, | n<w}.
We claim that A, < [JVN]®.
We prove this result using induction on n.
Whenn=0, Ac=1UNc[J]6 UN < [JVN]O
~Ay = [JVN]6.
Therefore the result is true when n = 0.
By induction assumption assume that A,.; < [JVN]6.
Let xeA,. Then x <tyV t; for some to,ticAna
to € An.1,An1 < [JVN]O implies
to= Ug(0) for some uge JVN.
t; € An1, Anr < [JVN]6 implies
t; = uy(6) for some u;e JVN.
~to=thAue(0) and ty = t1A uy(0).
toV ty is an upper bound for {toAuo, tiAug}.
-~ (A ) V (1A uy) exists.
StV ti=(thAug) V (tiAug)(6).
X=XA (toV ty)
=X A [ (toAuo) V (t1Aus) ] ().
Now X A [ (toAup) V (t1Au;) ] € JVN.
X e [JVN](6).
oo AR < [JVN](0).
Thus by induction each A, < [ JVN ](0).
UL A In<o}c[IVN]O).
~IVN < [IVN](®).
Similarly JVN < [IVN ] (0).
- IVN = JVN(0).
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~0isa congruence relation on IdM.
Leta=Db(6) and x e (a]
a = b(0) implies xAa = xAb(0)
That is x = XAb(0).
~.(a] = (b](6).
Similarly, (b] < (a](6)
Hence (a]6 = (b]6.
. (al = (b](6).
Thus a = b (6) implies (a] = (b] (6).
Conversely, let (a] = (b](0).
Then a = by(6) for some b, < b and
a;=b(0) forsomea;<a.
~.aVa; = b;Vb(0).
Thatisa= Db (6).
Thus (a] = (b](6) implies a = b(0).
Thus 0 has all the properties.
To prove uniqueness:-
Let @ be a congruence relation of IdM satisfying (a] = (b](®) if, and only
if, a=b(0).
Let 1,eldM, | = J(®) and xel.
| = J(®) implies (X] N 1 = (X] N I(D).
But xel implies (x] nI=(x].
(x] »J = (y] for some yel.
(X =(X] »I(D) implies (X] = (y](P) for some yel.
= (X] = (y](@) implies x = y(0).
Thus given xel, there exists yeJ such that x = y(0).

- X € [J]6.
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That is | < [J](6).

Similarly J < [1](6).

Hence [1](6) = [J](0).

Therefore | = J(§).

Thus | = J(®) implies | = J(6).

Conversely, let | = J(0) .

Then x = y(0) for some xel and yeJ.

Take all congruences of the form x = y(0), xel, yeJ.

By our assumption of @, (x] = (y](®) and by our definition of 6, the join
of all these congruences yields | = J(0).

Thus @ = 0.

Hence the lemma.

DEFINITION : 1.4.5

Let C and D be finite lattices such that J = C n D is an ideal in C and J is
an ideal in D. Let m denote the generator of J. Then M(C,D) = C u D is a finite
chopped lattice with the natural partial ordering. We observe that if aVb = ¢ in
M(C,D), then either a,b,ceC and aVb =c in C or a,b,ceD and aVb =c in D.
LEMMA : 1.4.6

Let C and D be finite lattices such that J = C n D is an ideal in C and an
ideal in D. Let m denote the generator of J.
_ Let M(C,D) = {(x,y) € CxD / xAm = yAm}, a subposet of CxD. Then
M(C,D) is a finite lattice and 1d M(C,D) =z M(C,D).
Proof :-

Let I be an ideal of M(C,D).

Then | can be written uniquely in the form Ic U Ipwhere I¢ is an ideal of
C and Ip is an ideal of D satisfying Ic nJ=1Ipn J.

Let Ic=(x] and Ip = (y].
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Then lcnJ =1p Jis the same as XAm = yAm.
Define a map @ : Id M(C,D) — M(C,D) by
Q)= (XTwyl)=(XY)
We claim that @ is an isomorphism.
(i) @is one-one
Let @ (1) = @ (J) Where | and J are ideals of M(C,D).
Thenl=Icu lpwhere lc=(X]and Ip=(y] and J = Jc U Jp
where Jc = (a] and Jp = (b].
d(l) = ®(Q) implies (x,y) = (a,b).
This impliesx =a, y = b.
That is (x] U (y] = (@] v (b].
Thatis | =J.
Hence @ is one-one.
(i) @isonto
Let (X,y) € CxD be such that xAm = yAm.
Let I = (X]V(y], Then @ (1) = (x,y).
- @ is onto.
(ili)  @is a homomorphism
Let I, Jeld M(C,D).
Then I = (x]V(y]and J = (a]V(b] for some x,a € C and y,b € D such that
XAm=yAmand aAm = bAm.
© (V) = ((XIV(yD V ((alv(b]) )
=@ (((x]V(@]) V ((ylv(b]) )
=@ ((xVa] V (yVb]))
= (xVa,yVb)
eV =0 (xV(])V e ((@]v(b])
= (xy)V(a,b)
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= (xVa,yVb)
SOV =)V o).

@ (IAJ) =@ ((X]V(Y]D) A ((a]V(b]) )
=@ (((x]A@@]) V ((ylA(b]) )
=@ ((xAa] V (yAb] )
= (xAa, yADb)

PMADQ) =0 ((X]V(Y]) AP ((a]V(p])
= (xy) A (ab)
= (XAa, yADb)
SO (IAJ) =D (DA @ (J).
. ® is a homomorphism.
Hence @ is an isomorphism.
~1dM(C,D) = M(C,D).

LEMMA : 1.4.7

Let C and D be finite lattices such that J = C n D is an ideal in C and an
ideal in D. Let m be the generator of J. Let U be an ideal of C and let V be an
ideal of D. Let us regard U U V as a subset of 1dM(C,D) by identifying an
element with the principal ideal it generates. If U n V = {0}, then the sublattice
generated by U U V in IdM(C,D) is an ideal and it is
iIsomorphic to UxV.
Proof :-

Let U= (x] and V = (y].

Then xeC and yeD.

Definec: U UV — IdM (C,D) by o(a) = o( (aVb) ) = (aVb].

Then o is an embedding of U U V into IdM(C,D).

Suppose U NV = {0}
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Let < U w V > be the sublattice generated by U U V.

Letpge<UuV>

ThenpVge<Uu V>,

LetxeCuDandpe<UuV>

Thenx=x;Vx;andp< t;V 1,

PS X AP=(X1V X) A (t1V 1)

< (XAt) V(A e<UUV>

pe<UuV>,

Hence <U UV > isanideal .

Letae <UuU V> thenae ((x] v (y])

Then a < a;V a;, where a; € (X] and a; (y].

.. By identifying a — (a;,a2) we get

<UuV>=UXV.

LEMMA : 1.4.8

Let C and D be finite lattices such that J = C n D = (m] is an ideal in C
and in D. Then Con IdM(C,D) = {(6, ¥) eConCxConD /6 | =¥ | 1}
Proof :-

Let Q be a congruence of the chopped lattice M(C,D).

Let Q¢ and Qp be the restrictions of Q to C and D respectively.

Then Q¢ is a congruence of C and Qp is a congruence of D Satisfying the
condition Q¢ restricted to J equals Qp restricted to J.

.51 Con (M(C,D)) > {(6,y) e ConC xConD/0!|,=y |}
defined by o(€2) = (Qc, Qp) is a well defined map.
Conversely, let 6 be a congruence on C and y be a congruence on D satisfying
that O restricted to J equals  restricted to J.

Define a congruence Q on M(C,D) as follows :

(1) x=y(Q)if,andonly if, x=y (0) forx,y € C
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(i)  x=y(Q)if, and only if, x=y(y) for x,y € D
(i) IfxeCand yeD, x=y(Q) if, and only if,
x = xAy(0) and y = xAy (y) and symmetrically.
Then 1 : {(6, w) € Con C x ConD / 8/ =y | ; — Con(M(C,D))
defined by 7 ((6,y)) = Q is a well defined map.
(tBo)(©)=1(o(Q))
= 1(Qc, Q)
= Q
(6B 1)(Qc, Qp) =0(1(Qc, Qp))
=c(Q)
= (Qc, Qp)
.7 B o =identity map and ¢ B t = identity map.
.. & Is an isomorphism.
Therefore Con M(C,D) = {(6,y) € ConC x ConD / 6 | =y | 1}
But by lemma (1.4.4), Con M(C,D) = Con(ldM(C,D)).
Hence Con(1dM(C,D)) = {(6,y) € ConC x ConD / 6 | =y | i}
Hence the lemma.

LEMMA : 1.4.9
Let U be a finite lattice with an ideal \V isomorphic to B,. We identify V

with the ideal (B). = ((0,1)] of N(B,,B,) to obtain the chopped lattice
K=M(U,N(B,,B;)). Let m denote the generator of V=(B,). Then
ldK=M{U,N(B,,B;)). Let ueU. Then {yeN(Bz,Bn)\(u,y)eM(U,N(BZ,Bn))} is

iIsomorphic to B..

Proof :-
There are exactly four elements y of N(B,,B,) satisfying that uAm =

yAm, namely the elements of (B,) uam.
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They form a sublattice isomorphic to B..
Therefore { yeN(B,,B.) /(u,y)eM(U,N(B,,B,))} is a four element set
closed under co-ordinatewise meets and joins.

Hence the lemma.

1.5. CONGRUENCE CLASSES

LEMMA: 1.5.1

Let U be a finite lattice with an ideal V isomorphic to B, Then
V = ((0,1)]. Let us assume that U is uniform. Let K be a chopped lattice
M(U,N(B;,B,)). Then IdK = I\_/I (U,N(B>,B,)). Then IdK is uniform.
Proof :-

A congruence Q of IdK can be described by lemma (1.4.8) .

That is Q — (6, y) where 6 is a congruence of U, v is a congruence of
N(B,,B,) and 6 and  restrict to the same congruence of V=(B,)..

The trivial congruences migx = ( ®u,®NGE,,87) ) and

hak = (lu, In s, B,) ) @re obviously uniform.

We need to look at only two cases.
First case : £1is represented by (6, @)

S00|v= oy. Let (x,y) be an element of IdK.

Then [(x,y)](0,0) = { (ty)eldK | t=x(6) }.

It t=x(0), then tAm = xAm(0).

But 6 | v = oy SO tAm = XAm.

2l 1 0.) ={ (ty) | t=x(6) } and so

[(x,y)] (6,0) = [[x]6].

.. Each congruence class of Q is of the same size as a congruence class
of 0.

So Q is uniform.
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Second case : @ is represented by (6, ) where v # .

Let (x,y) be an element of IdK.

Then [(x,Y)] (0,) = {(»,2)eldK | x = (0) and y = z(y)}.

For a given o, if (o,t;) and (o,t;) € 1dK, then t; = t;(y) because (B,), is in
a single congruence class of y by lemma 1.3.8 (Claim 3).

Therefore {teN(B,,B.) | (o,) e ldK} = (B2)oam by lemma 1.4.9.

Therefore | {teN(B2,B.) | (o,t) € 10K} = | (B)oam | = 4.

We conclude that

[(Y)] (0,y) = {(@2) ldK | x= 0(6) ;2 €(Bo)orm}

andso |[(x)]©@.v) | =4]|[x10].

Therefore each congruence class of Q is four times the size of a
congruence class of 6 .

Hence Q is uniform.

Hence the lemma.

1.6. PROOF OF THE MAIN RESULT

THEOREM : 1.6.1

For any finite distributive lattice D, there exists a finite uniform lattice L
such that the congruence lattice of L is isomorphic to D and L satisfies the
properties (P) and (Q) where

(P) : Every join-irreducible congruence of L is of the form 6(0,p), for a
suitable atom p of L.

(Q) : 1f 04,0,,....,6, € J(ConL) are pairwise incomparable, then L contains
atoms p1,p.,....,pn that generate an ideal isomorphic to B, and satisfy 6;=6 (0,p;),
for all i<n.

Proof :-
We prove the result using induction on n, where n is the number of join-

irreducible elements.
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Let D be a finite distributive lattice with n join-irreducible elements.

If n =1, then D = By, so there is a lattice L=B; that satisfies the theorem
1.6.1.

Let us assume that, for all finite distributive lattices with fewer than n
join-irreducible elements, there exists a lattice L satisfying theorem 1.6.1 and
properties (P) and (Q).

Assume that D has n join-irreducible elements.

Let g be a minimal element of J(D).

Let 01,02, . ..,qk(k>0) be all upper bounds of g in J(D).

Let D, be a distributive lattice with J(D,)=J(D)-{q}.

By induction assumption there exists a lattice L; satisfying Con L;=D;
and (P) and (Q).

If k =0, then D = B;x D; and L = B; X Ly, obviously satisfies all the
requirements of the theorem and so the proof is over.

So, assume k > 1

The congruences of L; corresponding to the @i’s are pairwise
incomparable and therefore can be written in the form 6(0,p;) and the pi’s
generate an ideal I, isomorphic to By.

The lattice N(B,,By) also contains an ideal (B). isomorphic to By.

Identifying 1; and (By)., We get the chopped lattice K and the lattice
L=IdK.

By lemma 1.5.1., IdK is uniform.

That is L is uniform.

Let 6 be a join-irreducible congruence of L.

Then we can write 6 as 6(a,b) where a is covered by b.

By lemma 1.4.6., it follows that we can assume that either a, b € L4, or a,

b € N(B,,By)

www.ijmsi.org 73 | Page



Congruence Lattices of A Finite Uniform...

In either case, there exists an atom g in L; or g in N(B,, By) so that
0 (a,b)=06(0,q) in L; or 6(a,b)=06(0,q) in N(B,, By).

Obviously, g is an atom of Land 6(a,b)=6(0,q) in L verifying (P)for L.

Let Oy, 0,,....,0; be pairwise in-comparable join-irreducible congruences
of L.

To verify condition (Q), we have to find atoms py,p.,...,p Of L satisfying
0; = 0(0,p;) for all i < t and such that pi,po,....pt generate an ideal of L
iIsomorphic to B..

Let p denote an atom in N(B;,By) - I,

Infact, there are two atoms but they generate the same congruence 6(0,p).

If 6(0,p) is not one of 64,6,,...... ,0; then clearly we can find
P1,P2, ..., ptIn Ly as required and p1,po, .....,p also serves in L.

If 6(0,p) is one of 6, 0,,...... ,0r say 6(0,p) = 6, then let py,pa,......pr1 be
the set of atoms establishing (Q) for 04,6,,..,61 in L; and therefore in L.

Then pg,pa,......pr1,Pp represent the congruences 64,6,...... ,0r and they
generate an ideal isomorphic to B, by lemma 1.4.7.

Therefore L satisfies (Q).

It is clear from this discussion that J(ConK) has exactly one more element
than J(ConL,), namely, 6(0,p).

This join-irreducible congruence relates to the join-irreducible
congruences of ConL, exactly as q relates to the join-irreducible elements
of D.

Therefore D = ConL.

Hence the theorem.
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EXAMPLE : 1.6.2

The uniform construction for the four-element chain is

This lattice has four congruences.

C, has 32 blocks.

Co is a null congruence

C; has 8 blocks.

C,={{0,1,2,3}, {4,5,6,7},{8,9,10,11},{12,13,14,15},
(16,17,18,19}, {20,21,22,23}, {24,25,26,27},{28,29,30,31} }.

C, has 2 blocks.

C,={{0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15},
{16,17,18,19,20,21,22,23,24,25,26,27,28,29,30,31} }.
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Cs has 1 block.

Cs is all congruence.

" C

1 Cy

The congruence lattice of this lattice is

.. Every finite distributive lattice D can be represented as the congruence lattice

of a finite uniform lattice L.
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