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ABSTRACT: In this paper, we prove some common fixed point theorem for weakly compatible maps in
intuitionistic fuzzy metric space for two, four and six self mapping.
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l. INTRODUCTION

The introduction of the concept of fuzzy sets by Zadeh [1] in1965.Many authors have introduced the concept of
fuzzy metric in different ways. Atanassov [2] introduced and studied the concept of intuitionistic fuzzy sets. In
1997 Coker [3 ] introduced the concept of intuitionistic fuzzy topological spaces .Park [20] defined the notion of
intuitionistic fuzzy metric space with the help of continuous t-norm. Alaca et al. [4] using the idea of
intuitionistic fuzzy sets, they defined the notion of intuitionistic fuzzy metric space. Turkoglu et al. [34]
introduced the cocept of compatible maps and compatible maps of types () and (5} in intuitionistic fuzzy
metric space and gave some relations between the concepts of compatible maps and compatible maps of types
(e} and (8. Gregory etal. [12 ], Saadati et al [28],Singalotti et al [27], Sharma and Deshpande [30], Ciric etal
[9], Jesic [13], Kutukcu [16] and many others studied the concept of intuitionistic fuzzy metric space and its
applications. Sharma and Deshpandey [30] proved common fixed point theorems for finite number of mappings
without continuity and compatibility on intuitionistic fuzzy metric spaces. R.P. Pant [23] has initiated work
using the concept of R-weakly commuting mappings in 1994.

1. PRELIMINARIES
We begin by briefly recalling some definitions and notions from fixed point theory literature that we will use in
the sequel.

Definition 2.1 [Schweizer st. al.1960] - A binary operation =: [0.1] = [0.1] — [0.1] is a continuous t-norms if
= satisfying conditions:

(i) = is commutative and associative;

(ii) = |s continuous;

(iii) a=l=a forallac(01]:

(iv) a=bh=c=dwherevera = candb = d foralla b.c.d € [0.1].

Example of t-normare & = b = min{a. b} and a =5 = a.b.

Definition 2.2[Schweizer st. al.1960] A binary operation © : [0.1] % [0.1] — [0.1] is a continuous t-norms if
i satisfying conditions:

(i) i is commutative and associative;

(ii) i is continuous;

(iii) al0=a forall == [01]:

(iv) alb=ciddwherevera =candb = d foralla. b.c.d

I

[0,1].

iTi

Example of t-normare & ¢ b = max {z. b} and & § b = min {L.a + b},

Definition 2.3 [Alaca, C. et. Al. 2006] A 5-tuple (X, M, N.={] is said to be an intuitionistic fuzzy metric space
if X is an arbitrary set, = is a continuous t -norm, ¢ is a continuous

t-norm and M. are fuzzy sets on X* = (0, = satisfying the following conditions:

(i) M.yt + Nx,y.t) = 1forall .y eXand t = 0;
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(ii) Mx,p0) =0forall x.y €X;

(iii) Mx,yt) =1forall x.v € Xand t = Qifand only if x = ¥;

(iv) Mic,yt) =My, x.t)forallx.y € Xand t = 0:

(v) MG,y t) =My, zs) = Mix.z.t +s)forall x.y.zeXand 5.t =0 ;
(vi) Forall x.yv € X, M, v..):[0,=) — [0.1] is left continuous ;

(vii) lim, . M(x.y.t) =1forallx,y e Xand t > 0;

(vii)  Nlr.y.0)=1lforallx.y X;

(ix) NG, y.tl =0 forall x.v €Xand t = 0; ifand only if x = y.

(x) Nic,y.tl =Niy.x.t)forall &,y eXand t = 0

(xi) N,y ) 0 NGy z.5) =2 Nx,z.t + sforall x.y.z€ Xand 5.t = 0:
(xii) forall x v € X, N(x,v.J): [0.2] — [0.1] is right continuous;

(xiii) lim,_ . N(x,y,t) =0 forall x.y € X;

(M. N7 is called an intuitionistic fuzzy metric on X . The functions M (x. v. tland N(x.v. ] denote the degree of
nearness and the degree of non-nearness between x and ¥ with respect to t. respectively.

Remark 2.4 [Alaca, C. et. Al. 2006 ]. An intuitionistic fuzzy metric spaces with continuous t-norm = and
Continuous t -conorm ¢ defined by & *a = a.a e [0.1land (1 —al § (1 —a) = (1 —al forall e [0.1],
Then for all x.y & X, M(x, .=} is non-decreasing and, V(x. v.0) is non-increasing.

Remark 2.5[Park, 2004]. Let (X.d3 be a metric space .Define t-norm a=b =min{a b} and t-
conorma ¢ & = max {a. b} and forall ;v € ¥and £ = 0

t dix. v)

»aNglx.wt) =

s ;
Milx v k) =
(R R LX)

35 " 10 -
+ a7 + a7
[2 QX v) L aLx,v)

LR WS

Then (X.M.N.={) is an intuitionistic fuzzy metric space induced by the metric. It is obvious that

N,y th=1-Mlx,yth

Alaca, Turkoglu and Yildiz [Alaca, C. et. Al. 2006] introduced the following notions:
Definition 2.6. Let (X, M. V.= {7 be an intuitionistic fuzzy metric space. Then

(i) a sequence {x . is said to be Cauchy sequence if, forall t = 0 and p = 0
lim M (% g 2n.t) = LN(xp,p %0.8) = 0

(i) asequence {x,} in X is said to be convergent to a point x € X if forall £ = 0.
limMix,xt) =1L Nx,xt)=0

Since = and ¢ are continuous, the limit is uniquely determined from (v) and (xi) of respectively.

Definition 2.7. An intuitionistic fuzzy metric space (X, M. N.={7 is said to be complete if and only if every
Cauchy sequence in X' is convergent.

Definition 2.8. A pair of self-mappings (f. g}, of an intuitionistic fuzzy metric space (X, M. N.= 4] is said to
be compatible if lim,_..M{fgx, gfr,.t3=1 and lim,_.N{fgx, gfx,.t) =0 for every
t = 0 whenever [} isasequence in X such that lim,_.. fx, =lim,_ .. gr, =z for some z € X,
Definition 2.9. A pair of self-mappings (f. g7}, of an intuitionistic fuzzy metric space (X, M, N.={7 issaid to be
non compatible if lim,_..M(fgx, gfx,.t3 = 1lor nonexistence and lim,_.N{fgx, gfxr,.t1 =0 or
nonexistence for every £ =0,

whenever {x,} is a sequence in X such that lim,_.. fr, =lim,_. gr, =z for some z £ X.

In 1998, Jungck and Rhoades [Jungck et. al. 1998] introduced the concept of weakly compatible maps as
follows:
Definition 2.10. Two self maps f and g are said to be weakly compatible if they commute at coincidence

points.
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Definition 2.11 [Alaca, C. et. Al. 2006 ]. Let (X.M.N.=0} be an intuitionistic fuzzy metric space then
f.g X —= X are said to be weakly compatible if they commute at coincidence points.

Lemma 2.12[ Alaca, C. et. Al. 2006]. Let (¥.M.N.={) be an intuitionistic fuzzy metric space and {1} be a
sequence in X if there exist a number k € (2.1) such that,

|) HI.-.._:__ .-’LIE I-!l.v._:..v....l
i) N(¥nsz¥nsn K8} = Ni¥io Vo E)
forallt = dandn =1.2.3.... .. then {3, is a cauchy sequence in .

Lemma 2.13 Let (XM, N.={) be an IFM-space and for all x.v e X.t=0 and if for a number
ke (0.1, MO, v kt) = MU,y £, N Geyv kt) = N, v, ) then x = w

1. MAIN RESULTS
Theorem 3.1 — Let ¥, M. V.= be an intuitionstic fuzzy metric space with continuous t-norm = and continuous

t-norm ¢ defined by t=t = tand (1 — 1 § (1 — 2} = (1 —tlwt e [0.1]. Let f and g be weakly compatible
self mapping in X s.t.
a) giX) f':}"x'

b) Migx, gy. kt) .:a{u'_fr fy.t) = Migx, fy.t) = .'Li"fr. gx, t1}
.'J':gr g = WIN{fx, fy. ) 0 Nigx, fy. £) { N(fx, gx, £)}
Where , 0 = 1 and ©.%:[0.1] — [0.1] is continuous function s.t. @z} = sand ¥z} =5 for each

0=z= 1 and @1l =1,%(0) = 0with M{x.yt) = 0.
c) If one of glX) ar FLXT is complete
Then £ and g have a unique common fixed point.

Proof — Let x, € X be any arbitrary point. Since g(X} S fl¥) choose x, € X
Such that ¥oy = fiones = GXan.
Then by (b), ) ) )
e (MOFxoy, foron. s t) s Migx,,, Fran..t)
M(gxzn g% anss kt) ;ﬁg{k « M(fxy,. 9% t) )

. ;
H Vs s Wom g0 K0S =
emAams L = Mg, g, Bl J
MGy Vonas bt 2 @M Qg g, ¥an £ = 1 = MOy, ¥ap 1))
- i P P W R ,_
MYy, Van 410 k) = @M (g1 Von, 803 > MOty ¥am s e, Q)
As @5} =5 foreach 0 = 5 <= 1,
and
. R A
- Nifxgy Foon o BV O NG, Foron, gt
Nigx,n.0%snes. Kt} = 'f’{ R me1-t)]
- e xkr“gr“.rl
r'r.’.. £} 8 N (4 +)
. I e ja ¥ __.:,,:_:.u-v..n. iV .-v..u-v..n.
V(¥ Vo ag KB} = W40 Y E
kt) =
AR - Tm—i
As '-Hk.»l =5 foreach 0 = 5 <« 1,
For all .
i e . PPy _ . o -
M(Wzn: Yansro kt) = MCyzn Y200 t) and NOyzg. ¥on g Kt} £ Ny g . £)
—— T . I -
M I\.:l‘:y!_iu_‘_l‘:ﬂ_:n'{:_,l i -'|I'-\.-|ILI and '-x.__l_:u!_iu__l::u!__'.l'{rl i I'l"\_‘l"-w :.:.‘-“.ﬂ

Hence by lemma (2.12) , {,-;_“_. is a Cauchy sequence in X. by completeness of X, (...} ={fx...} is convergent,
call =,

Then lim,_. for, = lim, . gx, ==

Now suppose f X} is complete, so there exist a point @ in
Now from (b),

X such that fp ==z
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o e e n y e y e )
M(gp. gxn.kt) = @M (fp. fxy.t) = Migp. fxy.t) = M(fp. gp. t)}
As 1 —= =,

) W aar -
u'r.ﬁ.z.m zolMz. zt) = M r“'.f.:,l * Mz, gpths

Migp.z.kt) = @ll « M(gp,z.t) = Mz, gp. t1}
-

- a2 - . P

Mgp.z.kt) 2 @[ Mgp.z.t)} = Mgp. 2. ) v, 3)
And

e i . ;
Nigp. gxn.kt) =WIN(fp, fx,.t) 0 Nigp, fx,.t) 0 N{fp.gp.t)}
Asn — =,

Nigp z.kt) < WiN(z,z.t) { N(gp.z.t) ¢ N(z, gp.t)}

Nigp.z .-’*l = w0 o Nigp.z.t) O Nz, gp. t1}

i ; i .

Nigp.z.kt) < P{N(gp.z. )} < Nigp.2.t] e (4)

From (3) and (4),we have

gp=z=fp

As f and g are weakly compatible ,therefore for = gfp i.e.fz =gz
Now , we show that = is a fixed point of f and g. from (b),

Mgz, gxn.kt) = @IM{fz, fx,.t) =M '\gz._frn.r,l * M(fz, gz t)}
Asm — =,
M{gz, z.kt) = oiM{gz. z,t) = Mgz, z,t) = Mgz, gz. t1}
M{gz z.kt) = o{M{gz. 2.t} =« Mgz, z.t) = 1}
Mgz, z. kt) = oiM{gz, z. 1} > M{QZ. Z.£) oo (5)

and
Nigz. gx,.kt) < W{N(fz, fx,.t) 0 N(gz. fx,.t) O N(fz. gz. t)}
Asm — =,
Nigz.z, r'r = ¥YiN(gz,z.t) 0 Nigz, z.t)  Nigz, g=. t]}
Nigz, z.kt) = P{N(gz, =z, ) { Nigz, z. £} 0 0}

Nigz.z.kt) < WN(gz.z.t}} < N{gz.z.t) v (6)

From (5) and (6),
gz =z =fz
Hence z is common fixed point of f and g
Uniqueness — Let w be another fixed point of f and g ,then by (b) ,
Mgz gw. kt) = o [M(fz, f-r.ﬂ = Mgz, fw. £) = M(fz. gz, £)}
Mz, w. kt) = olMz,w.t) = Mz, w, t) =« Mz, z, t)}
Mz, w, kt) = olM{z,w. t) = Mz, w,t) =1}
Mzow. kt) = pMzow. )3 = M wot) s @)

and
Nigz, gw, kt) = WIN(fz, fw.t) { N(gz, fw.t) ¢ N{fz, gz, t)}
Nz w. kt) <« PNz w.t) 0 Nz w.t) 0 Nz, z£)}
Niz,w.kt) = PNz w,t) 0 Nz, w,t) 0 0}

Niz,w.kt) =WINGEw. < Nz w.£) oo (8)

From (7) and (8),

=W

Therefore = is unique common fixed point of f and g

Theorem — 3.2 Let (¥, M, N.=0] be an intuitionstic fuzzy metric space with continuous t-norm = and continuous
t-norm ¢ defined by t =t = t and (1 — ¢} § (1 —t) = (1 —tlwt e [0.1]l.Let A, B, Sand T be self mappings in

Xs.t.

a) A(X) € 5(X) and BQY) = T(X).

b) There exist a constant k = (0.1}, 5

M(Ax, By, kt) = qg{-‘u‘"‘“r Sy, t) = M(Tx, Ax, t) = -‘u":,—]r Sy t)}

T

;'-u'.l.r E‘l.u. w{ ;J:’._..‘...":.-. ;J:’..—:r... : ..'uv'].ru_":-|.tll;
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vxy eXand t > 0,0 <k < Lwhere ¢, ¥:[0.1] = [0.1] is continuous function s.t.
@ls) =sand W(s) = s foreach0 = s = land (1l =1,

w0} =0 with Mix. v.t) = 0.
c) If one of the .—1' "), BOX),50X) and T(X) is complete subspace of X,
Then {4.T} and {E. 5} have a coincidence point
More over ,if the pair {4. T} and {E. 5} are weakly compatible ,then A, B, S and T have a unique common fixed
point.
Proof — Let x, be any arbitrary point since 40X} = S}, thereisa point x. £ ¥ s.t,
Axy = Sx, . Again since B(¥) = T(¥) for this x. € ¥ 5.t Bx. = Tx. and so on. Then we get a sequence {1}
St v, = .—':r_-v. =Sy, cand Vones = By, =Tag,.. n=012.. ..
Putting i = x4, . % = X3;.. in (D) we have,
M(Axq,,Bx, s 1k kt) = -:9{ u':,'_r e STy o B = M T X0, Ax gy, t) = M{AX 3. 555, 4.£0)

"'J'xl';q-__l:w '-lfl-, Eﬁ?{nlxl'w_:-l w-l...l = w..'l:y! 1+ Vg v|||-| * I'!'\‘I"\qll v....,lr
MOy Yan e k) = @M Gyp o1 on. £) = 1}
=M, o B MUy, v, )

As@ls) = s foreach 0 = 5 = 1,
and

N{Ax, “.E‘r-“_:..‘f:r: E WIN(T %00, 5% 0y, £ O N(Tx 0, Ax g, t) O Ndx,, 55,0, 80]
N{Ax;, By, o kit LH’{‘\";.*-,,_.. Yo £3 0 NV g0 Yoo £) 0 NQyvop . Vo, £33
I|||_\-|I-|__W.:I-u:;w!_:I I{:I Ii_,l'{\\.l\-ul-u - .__l o | 4] EI 1
< WIN (g g0 Voo 81 < Ny _ g0V £)
AsWis) <5 foreach 0 <5 < 1.
For all =.
M(2n. Yansr bt = MQyzg g ¥2ne tand NOyzn . ¥an g k) £ NQypn g3 t)
M(¥ynisr Yanez k) = MQyzn.a.yon. t) and Nyzp. yonoa. kt) < Nyzp_g. yan. t)

Hence by lemma (2.12) , {1, is a Cauchy sequence in X.

Now suppose S(X) is a complete subspace of X.note that the sequence {1, is contained in SLX) and has a
limit in SC¥) say u. so we get Sw = w. we shall use the fact that subsequence {y,..} also convergence to u
now putting x = x5, ,» = win (b)

and taking n — =

na o el - n § o 1 & maia AR
Midx., Bw. kt) = o[M(Tx,, 5w ) s MTx Ax g £) = MiAx,,, Sw, t)]

M(u, Bw, kt) = o{M(u,w, £} = M u, £) = M(u,u. t)
=p(l) =1

e M, Bw.kt) =1 ?3)

Also,

N{Axyn.Bw, kt) < PIN(Txo,, 5w, t) 0 N(T x5, Axop. t) 0 N{Ax,,. 5w, £))

L ]

NQu, Bw, kt) < WINGu w. ) 0 NGow. £) 0 Nu, u, £))
=wi =0

ieN{w Bw k) =0 s 4)

from (3) and (4),u =

Since 5w = Bw = u,i.ew is the coincidence point of E and &,

AsBXI cTX L u=Bw =2ue T .letve T~ u thenTy = u

By putting x = v.¥ = x5, in (b),we get,

ma TP T o - R o — L ) ma i
MiAv, Bxqp . kt) = ofM Ty, Sxqp, o t) = M(Tw, Av, £) = M{AY, Sx 454,80}

AS # — =

P T P y P ' y P e

MiAvr, u, kt) = olMu,u, £) = MG, Av, £) = MUAv, u, t)]}

ma [ . L ) . - 1 T s L i

Midv, u, kt) = of{Mu, Av, t) =1} = @M Av, £} = M, Av. 8] . (5)

and

i’ 2 _ - — - T
N{Av, Bxqyp, ., kt) < WIN(Tv, 5x5p,0.t) 0 N(Tw, Av, t) § N{Av, Sxq,, ,.t))
Asn —

NETETE = i WMiap ap #1080 Mg A1 #1080 N{ 412 a2
NUAv, u, k) < TING,w, t) § Nu, Av, £) ) Ndr,u

-+
[
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N{Av, w.kt) = WIN(uw, Av. £) 0 00= WINGL Av, ) = NG Ava t) e, (6)

From (5) and (6),we get,

Ay o=,

Since T u.we have 4v =Tv = u.thus v is the coincidence point of 4 and T.If one assume T(X) to be

complete ,then an analogous argument establish this claim.

The remaining two cases pertain essentially to the previous cases. Indeed if 5(.X} is complete then

u e B(Y) = T(X) and if A(X) is complete then u & ALY = 5(X) . Thus (c) is completely established.
Since the pair {4. T} and {E.5) are weakly compatible ,i.e.

E(Sw) = 5(Bw) = Bu = 5u and A(Ty) = T{Ar) = Au = Tu.

Putting x = u, ¥ = x4,.4 in (b),we get

M{Au, Bxop. g kt) = @fM(Tu, Sxop. o, t) = M{Tu, Au, t) = M{Au, 5x5p ... th

As T — =

M(Au, w, kt) = @M {Au,u, t) = M (Au, Au, £) = M{Au, u, £)]
MUAw, wkt) = @M Auw,w )= MUAw wt) e, (7
and
N{Au, Bx o, kt) < WIN(Tu, Sx o, 0t 0 N(Tu, Au, t) 0 N{Au,Sx 00, 0. t0)
Asn — =
N(Au, u, kt) = "f‘r{'-'*-'-'f-'m u, £} § N{Au, Au, £) O NCAu, u, £)]
NCAu, w kt) = WIN(Au, w61} < NCAM 0t e, (8)
From (7) and (8), implies that Au = u = Au =Tu = u
Similarly by putting x = x.,.¥ =uin(b)and asn — =

We have u = Bu = Su.thus Au = 5u =Tu = u.

i.e u is a common fixed point of 4.5, 5and T.

Uniqueness- let wiw =} be another common fixed point of 4. 5.5 and T.
Then by putting = u. v = w in ()

M(Au, Bw. kt) = @ {M(Tw, Sw, t) = M(Tu, Au. t) = M(Au, Sw, )}
Mlu, w, kt) .3_-.:9{.“'\14.'.1 £ = MCa,a £) = Mu,w, )}

e . .

M, w. kt) =z oM, w, t) =1} = MG, w.t) 9)
and

N{Au, Bw, kt) = W{N(Tu, 5w, £} § N(Tu, Au. £} § NCAu, Sw, £}

Nlu, w, kt) < PINCGu, w, £) § N, w, ) 0 N, w, £)1
5'-.“:14.'.1'..'-:5,' S WN@w.t} 00} < Naww.t) . s (10)

From (9) and (10)

u=w forall x,¥y e XYandt = 0,

Therefore u is the unique common fixed point of 4.5, 5and T\

Theorem — 3.3 Let (¥, M, V.= be an intuitionstic fuzzy metric space with continuous t-norm = and continuous
t-norm ¢ defined by t =t = t and (1 —t} § (1 —t) = (1 —¢t],

te[01]. Let A.B.5and T be self mappings in X s.t.
a) P(X) € ST(X) and Q(X) € AB(X)
b) There exist a constant & € (0,1] s.t.

M(Px,Qy. kt) = o[ M(Px, ABx.t} = M(STy, ABx. t} = (Px,5Ty. t1
and
N(Px, t}';.‘.f{t:' = wr N{Px, ABx,t) { N(5T ...—15‘1’. £ 0 N(Px, 5T v, rll
v,y €Xand t = Qwhere @ ¥:[0,1] — [0.1] is continuous function s.t.
@ls) =s5and W(s) == foreach0 =< s = land @1} =1,
w0} =0 with M{x.y.t) = 0.

o 1 1

(©) If one of the PLX}, @UX), STX), and AB(X) is a complete subspace of X then
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{AR.P}and [Q.5T have a coincidence point.

(d) AB = BAST=TS5,FE=EFand QT =TQ

Moreover if the pair {AB.P}and {Q.5T} are weakly compatible ,then A,5.5.T.P.and § have a unique
common fixed point.

Proof — Let x, £ X be an arbitrary point. since P LX) = STLX), there exist x, € X s.t. Pxy = 5Tx, = y,. again
since QLX) € ABLX) forthis x, thereisx; € X sit.

Qx; = ABx; = and so on. Inductively we get a sequence {x,}and {1} inX s.t.
Vin = Pxgn = STxgnyy ond Yopay = Qagney = ABxgn m = 012,000
Putting X = Ko ¥ = Xon.q in (D) we have,

M(Px,y, Qx o, .. kt -:sl-[ J""J:’ 1 ABX 5 t) = MUSTx 5.0  ABx 5 t) = (P gy, STx 5, £
M U Vin+1 ¥ kt) = QLM (yn ¥an oo ) = MQypn, o, £ = Myzn. 3, f:'}
M (¥, Vo oq. k) = qa{;u (Vam o Van_1o £ # 1} % M ¥on, Vom0 B oo Q)
and

P

. . W e — -
"Hr n@%znash kt) =¥ \"”r pAB X g, t) O NUST w g, ABN g, ) O NP 2 30, 3T g0 4. 1]

"'\:'1.:1':'1::1—‘_' kt) = W{N '\"':v- -,":n—:- t) 0 Nz ¥an—1ot) O NQypp. ¥z, 9]
:".'-\‘n:-u.. Vg wts .|.| = I'!"r{.'. \_I:ql |-u._:.|.‘| ¥ .'\'.'-'\._‘n‘-q.‘n‘ " -.|.| & |.\'|-I\_I'v|| |-u..f,|:>
NOyyms Vansn k) £ PLNG v 08 003 < NQyn, Yon C0oB) e, )
Hence we have from (1) and (2)

M(yon. Von s Kt} = MQyn, ¥on -1, 8) and NQyzn. ¥onep 68 £ Ny, on g, 8.

Similarly we also have
M(2neg Vansz k) 2 MQzn o ¥20.t) and NQignoq.¥2n
M(2n. ¥ansro Kt = MQyzn 3200 ) and N(yzn. ¥an oo
Hence by lemma (2.12) ,{1.1 is a Cauchy sequence in X.
Now suppose AE (X7} is a complete subspace of ¥ .note that the sequence (.., is contained in A2 (X and has
alimitin AECY) say .50 we get ABw = z. we shall use the fact that subsequence {y.. also convergence to
Z. NoW putting x = w ,y = x4, in (b)

and taking m = = , we have

M(Pw,Qxop. s kt) = @{ M(Pw, ABw, t) = M (ST x5, ABw. t) = (Pw, STx 4.0, t))

Asm — =

na T L aaim ™ pai -
MiPw,z,kt) = ol M(Pw,z.t) « Mz, =z, t) = (Pw,z, t]}

MPw,zkt) = of M(Pw.z,t) =1} = |
end
N{Pw, Qxyp.. kt) = WIN(Pw,ABw,t) 0 N(5Tx

AS # — =

v Y oa ol T L -
nen ABW, £) O N(Pw, STx 4, .. £1]

T I " - '\. o nOT ;!

N{Pw,z, kt) = V(Pw.z,t) O N(z.z,t) 0 N{Pw JEL BN

b1 I = N A — I y

N{Pw, z, kt) V(Pw,z,t) 00} < N(Pw.z.t) oo, 4)

From (3) and (4) Pw = z, Since ABw = z thus we have Pw = z = 4Ew that is w is coincidence point of P
and AE. Since P(¥] = ST(X), Pw = z implies that z € 5T (X7,
let v € 5T *zthen 5Tv =z,
Puttlng x = xgy and ¥ = v in (b), we have
M(Px,,.Qu.kt) = @{ M(Px,, ABx,,.t) = M(STv, ABx . t) = (Px,,. 5T, t)
Asn — =

Mz, Qu. kt) = {M(z,z.t) = M(z,z.t) = (z.2.t)}

Mz, Qu.kt) = {1} =1

[

Mz Qukt) =1
cnd
- _— - - ' ' AN D
N{Px,,.Qu. kt) < W N(Px,, ABxq.t) § N(STv, ABxo,, £} 0 N(Px,,,.5Tv. t)}
- v R . I|
Niz,Quv.kt) = P{N(z,zt) ) N(z.z t) § N(z.z.th
Nz, Quv.kt) = P[0} =0
Nz Quktl 20 e, (6)
From (5) and (6),we have = = v,
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Again Putting x = zand ¥ = x3,., in(b) and as 1 — =

M(Pz,Qxyp,q k) = @I M(Pz, ABz, t) = M(5T x4, , . ABz.t) = (P2, 5T x50, . t)]

For

o - " - - - b » s - b i "
6] = ¥ ¥ ¥
Mi{Pz, z,kt) = p{ M{Pz, Pz, t) « M{z,Pz,t) = (Pz,z,t)}

. e e .- L -L e L'
MPz,z, kt) = ol MPz,z.t) + 1} = MPz.z. t) . (7)
and
niil o b | o= 1L nril o ' £ oa NieT . +1 o nrl o cT £17
NPz, Qxq,, . kt) <« WIN(Pz ARz, £) O N(ST x4, ., ABzE) O NPz, 5T x5, . £)}
Al o e} =~ I a0 e AT o s nil D
N{Pz,z, kt) = ¥{N(Pz,Pz,t) § N(z,Pz.t) ) N\Pz,zt)}
i p - = T A D . - (P y
NPz, z,kt) S WINPz,z )00 < NPz, 2. t) (8)

)
Now putting = = z.¥ = Tz in (b) and using (d) ,we have
Mz Tzkt) =1 and N(z.Tz. kt) = Qthusz = Tz,
Since 5Tz = z.therefore 5z = =z
Toprove, Bz = z, we put x = Ez.v =z in (b) and using (d),
We have M (z, Bz kt} = 1and M(z, Bz kt) = 0.Thus z = Bz,
Since AEz = z therefore Az = =z,
By combining the above result we have Az = Bz =5z =Tz =Fz =z ==z
that is = is a common fixed point of 4. E.5.T. F and Q.

Uniqueness — Let wiw =z} be another common fixed point of A B.S5T.Pand@ then
Aw = BEw = 5w = Tw = Pw = Qw = w.
By putting ¥ = z.3 = w,we have M (z,w. kt] = 1and Nz, w, kt] = 0.

Hencez = w forall=y € Xand t = (.
Therefore z is the unique common fixed point of 4, E.5.T,Fand .
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