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I. INTRODUCTION 

The concept of  s- Hermitian matrices, k- Hermitian matrices and of  s-k Hermitian matrices was 

introduced in [1], [2] and [3] Some properties of Hermitian matrices given in [5],[6] .In this paper, our intention 

is to define s- Hermitian circulant  matrices, k- Hermitian circulant  matrices and of  s-k Hermitian circulant  

matrices and  prove some results on Hermitian circulant  matrices 

 

II. PRELIMINARIES AND NOTATIONS 
Z

T
 is called Transpose of Z, Z

S
 is called secondary transpose of Z.Let k be a fixed product of disjoint 

transposition in Sn and ‘K’be the permutation matrix associated with k, V is a permutation matrix with units in 

the secondary diagonal. Clearly K and V are satisfies the following properties. K
2
 = I , K

T
 = K,V

2
 = I , V

T
 = V 

 

III. DEFINITIONS AND THEOREMS 
Definition: 1For any given z0, z1, z2, z3,…zn-1 Є C

nxn
  the Circulant matrix Z =[Zij] is defined by  
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Definition: 2 A matrix Z Є C
nxn

  is said to be Hermitian Circulant matrix if Z = Z* 

Example: 1  

 Z = 
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Result: 

(i) All Hermitian is not a Circulant matrix , 
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(ii) All Circulant matrix is not a Hermitian matrix, 
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Definition: 3 A matrix Z Є C
nxn

  is said to be k-Hermitian Circulant matrix if Z = K Z* K 

Example: 2 

 Z= 
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Now, KZ*K=
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= Z  

Result: (i) KZ = ZK  (ii) ZK = KZ  

(i) KZ = 
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ZK = 
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KZ = ZK  Similarly ZK = KZ  
 

Theorem: 1 Let Z Є C
nxn

  is k-Hermitian Circulant matrix if Z = K Z* K 

Proof:  

 KZ*K = KZK    where Z* = Z 

            =  ZK K  where KZ= ZK  

            =  Z K K  

            =  Z K
2
 = Z  where K

2
= I 

 

Theorem: 2  Let Z Є C
nxn

 is k-Hermitian Circulant matrix if Z*= K Z  K 

Proof:  K Z  K = K Z K  where K = K 

  = K ZK  

  = K KZ  where ZK = KZ 

  = Z =Z* where  Z* = Z 

 

Theorem: 3 Let Z1 and Z2 are k-Hermitian Circulant matrices then Z1 Z2 is also k-Hermitian Circulant 

matrix 

Proof: Let Z1 and Z2 are k-Hermitian Circulant matrices then  Z1*= K 1Z K , Z2*= K 2Z K and 1Z = K Z1*K ,  

      2Z = K Z2* K . To prove Z1 Z2 is k-Hermitian Circulant matrix 

We will show that  Z1 Z2 = 12 ZZ = K (Z1 Z2)* K 

Now K (Z1 Z2)* K = K Z2*Z1* K 

    = K [ (K 2Z K)( K 1Z K) ] K     where Z1*= K 1Z K , Z2*= K 2Z K 

    = K
2
 2Z  K

2
 1Z  K

2
 

    =  2Z 1Z  

    =  12 ZZ  

Theorem: 4 Let Z1 and Z2 are k-Hermitian Circulant matrices then  Z1+ Z2 is also k-Hermitian Circulant matrix 

Proof: Let Z1 and Z2 are k-Hermitian Circulant matrices then  Z1*= K 1Z K , Z2*= K 2Z K and 1Z = K Z1*K ,  

2Z = K Z2* K. To prove Z1 + Z2 is k-Hermitian Circulant matrix 

We will show that ( 21 ZZ  ) = K (Z1 + Z2)* K 

Now K (Z1 + Z2)* K = K (Z1*+ Z2*) K  

       = K Z1*K + K Z2* K 

        = 1Z + 2Z  

         = 21 ZZ   
 

Theorem: 5 Let Z Є C
nxn

 is k-Hermitian Circulant matrix and K is the Permutation matrix , k=(1)(2 3) then KZ is 

also k-Hermitian Circulant matrix 

Proof: Let Z Є C
nxn

 is k-Hermitian Circulant matrix Z = K Z* K,    Z*= K Z K 
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To Prove KZ is k-Hermitian Circulant matrix  

We will show that, KZ = ZK = K (KZ)* K 

Now K (KZ)* K = K [K( ZK )K] K 

              = K
2
 ZK  K

2
  = ZK  

 

Theorem: 5 Let Z Є C
nxn

 is k-Hermitian Circulant matrix then ZZ
T
 is also k-Hermitian Circulant matrix 

Proof: Let Z Є C
nxn

 is k-Hermitian Circulant matrix Z = K Z* K  , Z*= K Z K 

To Prove ZZ
T
 is k-Hermitian Circulant matrix .We will show that, ZZ

T
 = ZZ

T
 = K (ZZ

T
)* K 

Now K (ZZ
T
)*K = K [ K ( ZZ

T
) K] K 

               = K
2
 ( ZZ

T
) K

2
 

  = ZZ
T

  

Result:  Let Z1 and Z2 are k-Hermitian Circulant matrices for the following conditions are holds 

(i) Z1 Z2 = Z2 Z1 and also k-Hermitian Circulant matrix 

(ii) Z1
T
Z2Z1= Z2

T
Z1Z2 are also k-Hermitian Circulant matrices 

 

Theorem: 7 Let Z is k-Hermitian Circulant matrix then the following conditions are equal 

1) KZ* = KZ 

2) Z*K = ZK 

3) (KZ)*= Z*K 

4) (Z*K) = KZ 

Proof:      (i) KZ* = KZ 

   Now, KZ* = K (K Z K) where Z*= K Z K 

     = K (K Z K ) 

     = K (K ZK ) 

     = K (KK Z) = K
2
 (KZ) 

     = KZ 

      (ii) Z*K = ZK 

   Now, Z*K = (K Z K) K where Z*= K Z K 

     = (K Z K ) K 

     = (K ZK ) K 

     = (KK Z) K = K
2
 (ZK) 

     = ZK 

(iii) (KZ)* = Z*K 

   Now, (KZ)* = K ( ZK ) K where Z*= K Z K 

        = K ( Z K ) K 

        = K ( Z K) K 

        = (K Z K) K 

        = Z*K 

(iv)   (Z*K)* = KZ 

   Now, (Z*K)* = (ZK)*     where (ii) 

     = K ( KZ ) K 

     = K ( K Z ) K 

     = K (K Z K)  

     = KZ*=KZ 
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Definition: 4 A matrix Z Є C
nxn

 is said to be S-Hermitian Circulant matrix if Z = VZ*V where V is Exchange 

matrix  

Example: 3 

 VZ*V= 





















001

010

100



























211

121

112

ii

ii

ii





















001

010

100

= 



























211

121

112

ii

ii

ii

= Z  

 

Result: (i) VZ = ZV  (ii) ZV = VZ  

 (i) VZ = 
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 (ii) ZV = 
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  VZ = ZV  Similarly ZV = VZ  

 

Theorem: 8 Let Z Є C
nxn

  is s-Hermitian Circulant matrix if Z = V Z* V 

Proof:  VZ*V = V Z V    where Z* = Z 

             = ZV  K  where VZ= ZV  

             =  Z V V  

             =  Z V
2
 = Z  where V

2
= I 

             = Z =Z* where  Z* = Z 

 

Theorem:9 Let Z Є C
nxn

  is s-Hermitian Circulant matrix if Z*= V Z V 

Proof:  V Z  V = V Z V  where V = V 

  = V ZV  

  = V VZ where ZV = VZ 

  = V
2
 Z where V

2
=I 

  = Z =Z* where Z* = Z 

 

Theorem:10 Let Z1 and Z2 are s-Hermitian Circulant matrices then  Z1 Z2 is also s-Hermitian Circulant matrix 

Proof: Let Z1 and Z2 are s-Hermitian Circulant matrices then  Z1*= V 1Z V , Z2*= V 2Z V and 1Z = V Z1*V ,  

      2Z = V Z2* V . To prove Z1 Z2 is s-Hermitian Circulant matrix 

We will show that  Z1 Z2 = 12 ZZ = V (Z1 Z2)* V 

Now V (Z1 Z2)* V = V Z2*Z1* V 

    = V [(V 2Z V) (V 1Z V)] V     where Z1*= V 1Z V , Z2*= V 2Z V 

    = V
2
 2Z  V

2
 1Z  V

2
 

    =  1Z  2Z  

    =  12 ZZ  

    =   Z1 Z2  where 12 ZZ = Z1 Z2 

 

Theorem:11 Let Z1 and Z2 are s-Hermitian Circulant matrices then  Z1+ Z2 is also s-Hermitian Circulant matrix 

Proof: Let Z1 and Z2 are s-Hermitian Circulant matrices then Z1*= V 1Z V, Z2*= V 2Z V and 1Z = V Z1*V ,  

2Z = V Z2* V. To prove Z1 + Z2 is s-Hermitian Circulant matrix 

We will show that ( 21 ZZ  ) = V (Z1 + Z2)* V 

Now V (Z1 + Z2)* V = V (Z1*+ Z2*) V  

       = V Z1*V + V Z2* V 
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        = 1Z + 2Z  

         = 21 ZZ   

 

Theorem: 12  Let Z Є C
nxn

 is s-Hermitian Circulant matrix and V is the Exchange matrix then VZ is also s-

Hermitian Circulant matrix 

Proof: Let Z is s-Hermitian Circulant matrix then Z = V Z* V, Z*= V Z V 

To Prove VZ is s-Hermitian Circulant matrix 

We will show that, VZ = ZV = V (VZ)* V 

Now V (VZ)* V = V [V ( ZV ) V] V 

              = V
2
 ZV  V

2
 

              = ZV = VZ 

 

Theorem: 13 Let Z Є C
nxn

 is s-Hermitian Circulant matrix then ZZ
T
 is also s-Hermitian Circulant matrix 

Proof: Let Z Є C
nxn

 is s-Hermitian Circulant matrix Z = V Z* V , Z*= V Z V 

To Prove ZZ
T
 is s-Hermitian Circulant matrix .We will show that, ZZ

T
 = ZZ

T
 = V (ZZ

T
)* V 

Now V (ZZ
T
)*V = V [V ( ZZ

T
) V] V 

               = V
2
 ( ZZ

T
) V

2
 

  = ZZ
T

 = Z Z
T 

Result:  Let Z1 and Z2 are s-Hermitian Circulant matrices for the following conditions are holds 

(i) Z1 Z2 = Z2 Z1 and also s-Hermitian Circulant matrix 

(ii) Z1
T
Z2Z1 and  Z2

T
Z1Z2 are also s-Hermitian Circulant matrices 

 

Theorem: 14 

Let Z is s-Hermitian Circulant matrix then the following conditions are equal 

1) VZ* = VZ 

2) Z*V = ZV 

3) (VZ)*= Z*V 

4) (Z*V) = VZ 

Proof:      (i) VZ* = VZ 

   Now, VZ* = V (V Z V) where Z*= V Z V 

     = V (V Z V ) 

     = V (V ZV ) 

     = V (VV Z) = V
2
 (VZ) 

     = VZ       

(ii) Z*V = ZV 

   Now, Z*V = (V Z V) V where Z*= V Z V 

     = (V Z V ) V 

     = (V ZV ) V 

     = (VV Z) V = V
2
 (ZV) 

     = ZV 

(iii) (VZ)* = Z*V 

   Now, (VZ)* = V ( ZV ) V where Z*= V Z V 

        = V ( Z V ) V 

        = V ( Z V) V 

        = (V Z V) V 

        = Z*V 

(iv)  (Z*V)* = VZ 

   Now, (Z*V)* = (ZV)*   where (ii) 

     = V ( VZ ) V 
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     = V (V Z ) V 

     = V (V Z V)  

     = VZ*=VZ 

 

Definition: 5  A matrix Z Є C
nxn

 is said to be s-k Hermitian Circulant matrix if (i)Z =KVZ*VK (ii) Z =VKZ*KV  

(iii) Z =KV Z VK (ii) Z  =VK Z KV where V is Exchange matrix and K is Permutation matrix K = (1)(2 3) 

 

Theorem: 15Let Z1 and Z2 are s-k Hermitian Circulant matrices then Z1+ Z2 is also s-k Hermitian Circulant 

matrix 

Proof:  Let Z1 and Z2 are s-k Hermitian Circulant matrices then Z1*= KV 1Z VK, Z2*=KV 2Z VK  

 To prove Z1 + Z2 is s-k Hermitian Circulant matrix 

We will show that (Z1+Z2)* = KV (Z1 + Z2)* VK 

Now KV (Z1 + Z2)* VK = K [V (Z1*+ Z2*) V] K  

       = K ( 21 ZZ  ) K 

        = (Z1*+ Z2*)        

Theorem: 16 Let Z1 and Z2 are s-k Hermitian Circulant matrices then  Z1 Z2 is also s-k Hermitian Circulant 

matrix 

Proof: Let Z1 and Z2 are s-k Hermitian Circulant matrices then Z1*= KV 1Z VK, Z2*= KV 2Z VK  

To prove Z1 Z2 is s-k Hermitian Circulant matrix 

We will show that (Z1 Z2)* = KV (Z1 Z2)* VK 

Now KV (Z1 Z2)* VK = K [VZ2*Z1*V] K 

          = K ( 21 ZZ ) K       

           = (Z1Z2)* 

 

 

Theorem: 17 Let Z Є C
nxn

 is s-k Hermitian Circulant matrix and V is the Exchange matrix and K is Permutation 

matrix K= (1)(2 3) then VZ is also s-k Hermitian Circulant matrix 

Proof: Let Z is s-k Hermitian Circulant matrix then Z*= KVZ*VK 

To Prove VZ is s-k Hermitian Circulant matrix 

We will show that, (VZ)* =KV (VZ)* VK 

Now KV(VZ)*VK= K [V (VZ)*V] K 

                = K ZV  K 

                 = (VZ)* 

Theorem: 18 Let Z Є C
nxn

 is s-k Hermitian Circulant matrix then ZZ
T
 is also s-k Hermitian Circulant matrix 

Proof: Let Z Є C
nxn

 is s-k Hermitian Circulant matrix Z*= KVZ*VK  

To Prove ZZ
T
 is s-k Hermitian Circulant matrix .We will show that, (ZZ

T
)* = KV (ZZ

T
)* VK 

Now KV (ZZ
T
)*VK = K [V (ZZ

T
)* V] K 

               = K ( ZZ
T

) K 

  = ( ZZ
T

)*  

Theorem: 19 Let Z Є C
nxn

 is s-k Hermitian Circulant matrix then the following conditions are equal 

(i)Z* =KVZ*VK  

(ii) Z* =VKZ*KV  

(iii) Z =KV Z VK  

(iv) Z =VK Z KV  

Proof:  

               (i) KVZ*VK = K (V Z* V) K 

     = K Z K 

     = Z* 

      (ii) VKZ*KV = V (K Z* K) V 

   = V Z V 

   = Z*  

(iii) KV Z VK = K [V Z V] K 

             = K Z*K 
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           = Z  

(iv)  VK Z KV =V (K Z K) V 

  = V Z* V 

  = Z  
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