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Abstract: Let F; be a finite field with I elements and n = 2%p, " p, > ... p; ", where a. ay, @, . a, are positive

integers and . fig. ==, g are distinct odd primes and 4gy g - g |1{ — 1. In this paper, we study the irreducible

::pfip_f: . p:E _1

factorization of x over F; and all primitive idempotents in the ring
F, [x],"{x::-"fi-"?'"’:':E — 1}. Moreover, we obtain the dimensions and the minimum Hamming distances of all
irreducible cyclic codes of length 2%p, g, 2 ... p,* over F.
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I. INTRODUCTION
Let F; be a finite field with I elements, where [ = p* and p is a prime. A code £ over the finite field
GF(I) is called a cyclic if (€p.€cq. . Cn_y) € C implies (cp_y.60. €4, 6q_2) € C. Cyclic codes of length n
over F; can be views as ideals in the ring ®,= F;[x]/ {x™ — 1). A cyclic code is called minimal if the

corresponding ideal is minimal. In fact, many well known codes, such as BCH and Hamming codes are cyclic
codes, and many other famous codes can also be constructed from cyclic codes, for example the Kerdock codes
and Golay codes. Cyclic codes also have practical applications, as they can be efficiently encoded by shift
registers. It is true that every cyclic code turns out to be a direct sum of some minimal cyclic codes.

Recently, a lot of papers investigate the minimal cyclic codes, see e.g. [1-6,9,18-21]. It is well known
that minimal cyclic codes and primitive idempotents have a one-to-one correspondence, as every minimal cyclic
code can be generated by exactly one primitive idempotent, so it is useful to determine the primitive
idempotents in Fy[x]/ {x™ — 1}. In [18], Arora and Pruthi obtained the 2n + 2 minimal cyclic codes of length in

2p™ over Fy, where I is an odd prime and ord,,=(I) = @(p™), they also got explicit expression for the primitive

idempotents, generator polynomials, minimum, distance and dimension of these codes in F; [x] Hx" — 1) In
[19], Pruthi and Arora also studied minimal cyclic codes of length ™ over F;. where [ is a primitive root
modulo p". they described the I-cyclotomic cosets modulo ™ and the primitive idempotents in
F; [x]/{x?" —1). Batra and Arora alos obtained the the primitive idempotents in F; [x]/{x?" — 1} with

nrdpn{.[] =L”w' in [2] and [5]. In [6], Batra and Arora also obtained the the primitive idempotents in

F; [x]/{x*" — 1) where g is odd and ordn () = *J'—”w' Sharma et al. obtained all the primitive idempotents

and irreducible cyclic codes in &, = F; [x]/{x™ — 1}, where n = 2™, m = 3. In [4], Bakshi and Raka showed

all the 3m + 2 primitive idempotents in &, where n =I{*l;, I;, I, are distinct odd primes, @ is a common
#T'] ._:5-:;::')

- il

primitive root modulo IT* and I;. and gcd{ =1. In [23], Singh and Pruthi presented explicit

expressions for all the 4mym; + 2m, + 2m; + 1 primitive idempotents in the ring E,,. where n = Ef‘i .[:m:, [y,
I;. p are distinct odd primes, [7* and I3, and ged {qh{.!f“ },th[i:"}jl =2, ordjmi (p) = o(17)/2 and
.:.r.j[;-t: (@) = q}{i?"}fl In [8], Chen et al. recursively gave minimal cyclic codes of length ™ over F; where
p is an odd prime and p|{ — 1. In [13], Fengwei Li, Qin Yue and Chengju Li gave primitive idempotents in the

ring F; [x]/(x =" — 1) where m, = 1,m, = 1 I,.1; are distinct odd primes and I, L]l — 1. In [12], Fen Li
and Xiwang Cao gave primitive idempotents and minimum hamming distance of all irreducible cyclic codes of
length EEpf ‘pf: over F;. where m.my.a; are positive integers and 4. are distinct odd primes and

4y pp |l - 1.
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In thls paper, we shall generalize the results of [12]. Here we shall glve aII |rredu0|ble factors of

2pytpa-ret g over F; and all primitive idempotents in the ring F; [x]/{=* R — 1} In Section 2,
we recajl some preliminary concept about characters. In Section 3, we focus on factorlng polynomials of
£ 22" 1 over F;. In Section 4, the primitive idempotents in F; [x]/{x etz 2" 1) are given. In
Section 5, the check polynomials, dimensions and minimum Hamming distances of the irreducible cyclic codes

of length EEpfipf’ ;:r:“ generated by these primitive idempotents are obtained.

x -Bg

Il. CHARACTERS
Let G be a finite abelian group of order n, F; the finite field of order I and =n|l —1. A group
homomorphism x from G into F; is called a character of G. It is obvious that the set & of all the characters of G
form a finite abelian group under the multiplication of characters.

Lemma 2.1: (The orthogonality relations for characters) (see [14, p. 189])
(1) Let ¥ and  be characters of G. Then

EPXCEOR it

= if y =y

(2) Furthermore, if g and h are elements of G, then
LFg =h

|G|Zf{3]?’{m I ifg = h

The number of characters of a finite abelian group G is equal to |G|. Let G= {xp.xy.~.x, 4} and
G ={yy=1.%y.¥n1t Then

" ¥olxg) Xalxe) o aoa(xg)
T = }fn{_xlj ?.'1{_1'1] l’n—i_{xlj
FolEno1) ¥il®a_a) o ¥aoa(xa_y)
is called character matrix of G and
'In{xn]_l Xn{xlj_l In{xn—ﬂ_l
T-I:l }fl{ﬂf_nj_l l’i(ﬂfﬂ_l Il':xr!.—l:]_l
n : : :
'Ir!—j.{xn:l_l l‘n—i{xlj_j' }.’n—j."-:-'fn—j.:l_l

4,02 Og
I1l. FACTORING POLYNOMIALS OF xzﬂ”ll”z P — 1

Let F; be a finite field with [ elements, where [ = p® and p is a prime. Every cyclic code of length n
over a finite field F; is identified with exactly one ideal of the quotient algebra F;[x]/ {x™ — 1}. This is one of
the principal reasons why factoring =™ —1is so useful. Recently, Chen et al. [7] gave the irreducible
factorization of x%¥" — A over F;, where | =p% 1€F; and ged{g.z) =1. The irreducible factors of
x¥P" — 1 and xP" — 1 over F; were explicitly obtained in [8] and [9], respectively, where  is a prime divisor
of I—1.
In this section, first we will give all irreducible divisors of x™ —1 over F; with n = 2%p,*p,*p; ., a; a;. 0 are
positive integers where py . p,. 1, are distinct odd primes and 4, p. 22 |[ — 1 and then generalize the results for
n =2 p;.. p,°

As usual, we adopt the notations: k|n means that the integer & dividesn and for a prime integer ¢,
p" I n means that #°|n but *** + n. There is a criterion on irreducible non-linear binomials over F;, which was
given by Serret in 1866 (see [14, Theorem3.75] or [24, Theorem10.7]).

Lemma 3.1: Assume that n = 2. For any & € F; with ord(&) = k. the binomial x™ —a is irreducible over F; if
and only if both the following two conditions are satisfied:

(i) Every prime divisor of n divides ¥. but does not divide ?

(ii) 1f 4|m, then 4| — 1).

Let F; be a finite field of odd order I. We denote all the non-zero elements of F; by Fj, i.e., the multiplicative
group of F;. Let & be a primitive root of F;.
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In this paper, we always assume that 2° I I —1, p,* Il —1, p,* I I—1andp, I [ —1, where py.po. 12 are
distinct odd primes and v, v, wyare positive integers. Then!—1 = 2"y p*nc, where
ged(2py pops.€) = L.
In the following, we investigate the irreducible factorization of x
Algorithm, we have that

a=qv+s e =qv + 50y = qoV; + Spiay = gaty + 53!
DZs=swl=s <1, 0=5; <10 =5; < v,
For convenience, we will assume that g = 1,4; =1.,g; =1 and gz = 1 in this paper. We will denote by . a
primitive e-th root of unity over F;.
When g = 0,g;, =0, g, = 0and gz = 0. there is an irreducible factorization over F;:

3 3 3
*p 11':1221':133—1.

1 5253
2’1:! fo —
1Rt —1= | ] (x §2:ﬂ:1ﬂ:zﬂ:3)

i=0

L )
M

?> —1over F; By the Division

Theorem 3.2: If g = 0.g, =0, g, = 0 and gz = 1.then there is a factorization over F;:

3 3 b5
*p 1'1':1221':133—1.

5,51 52 TV3+sg 53 Es.ﬂii.ﬂiz'.ﬂzg o3 .
xPURET 1 = (x77) 1= H (x75" - qz,ﬂ,iﬂszﬂq]
i=n
Moreover, suppose that i = pgrgk gcd{k B} =1

(1) If £z = 0, then the polynomial xPF - § sptpSipTs is irreducible over F;.

(2) If t3 < 54, then the irreducible factorization of x¥ g izsﬂiiﬂizﬂ:g over Fj is given as follows:

pai-1
<3 _ :3 ] J &
xPs — ﬂzsﬂfiﬂ;zﬂ:a = x¥s - ﬂpgaﬂzsﬂiiﬂ;zﬂ;a (3.1)
j=0
. . S~ = L
(3) If tg = =4, then the irreducible factorization of x¥= — i;;ﬂsiﬂ:zﬂvg over Fj is given as follows:
152 F3
pai-1
Lz—=3
piE _ _ i HPs
SO AP 1_9[ (x -9t e ms): (3.2

Proof: Since izs piipts € F; and 53 < v, we have
2"1':1 'I'.'I: ﬂgg 1
E‘Fﬂ:iﬂ:zﬂbg 3 z ﬂiip;zﬂgg 03 i
x 152 ¥3 —-1= ( ) —-1= H (I- 3 — az’ﬂ:iﬂ?ﬂ:gj
=0
- L
Suppose that i = p* k. ged(h g ) =1.

If £z = 0. then py Y2 ) ord (ﬂﬁsi =2 1,3) SO P4 #% by pgvg I (I —1).By Lemma 3.1, polynomial
ord| "

5 5 R
2531 ppl 3

53 .
P = Qe ymum2 s is irreducible over F.

If t; == =5, then there is a factorization over F;:

[z
r -1

Pz
E] 3
53 ;ﬁ P Pz i Pz o303
o = = 3 — = 3 —_
x E:z: 51 2,75 xF gzsﬂfiﬂfzﬂba ES ﬂ rgﬂzsﬂ 1ﬂ"=ﬂ"3
P P .

i=n
Since t; =53 = 1 and ged(k.ps) = 1, p;E Il ord (§25ﬂ51 e 1,3) and pg Il ord (ﬂ" rg), where
Z
h =ty < v

Hence p,* Il ord (i’ rg"i ﬂsiﬂ:zﬂ;aj
5 =

By 221 (I — 1) and lemma 3.1, we have, x? e — ﬂ’:rgu‘;;‘: 51_sz_vz IS irreducible over Fi.
Py TP PP

R R . R 3 i .
If 5 = 54, then the irreducible factorization of =¥z — § spitytz Vs OVEr F, is given as follows:
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w3 .ﬂzg‘j-
53 i o3 poE T3 T3 hﬂfa-fa
xF3 _ﬂ S =xf - (ql:"}iﬂ:zﬂbgj = H (.‘!:— ? gﬂ 1::11:!:21'.11'3)
J=
By symmetry, we get the following theorem:
Theorem 3.3: If g = 1.4, = 0.9, = 0and gz = 0. then there is a factorization over F;:

1 52 53
- PP Py -1

1.-:512 :Eﬂiﬂzﬂg 5 i
Iz 1 1_{2} _1= (Iz _aLSiSZSEJ

| M R
=0

Moreover, suppose that i = 2%k, gcd(k. 2) =1.

(1) If £, = 0. then the polynomial x% - ﬁ;bﬂsiﬂ:zﬂ:g is irreducible over F;.

(2) If ty = =y.then the irreducible factorization of x% - izb 515253 over [y is given as follows:

P 'Elz 'EI
2f-1
25 ' 2: C

== g2"’1:! el T l_[ (x - §2 §2"’1:! ip 21'.153) (3.3)

i=t
(3) If £y = =y, then the irreducible factorization of x¥ — ﬂ;yﬂsiﬂ:zﬂ:g over F; is given as follows:

2
-1
ol i J 2T
E ﬂzmﬂfiﬂ-;:ﬂga = l_[( - 25§2uﬂ51ﬂ;zﬂ-§3) (34)
j=on
Similarly we can factorize PP | when
() g=0g,=14g;=0.49;=0
(i) g=0.q,=0.q.=1l.g; =0.
Theorem 3.4: Ifg =1, g, = 1. g; = 0 and gy = 0. then there is a factorization over F;:
7 V1,52 53 Ebﬂi 'ﬂ: ﬂgg *
vas T1YE 53 T 5 e L
= 111:_3_1_(211) 123_1: H (xzﬂii—T]J
=0

where we denote 1 = izupzipinga as simple.
Moreover, suppose that i = Efpf‘ k. ged(k 2py ) =1.
When ( t.t,) = (0,0), then the polynomial ¥+ —n? is irreducible over F;.
When ( t.t,) = (0.0). we consider the irreducible decomposition of ¥ —qf over F; in the following four
Cases:

. . . . 1 1 . .
(1) ft=s5=1wvand t; = 5; = vy, then there the irreducible factorization of xTP —n" over F; is given as
follows:
Ipy -1

T N | 35)
q =1
j=0

. . . . 1 i . .
(2) If t = sand t; < 5y < 175, then the irreducible factorization of xTP1 —n" over F; is given as follows:
Fptot

5 . 5 L N - -
o= [ (07 g =) 3.6)
_j‘=|} L
. . . . 1 i . .
(3) Ift = s =< wand t; = 54, then the irreducible factorization of xTPr —qf over F;is given as follows:
piiog
5 . _ . —
= [ (27 - ), @7)
i=0 '
. . . . . 1 1 . .
(4)If t=sand £; = 54.then is the irreducible factorization of x4 —n* over F; is given as follows:
pil-1

5 51 : T ]

i=0
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-1 t -1
|:~r4'il:1'|fjlJ P Dt’d|:1'|":|l

Proof: When ( t.t,) = (0.0), then 2 Il ord (n'}, p,* Il erd(n') and so 2 ¢+ By Lemma 3.1,

B L P . .
the polynomial x* ¥+~ —n' is irreducible over F;.

When ( t.t,) = (0,0}, we consider the irreducible decomposition of x TP —yf over Fyin the following four
cases:
(1) If £ =5 =wvand t; = 5, = ¥y, then there is a factorization over F;:

Iy
- o - .
1 : =i F17T1 1 P . | =i F17T1 i o
*p I — 2 o Ey2 p — 2 B i K
x°FL —n —(x w1 ) —(‘r] Pre = | (x i —ﬂzrﬂ;m )

i=t

Suppose that 2" Il ord ({j’rﬂq] and p,* Il ord ({j’rﬂq ] thenh <t <wvandh <t, < v,
L =1
: v Ry LT i v i i oy i k -1
Since 2% lord(®™). p,* l ord(n™). 2° Il ord (4,’ e t17] :] p,t Il ord (4,’ e t17] :] so 2t—— and
Z "y s By n-rd[(_"' rirl#;l
L pri J

-1 1-E4 _ Ej-

. Hence by Lemma 3.1, the polynomial P ;

ord (-'. ‘CJII
._'priiq /

Pyt rﬂrm;‘ is irreducible over F;.
=1

. . . . 1 1 . .
(2) If t = sand t; = 5; = 1, then the irreducible factorization of x%F1 —n' over F; is given as follows:

Fpit-a

Ly £
PR o 75,1 - .
51 - 14 Lo 2. E—5 By L R i romb—5
*p i —[.p { k2 } — o J] k2
x5 P —m —(x-i J —n = LR P :
s o Py
j=

. . . . 1 1 . .
() Ift=s=1wand t; = 54,then the irreducible factorization of x¥°F1 —n' over F; is given as follows:

E51

= 7Tl Ey—=% zrﬂii TRt )
= i : =L I B 171 = 5—r F FA R §
ot =y T (- ),
_j.=|:' 1 "2
. . . . L | i . .
(4) If t =sand t, = s,.then the irreducible factorization of x* P+ —n' over F; is given as follows:
Fpii-t
51 -

2yl i 25yt feat—SpiiTT e i ft-Tp iR

< F1 -1 =x-1—(‘r‘l Hq ) = x_azfﬂiirl Hy \
j=0 '

This completes the proof of the theorem.

L. . z,. 51,92 93
Similarly we can factorize x* ¥+ ¥2"#z=" — 1 when

() =1L g,=0g:=1.4;=0

(i) g=1g;,=0.g,=0¢g;=1

(i) g="0.q, =1.q.=L.g; =0,

(ivy g=0.q, =1l.q.=0.g9; = 1,

(v g=04g;,=0.g,=1¢g;=1

Theorem 3.5: Ifg =1, g, = 1. g; =1 and gz = 0. then there is a factorization over F;:

y T L 5
¥ piipiipii_g

v, V1, T2 53
5 51 5232 Py Py Pz 5 51 %3 .
_1:(3;2?'11”2) -1= (xz'ﬂipz _T]lJ.-

i=0

s, F1¥s Ta¥sp Sz
¥ Thy Pz 3

el

where we denote = izuﬂziﬂ:zﬂza as simple.
Moreover, suppose that i = 2°p; *pi k. ged(, 2pyp) = 1.

When (t. t,.t;) = (0,0,0], then the polynomial x TP n' is irreducible over F;.

5 5 .
When (t.t,.t,) # (0.0,0), we consider the irreducible decomposition of Pty —n' over F; in the

following eight cases:

5y 53 .
(D Ift<s=wvt <5 <vandt; < 5; < vy then the irreducible factorization of TP gl over F s
given as follows:

Er_ﬂii_ﬂ;z—l
5 5 . - L 3 S—r N -
ptelt I — b L e J k
R i = TR g ). (3.9)
j=0 o
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. . . . o 1 . .
(2 Ift = s t, <5, <v,and t; < 5; < v then the irreducible factorization of xTPPT b over Fr s given
as follows:

Es_ﬂii_ﬂ;z—l
5y S . 5=ty 53—t f -
E:ﬂiﬂz i_ ﬂi 1ﬂ2 2 J Eat—F
PR g = S s (3.10)
q 152
j=0

. . . . o i . .
(@) Ift=<s=<w ty =siand t; < s; < ¥y, then the irreducible factorization of *TPPT b over F s given
as follows:

54 E
Er_ﬂii_ﬂzz—l

- Sz—Ez : . By—5g
[T (= o e ™). (311)
L PP
J=0
. . . . o 1 . .
@ Ift=<s=<wt <5 <w; and t; = 54, then the irreducible factorization of xTPPT b over F s given
as follows:

551,52 :
ety i

n

X

Er_ﬂii_ﬂiz—l
5,51 52 : s—£, F17E1 i o E2752
R gi= [ (o), (3.12)
. 2fp, 'y,
i=0
R R R R K-35 - O] - R R
(G) Ift<s=<w t, =5, and t; = s, then the irreducible factorization of x* ¥+ ¥z —n' over F; is given as
follows:
5 5
zr-ﬂii- 22_1
g5 tln2 i g5t i PO Sk B
x*FiFr —pnl = x —ﬂzrpiip;zﬂ"'i w2 . (3.13)
i=t
. . . . L i . .
(6) If t=s, t, <=5, <w, and t; = 54, then the irreducible factorization of x* P+ #2 —n' over F; is given as
follows:
Es_ﬂii_ﬂ;z—l
551,52 : 104 P ronb—5 2752
e I B P ) (3.19
L TPy
i=t

) R R R 5 Fi 532 . R )
() If t =5 ¢, = s5,and t; <5; < v, then the irreducible factorization of x* P+ ¥z —n' over F; is given as
follows:

5 L
Ppilpiog

£, 51,52 : s2-t2 i fogt=5,f1751
xTPUPY oyl = | (x!-"z - siﬂrzr'lrlz 1 ) (3.15)
)

g,
j=t

8) If t == & =syandt; = 54, then the irreducible factorization of xFPUFT n‘ over F; is given as follows:
2:-"-'-:1?:2‘1
551,52 : i fb—g FiT5] [2=52
j=0 o

Proof: Proof is similar as that of theorem 3.4.

Similarly we can factorize x2°F+ #2 P
) =L g,=0g:=1.g:=1
(i) g=1g;,=1.g9,=0¢g;=1
(i) g=0.q; =l.g; = Lgz =1,

| when

Theorem 3.6: If g =1, g, = 1. g; =1 and g3 = 1. then there is a factorization over F;:
¥l tpi2pl3 g

y T ) )
T30 25 iy "2 "3 py oy e, 2Ty T2y "3 i
Hz —1 =|x=¥F1 Pz Pz —-1= x* PP P —nt),

i=0

s, F1¥5 Ta¥sg
x! oy i

where we denote 1 = izupzip:zp:a as simple.

Moreover, suppose that i = 2°p; *pr pa k. ged(k, 2p, pops) = 1.

When (t. £y, £, ) = (0,0,0,0, then the polynomial x*+ P2 %5 —x/ is irreducible over F;.

5 5 5 .
When (t.t,.t;. t5) # (0,0,0,0), we consider the irreducible decomposition of ¥ FPLFIET n' over F; in the

following sixteen cases:
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Q) If t<s<w <5<y, b <5 <v;and

i lpiint3 i S
x= PP P —nb over F is given as follows:
pitpiiptiog
551 5253 : s—f, F1701 s~z s3—I3
I PP P —T‘|l = | [:_-;;2 Py P P3 -
j=0

2 ¥ t=z=st <5 v, t; <5 < v;andt; <5 < v5.then

zsﬂsiﬂslﬂsi i . -
Fe P2 s —n' over F is given as follows:

L. r r
plip2pli_y

X

5,51, 52 53

x¥ PP P L

j=0
() If t=s=wit =5, t <5, <v;and
E:ﬂfiﬂfzﬂfa i . .
x=F1 PP —n' over [F; is given as follows:

5 C L
piipZplig

£ 5153 53 i
X

j=0
4 If t=s=v <5 <w, i =5 and

Fpiipiipl? i P
x= PP P —nb over F is given as follows:
Erpiip;ngg—l

£ 51 53 53 : s, S1-Fy F3-t3
TP P oyl = | [:_-;;2 Py Pz —

i=t
(B) If t=s=w b <5 <wy, t; <5 <1,
Fpitpiiplt i P
P12 ¥ —n' over Fj is given as follows:

L. [z =
2tpiin2pi_y

x

PP = S H (xz“fpii'”p?'“ _
j=0
6) If t=s ty=s5, t;<s; <1y and
Fpiipiipit i P
x=F1 PP —n' gver [F; is given as follows:
2:1,_15;1.1,_.I ;nga -1
Fpilpiipls i_ |t 2giETiE i
=P PP = xPa Pz _izs
j=0
7 If tz=s by <5 <v, t; 25, and
Fpiipiipit i P
x=F1 PP —n' gver [F; is given as follows:
Esp ;1!_.';2?;3 -1
s 54 53 53 - Fq—Il4 53—z N
xF PP = H l:x-”i Fe T =T e o]

j=n

B8 If tzs f<s<v,t<s,<v; and

E:ﬂfiﬂfzﬂfa i . -
x= PP P —nb over F is given as follows:
PpitpiipTi g
xst'iiF'??;g _ T‘|[ _ | (Ipii—rip;z-rz _ ﬂ

j=0
9 I t=s<w t=s5, t;zs; and
Fpllpiipls i S
Fi P2 ¥ —nb over Fj is given as follows:

L3 r
zr.ﬂii.ﬂzngg -1

x

5y 53 53 . r—p 53—C3 :
oo p i — | T p Jj
=P PP = [:x Pz _gzrﬂ

j=0
(10) If t=s=<w ty=s5, t; <5 <1
E:ﬂfiﬂfzﬂfa i . .
x=F1F2 P —n' over Fj is given as follows:

. | [ sy—fy s5z—tz_ s3—fz
-n'= [:x'.ﬂi Pl Pa

tg "::55 <= T3,

1] ;:zf")
— Lo ety 1M .
TpyPr P

- r—p S2—L[3 S3—I[3 N
TPIPIPr gl = | [:_-;;2 P2 Pz -7

tg "::55 = T3,

. [2—5%
kpS o2
ty sz £31] .

fg L &g L Vg,

tg "::55 <= Ta,

tg = &g W Vg,

irreducible factorization

t; = s3 = vy, then the irreducible factorization of
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5 L 5
2Epilpi2ptE_y

£,51,52,53 : | s, 5272 i P e P
I PPy P -1t = (IE Pz — T ny ey saMFL P2 ) (3.26)

I'p, p n
g &1 52 F3
j=0

1) If t=s=<w ¢t =<5 =<1, t;=s5 and & =55 then the irreducible factorization of

5 ¥, 52,73
ey PP

x —n' over F; is given as follows:
zr_ﬂii_ﬂiz_ﬂza_l
051,52 53 . s—f, 51701 i tnE2 752 3753
PRSP n = H (xz Py - ﬂ‘;rﬂriﬂ:zﬂ:gﬂwz P ) (3.27)
- Fi1 ¥z Fz
j=n
(12) If t=s ty =5, tp =5 and ty <53 <13, then the irreducible factorization of
5 ¥ 52 53 P . .
xTFLPIPs b over F is given as follows:
2:1'-"?1'-";2!-";3—1
051,52 53 . s3-iz i fnb—5, [1—F L2—52
x T PP P -n'= H (ng _E;:ﬂ::[f__l.TzﬂL'aT'IEE Po P2 ) (3.28)
_j'=D 15253
a3 I t=s t=s5, <5 <v; and t; =55, then the irreducible factorization of
2:ﬂ51ﬂ52ﬂ53 i . .
x=F1 PP —n' gver [F; is given as follows:
Espiip EZF;E -1
£, 51 52 53 : o] i rnt—g, 1754 [3—53
e =[] (2ol W T @)
_j‘=D F1 52 53
14) 1f t=s =5 <v, t;zs  and t; =s;, then the irreducible factorization of
51,52, 53 ] . .
T PUPSPST b over F is given as follows:
2’1‘.‘! iipinga -1
£, 51 52 53 : F1-0y i rnt—g, L2757 [3—53
i T ) I P ) MR &L
L TPy e Ps
i=0

(a5) If t=<s«<wv, tj=s,.t; =5 and ty =55, then the irreducible factorization of

5 ¥, 52,73
ey PP

x —n' over F; is given as follows:
2pitpiipTiog
571,52 53 : =t i I R W f B
T i [ (7 o TRETET) @iy
L PP P
i=t
(16) If txs & =5, tp =35 and t; =55, then the irreducible factorization of
551, 92 53 . . .
x PP P —q' over F is given as follows:
pitpip Ty
3 3 3 . H - - r4=—5. [3—5 [3—%
xzs'ﬂiip;pgg _TIL = H l:x _?: 51,52 sarlﬂr :pii 11-_122 ngg g)' {332]
L Lo
i=0

Proof: Proof is similar as that of theorem 3.4.

Now we will give all irreducible divisors of x™—1 over F; with n=2% p;*.. p,°. where
. 64, Bq, ", B, are positive integers and g . . =, g are distinct odd primes and 4py o - pe |l — 1.

By the Division Algorithm, we have that

a=qv+5 6 =qV; + 55 63 = Gz + 530 05 G = GV T 5
D=Zs=swl=s v, 05, vy 0 =5, <1
When g = g, = g; = =~ = g, = 0. there is the irreducible factorization over F;:

3 3 g
e R |

75 51 SZI" e _ i
FERR R —1 = H (x B gi:ﬂiiﬂiz---ﬂi!) '
=0
Now we have the following theorems as generalization of above results:
Theorem3.7: If g =0.q7 =land gy = 0. 1 =i'.j < e i’ # j'.then there is a factorization over F;:
T.p T
s 'I.:I:r—.'rl:r . i :J.r- 5y EIH[T[_ﬂ.rLJIH'r[_ﬂ_': }
x! le[pir JIH‘,r[‘_ﬂJ.r )I' . (xn.,[ﬂ_,l )) A R

i"\F g
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i Vi ‘ :.."r-'
1 Hi’[.ﬂir ]IHJ.r[__'ﬂjr J—l

- 01 ()

=

where we denote n = v ¢ 5.y assimple.
N aESH[r[_ﬂir" }HJ-r[_ﬂJ.‘: |' P
R L.r
Moreover, suppose that i = [Iy ('p[rl )k, ged (k. [T pyr ) =1.

r - H-r £ -Ifrl'r
When ty = 0 for all i'.then the polynomial x ‘(ﬂl ]I

()

Ly
' . . o Mle - -
(1) If £y == s =y forall i, then the irreducible factorization of x ‘r[ﬂl' ]I —n" over F; is given as follows:

Hir[_ﬂjr':r:'_ i H Hl:rl:_ﬂ:rl:r_rl:r}_ i i

I:r

—n' is irreducible over Fy. When ¢+ = 0 for all i', we

consider the irreducible decomposition of x - n‘ over F; in the following cases:

@) If tyr =5y =wvyrand ty =5, 1= u'v" =e u' =¥ # ' then the irreducible factorization of
L(e)

x —n' over F; is given as follows:

M e T (Mg 6T ™). G

IHE’[Fi’ir] - T'|[ = H (x - % [ Iir}nknir[pirir_ ir})' [3'35]
L if .f-"l:r

Proof: When ¢y = 0 for all i'.then p;ir Il ord(n)and py 4 #ﬁlﬂ 1=i'=e i'#j. By Lemma 3.1, the
Ml o _
polynomial x ‘[pt }—n‘ is irreducible over F;.

Suppose that i = I (p:r‘r) k. ged(k Il pyr) =1

When t; = 0 for all i".we consider the irreducible decomposition of x ‘r[pi' } -1 over F;in the following
cases:
(1) If t7 = s = vy forall i', then there is a factorization over F;:

=5 Uy H‘r[p:’ir} tyr e .
xH‘rI:pir :I -n' = (xn"r[pi' :I) - ':ﬂkjﬂir[pir ]I = H (xnf'[-ﬂi’ :I — %-r[ﬂrir]nk)l

Suppose that plf‘r Il ord (ﬂh ( rL_,}),1 zi'=ze i'#Fj.thenhy =ty =vp,1=i'=e i'2j"
i B

.I:r

— 1= <e = Hence by

f k
L £\ )

n[rLPirL J

.I:r

Since p;ir Il ord(n™), p.° l ord (ﬁi_l ( ri,}ni‘), and so py t
o
' c-rd(

Sl:r—l.'l:r . .
Lemma 3.1, the polynomial x **¢' ) - ii_l ( rir}n“ is irreducible over F;.
if .ﬂl-r

2) If tyr =gy =wyrand £y =251 Zu v <6 u #v' £ then the irreducible factorization of

(s

x — 1" over F; is given as follows:
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i E e L -ﬂrlfr [T, ."'-":1'rIr . £ r—s oy Lt _ﬂrlfr I+ _“'-":1}Ir
xnir[.ﬂirljl [ (xnur[_ﬂulf u }j [ u ]I [ bt ]I_ (T_I“Huf[?;r' v }) I:'u ]I [ It ]I

=
Mulp ¥ ) Mp 3 )1

_ Hur[?:‘fr_rurj' i Fll-[ur[?r‘r'r_:urjl)
= X u —ﬂ £y 5 ] v .
H ( Murlp ¥ ) TAp ¥ )

j=n

(3) If t; = s for all i, then the irreducible factorization of x ) _ n' over F; is given as follows:
H[r[!-"frirj' [ Hl-r[!:'fr"r]l i{r.[[r[_ﬂl.-rir_:ir} Hir[!-"jrir] H.:r[f-"gr }‘1 ; icHL-r[pf,i"’i’]
x L _-r-I = x L — -r-l L = - ﬂ]:[ [ﬂ:':r}rl L '
j=0 A
Theorem3.8: Ifg=1, gy =1landgy =0, 1 =i j = i = j' thenthere is a factorization over F;:

.y foE.y
. TortE.r fOE.r . 2""1-_[-r['|':l_":l]_-_[-r['ltl_‘l
(o ) (o) s (o) \ el e )
x L T 1 fr i L L

i Y ( :.."r\
2 Hi’[?l-r ]IHJ'r[:ﬂJ" J—L

I (),

=0

where we denote 1] = s as simple.

2* [, )1 ‘.-r[\p‘l.ﬁ )
L.r
Moreover, suppose that i = 2° [1;s (p[r‘ ) k.ged(k, 2 [T pi) =1.

f . [l 2 rL P . .
When (¢t £ ) =0 for all i', then the polynomial x ‘[ﬂl ] —n' is irreducible over F;.

. . . . . 2 Lp ¥ : .
When (t.t7) = 0 for all i".we consider the irreducible decomposition of x ‘(ﬂl ]I —n' over F; in the
following cases:

S.F
' . . o Tllgle i : L
A)If t=s=<w £y < sy < vy forall i, then the irreducible factorization of x ‘r[ﬂl' } —n' over F; is given
as follows:
£ fl:r
S.p : Hir(-ﬂ':r jl_l S.p—E.p
xESHI:rI:_ﬂI:rL]I _ 'I"II' — H xzs l']_-_[l:r[ll:rl' I.]' _g_] . .r.IF[ I (Elgﬁ]
2 *0:(p5)
@ ftzs ty<sy <wvyrand iy =5, 1< u v’ =e u' £=v" = then the irreducible factorization of
PIL{CF : .
x ‘lzll ]I —n"* over F; is given as follows:
L r 57
# Mlp )Moz 7 ) . -
xESHir[pi}} - Tll: = l_[ xH”r['ﬂuIF : :I - gj Lo L) TI“r_"HI.r[.ﬂu‘r' 1":' .
}oo # Tolp 3 )T p, )

™

(3.37)
@)ft=ss=<w ty=syr <vyrand iy =571 = ulv' <e u' £v' =)' then the irreducible factorization

I

of xE: i [pj’ir}

i =TI

— 1" over F; is given as follows:

Ml Vb mlely ™) _ D)
i=e 2 Myp ¥ ). '
(3.38)

.5
' - . L Tl t i L
(4) If t =5 and ty = sy for all i, then the irreducible factorization of x ‘r[ﬂl' ]I —n' over F; is given as
follows:
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I [ﬂ:,':rjl—i
ST o ] (x Lot (e 3'). (3.39)
J=0 z H‘r.pi’j
Proof: Proof is similar as that of theorem 3.7.

2% 1oyt e
IV. PRIMITIVE IDEMPOTENTS IN Fy [x]/{x= P1 2 ~Pe —1)
Let G = {g} be a cyclic group of order n and g a generator of G. Suppose that n|l — 1, then
G —=F, x@)={.0<i<n-1,
are group homomorphisms, where £, is a primitive n-th root of unity in F;. They are all characters of G, i.e.
G = {l’u = 1!1’1!"'J1’n—1}-
Lemma 4.1 [12]: Let G = (g} be a cyclic group of order n and F; a finite field of order I. Suppose that n|l — 1.
then there are n primitive idempotents in F [x]/{x™ — 1):

g(x) = Z;}:l r]xr__zg—ir o D=i<n—1

In the following, let & = 3 and we always assume that |61 = n = 2% p2 ... .2 I | — 1 and

pl-”‘ Ill—1w=1i=12,.8 where py.pq. . g are distinct odd primes and

=gy +5 6y = ¥+ 55 G = gV + 520 8y = GV T 5
D=s<swl=s <v.0=5, <1y .0 =5, <1,
If g=g,=g;,=~=4g.,=0, ie. a=5<v, 8, =5 <1, 8; =55 <V, ,8, =5, 1, then the

primitive idempotents in F; [x]/{x™ — 1} are obtained (see lemma 4.1). Hence first we shall determine the
primitive idempotents in F; [x]i’{xzzf’iif’zz"'?nn —1) for e =3 under the conditions g=1, g, =1,

g; =1, .. =1 and (g.q,.95..q.) = (0.0.0,--.0) and then determine the primitive idempotents for
general case.
Theorem 4.2: In Theorem 3.2, suppose that i = 'p;g k. gcd(k.p2) = 1. Then all the primitive idempotents in

F, [x]/{x¥72' 75727 _ 1) are given as follows:
i3 -
(D) If t; =0, then the irreducible polynomial x™z —§ 5pitpStpT3 over F; corresponds to the primitive
idempotent:
Fplpitpsi-1
g; (x) ! z fants
iV = o RN o
zsplipznga o Z 0P P
. . . 37tz
(2) If 0= t; = s; then each irreducible polynomial x¥s - rgﬁzs S1p72,73 over F; for
B ) 3

0=j= ;a;g — 1 corresponds to the primitive idempotent:

5 5 hij
1':|g -1 I'p 11':| zﬂgg—i.

- - 3~ T3 53
ig ry k—ir;
g . Ty 1 2 yTiPs 1Py
I..J{x] 233:}31]:}32 1.-g+fg J’? { oyt poipns

1 2

(3) If t; = 55, then each irreducible polynomial x—i’ ;giz, 172 over F; for 05;‘5;&;3 -1
2 3

corresponds to the prlmltlve idempotent:
i1 rpiipltpliog
—jry a-TeRpE Eeirg =z
91_,{-"‘7] 25p 31 sz 1,3+33 z Z ¢ s :i‘:z:ﬂfi g:; T3 xR
ri—l} = =0 ) 3
Proof: Since ¢z, 52,0 is a primitive 2°p[* po* by >-th root of unity in F;, there is a decomposition over F;:

5 52 T
pitpiins -1

E:ﬂfiﬂfzﬂ‘va 53 _ 3 "-" "-" "-"3 _ H 3 i
= ()T s [T 6 )
Suppose that i = p;g k., gcdik pe ) =1, then we divide into three cases:
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(1) If& =0, then the polynomial xP3 —ﬁzsﬂsiﬂ;zﬂgg is  irreducible over F.  so

Fylxl/ (xP% —ﬂ P5ipin x;) contains the only primitive idempotent 1. For convenience, let
P

n=2p p;ipy" and m = p,”, then by the Chinese Remainder Theorem, we have the natural Fi-algebra
isomorphism:

a:Frle] flx™)® — 1) — Filelple™ -0 @ - @ Frlal ™ — 501, (4.1)

EZ_? a,x™ (E a-xolg™). - ’FZ? E‘rIn—L(Qr])J

=0 r=0 =0
where g = x™ € F; [x]/{x™ — 1} is of order n and &g, . &y _; € Fp
By Lemma 4.1, the primitive idempotent corresponding to the irreducible polynomial

53 -
xPs — §2;ﬂsiﬂ:zﬂ»g over F;is

FpiipPplion

n—1
1 1
66 =~ xilg™Iam= SRR PIRE w NP
=0 Pl

p! pﬂ =0
(2) If 0+ t; = 55, then by Theorem 3.2, there is an irreducible factorization over [F;:
piEog
3 i IR v’ ; R : plats
e = E‘IE"ﬂ:"ﬂ:zﬂtg = (x : ) - {gz"ﬂsiﬂ:zﬂ?) = H ( : _g : g2"1':1 11':1521':11'3)
j=n

First, we find all the primitive idempotents in the ring F; [x],.r"{x?:g - ﬁ;,ﬂsiﬂszﬂug}. It is clear that the prinicipal
=1 F2 F3
s st v
ideal {xP3 — ez vs) = ( g g,frizs e v;) — 1) In (4.1), let n =p and x™ be replaced by

ﬂﬂﬂ PP

s rgfﬁzs 51 y52yTs Similarly, each primitive idempotent of F; [x] /{x L §2,ﬂ:1 2, 1,3} corresponding to each

=r3
irreducible polynomial xPE ﬂ;;g izsﬂiiﬂ:zﬂ:g over F; for 0= j = pg —1is

-1 -1
1 R i s3=i3
= - — —7jz—Fkr
ﬂ[.j'{x] - _tg z 1‘;':.5‘ r] xFz .."razsﬂsiﬂ:zﬂ T3 = tg z 4,? i ;r;:iﬂ:zﬂngm .

Second, we lift each primitive |dempotent Y; ; cfor0=j = ;af —-1linF; [x],."lix?Jag - ﬂi,ﬂ:iﬂszﬂug} to a primitive
1 572 53

51 52 TaF

idempotent in F; [x]/(x*Py#2%" " —1). In (4.1), g ; = {U,---,ﬁl-_j-{x],---,u} is a primitive idempotent in
Fil<l/ (=™ = 0V @ o @ Fy ] fla™ — 3010 Suppose that @ (E[_J-{x]J =g
6 ;(x) = Kl ax™ € F [x]..-’{xm” - 1}. By Lemma 4.1, we have

1
(@, @y, ayy) = €, T = = (8,0 0%) ™+ By 0ag™ ) 7).

ey . . £ 51 52 T3¥iz . . . .
Hence each primitive idempotent in F; [x]/{x% 71 F2'Fz — 1) corresponding to each irreducible polynomial
sz3—Ilz
xF T — §’ rgﬂ 2oyoiyTi v OVEr F; is
1':|g -1 Esﬂsiﬂszﬂ;g—
—jry z—Ty iy npe Earp . ts
Bl-_j-{x:] Ss Fi_82_Uz+lz z z ‘:? {E:ﬂfiﬂfzﬂgax s ¥, 0=j=p°-1.

o

3) Ift;b-sg, then similarly, we know all primitive idempotents in F; [x]f{x : —ﬂ,:iﬂszﬂbg}
2

— —f'h'.’ﬂ .
ﬂi.i{ﬂ 33 z 4’7 4 p ’1352 *ax 0= :—:?’:3_1-

. 51,52, 3Tz
Hence each primitive idempotent in F; [x]/{xZPs F2'Pz
[z=53
kp
polynomial x — i’ = ;:2: Zﬂ;z s Over F;is
2

— 1} corresponding to each irreducible
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5
-1 Fpiiplipg

- rEpLE R oir 53

Efl-_j{x] 25y 31 sz 1,3+33 z z ‘:? Jri‘:zsﬂi;:ﬂg:zﬂpg PyTtTIPs
ry=0

Remark 4.3: Suppose that s = 5, = 5, = 0, then it is just [9, Theorem 3.4].

By symmetry, we get the following theorem:
Theorem 4.4: In Theorem 3.3, suppose that i = 2°k. gcd(k. 2) =1. Then all the primitive idempotents in

3 -1

F; [x]/{x% FIPIET 1) are given as follows:

1) If £=0, then the irreducible polynomial x% —ﬂzmﬂsiﬂ:zﬂ:g over F; corresponds to the primitive

idempotent:
pytpilpi-1

1 =
&: = = = Z _l_rl: 53 & vl
l{x] 21:?51?::?:3 T {2 o 1.E|22.EI 3 X

2) If O0=#t=<s then each irreducible polynomial ¥ ﬂz §=1,ﬂ:1ﬂ:zﬂsa over F; for

0= j = 2" — 1 corresponds to the primitive idempotent:

Sty Tptplpliog

— ity z—Tyk—irs ry L2t
I9[__,"{-"‘7:] v+t Fi F2_ B3 E E *:72 ‘:-? P sz '
2% o e, L

ry=0 ra=0

3) If & = =,. then each irreducible polynomial x—?:z:f; ;51ﬂ52ﬂ53 over F; for Oiijiiiii—l

corresponds to the primitive |dempotent

2oy pitpiipio

B LT L A R
Bl__j{x] v+ Araz. 51 81 F3 E E { ‘:Lﬂfiﬂfzﬂ; x .

PP P
Similarly, we can obtain primitive idempotents in  F, [x]/{x¥F:’ ETPE 1) and
Fp [x]/(x 2P0 P2 P2 1),
Ifg=1 g, =1 g; =0 and gz = 0. then there is a factorization in F;[x]:
Moy tpiiptoa

w5y TR 2 571 py eIt ps 5 51 -

KA = (a7 -1= [ (o). e
i=0

where s < v 5, < vy andn = ﬂzuﬂjiﬂ:zﬂga is a primitive 2°p,*p;?ps > -th root of unity over F;.

Theorem 4.5: In Theorem 3.4, suppose that i = Efpfi k, ged(k. 2py )} =1. Then all the primitive idempotents in

F, [x]/(x¥ 7239282 _ 1) are given as follows:
When (¢, tL] = (D,D] each irreducible polynomial x°P+" —v' over F; corresponds to the primitive idempotent:

b 5
py tpipii-1

1 oo
— -ri. rI'p
g; (x) = 25 i g E L/ I S

1 2 a r=0

When [t t,) # (0.0), we divide into four cases:

. . . —f F1=C4 & -
(1) If t <5< vand t, <5, < v, then each irreducible polynomial x* #+ = — f;‘zrﬂrin“ over F; for

=1
. t L. .
0 =j=2%,* — 1 corresponds to the primitive idempotent:
2ipitor 2pylpPpiiaa

—ir | —ryk—iry L TN 2t

B[-J.{x] 21,+t 1'1'”1 - Z Z { ‘o ri?? s o o
Py Py ry=0 ra=0
S4—C N - _
) If t=s and £ <s; < ¥y then each irreducible polynomial xPs = — ﬂ;,ﬂrm“r “over F; for
=1

D=j= 23:::{‘ — 1 corresponds to the primitive idempotent:
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5
Fpiot pitpltplio

g .(x) = {_Jr:l _rll—r'iF:Er"'—irzxripii_r1+r22"pii
Lo 2L+3 1,1+r1 3; =3 p £y

ng ry=0 ra=0

- . . 55— H . Ey-my
(3) If t=s<wrandt, =5, then each irreducible polynomial x? —§’2rﬂim"?1 over F; for
D=j= 2fpf‘ -1 corresponds to the primitive idempotent:
zt 1'.1 14 Ebﬂbiﬂzzﬂzg—l
r e B P1TEL 75-E 75 1
Py pa r=0 r=0
- . i fonl=g [1751
4) Ift =sand £, = s;, then each irreducible polynomial x — ﬁ’z,ﬂsin“‘ Fa over [F; for
=1
0 =< j = 2°p* — 1 corresponds to the primitive idempotent:
; E:_ﬂii—l 2“1':!:115:21':!:3—1
- TN Sl Rt NS 571
6,i0) = s w D g T e
21.- +3P p p oy
1 . 3 ry=0 ra=0

Proof: By (4.2), suppose that i = 2%k, ged(k 2p,) =1.

When (¢t = (0, U] then the  polynomial TP —qi s irreducible  over Fu  so

F; [x],e‘ < xTP n' = contains the only primitive idempotent 1. For convenience, let n = 2°p, *p;*p;* and
= 23;a1 . then by the Chinese Remainder Theorem, we have the natural F;- algebra isomorphism:

@ Fla] ™™ — 1) — Filelfa™ — ") @ - @ File] ™ — ™), (4.3)

n-1 n-1 n-1
D arx™ (Z ertolg. ). urxn-lfgru)a

r=0 r=0 r=0
where g = x™ € F; [x]/{x™ — 1} is of order n and &g, . &y _; € Fp

By Lemma 4.1, the primitive idempotent corresponding to the irreducible polynomial P —n' over F; is:

b 5 5
Upy tpytpsi-1

P T — —ri, ra"pit

r=0
When (t. tlfl i (0.0, we divide into four cases:
(1) Ift = 5= wand t; < 5y < ¥y, then by Theorem 3.4, there is an irreducible factorization over E;:

pyiot

e i = l_[ (xz"'r_tlii_ri _ ﬂifpiinkj'
j=0
First we find all the primitive idemport:ants in the ring F; [x]/{x2":" — i), It is clear that the prinicipal ideal
(x¥Pi —qi) = {(x’:_r”ii_rifn;‘f L 1) In (4.3), let n = 2°p[* and x™ be replaced by x> B R,
Similarly, each primitive idempotent of F; [x]/{x?" A —n') corresponding to each irreducible polynomial
P i’:r rirf‘ over F; for 0= j < 2%p/* —11s

'p,t-1 'p -1

1 F 5 -r

—r 25 Ey 51 £y _ -] B o st T

fri E 2@ (= M) = Lo em x"E R
Py o i

Second, we Ilft each primitive |dempotent d;; for 0= j = 2f;c:rr —1in F; [x]/= P n' = to a primitive
idempotent in F; [x]/< (x¥ it e eE 1 In(4.3), & ; = = (0, - 7 (x), --,0) is a primitive idempotent in
Fylx]/(x™ — °) @ - F,[x] f{x™ — n2-1). Suppose that ¢ (6;(0)) =&
6 i(x) = EfZf a,x™ € F[x] .a’{xr”-' — 1). By Lemma 4.1, we have

1
(@, @y, ayy) = €, T = = (8,0 0%) ™+ By 0ag™ ) 7).

U :1-'1 51,52
By

S — 1) corresponding to each irreducible

'Iﬁ'[_j' {x] =

Hence each primitive idempotent in F; [x]/{x
—ts

. s—f,. 51 H . . t
olynomial x* 1 ¥ mE0=j=2%" -1 overFjis
2Ly 17 1
=1

www.ijmsi.org 57 | Page



The Minimum Hamming Distances of the Irreducible Cyclic Codes of Length 22, *p,* ... p,*

h £ 3
1.1 2"p 'pfpi-1

— —if | —ryk—irg o Bl L2t
ei-i'{x] IT+E P 3: 73 z Z "7 p ri?i' CTen T
p 2 Jpa ry=0 ra=0
(2) If t = sand t; = 5; = ;,then by Theorem 3.4, there is an irreducible factorization over [F;:
¥pi-1
:1 59-F4 : o E—
g =1
i=t

5 .
Similarly, we know all primitive idempotents in F; [x] fxTPe RE
2: r:I.

~krzte f1m6 . t
2 ri Z {2: '-'1r| i it . 05}523}%1_1'

rap Ty+5y 53 5
Ll :_ﬂii 1_ﬂ22_ﬂ 3

Hence each primitive idempotent in F; [x]/{x = —1} corresponding to each irreducible

) Fy—by -
polynomial =¥+~ = — ﬁ’s riTi f0=j= 23;: — 1, over Fyis
oot IVp iplielog
_ =ity k2 Tyt lapg2ipll
EE-J'{x] r+s op+e, i+t _B2_ 53 3: %3 z Z J’? p ri?? - i o
pl 2 pg = i) a= i)
(3) If t <=5 < wand t; = 54,then by Theorem 3.4, there is an irreducible factorization over [F;:
*piiot
5,51 : 5= r1.'51.
ot [] (oo™
i=0
R . . .. . ) o 51 .
Similarly, we know aII primitive idempotents in F; [x]/{x* ¥+ —q'):
e 51

—rj __krpitTtl pztt : t,.51
r31 z ‘:Erﬂfiﬂh X L == -1

rap Ty+5y 53 5
Ll :_ﬂii 1_ﬂ22_ﬂ 3

Hence each prlmltlve |dempotent in F; [x]/{x = —1} corresponding to each irreducible

. fi ok | . 2 .
polynomial x* " — f;zr ;m L0=j=2%*—1,0overFis
oot pltplielioa
1 o E4—51 - £3
— Jr. _ _ 5= L |
6:j) = e e s z z A e
A R N b
1= 2=
(4) If t; =s5and t; = 5,5, then by Theorem 3.4, there is an irreducible factorization over F;:
Fpiio1
551 - H pal—5 T1751
i=0 o

Similarly, we know all primitive idempotents in F; [x] Mx?r — n'h:
¥pii-1

-5

ﬂlJ{x] 23 31 z {_"J —Frr?r_:_ﬂii :I'xi’J 0 :—:_J = zspfi —1.

2't;—:.l,_.l'“i'si o
=1

Hence each prlmltlve |demp0tent in F;[x]/{x P2Pr _ 1) corresponding to each irreducible

r— I L .
polynomial x — ﬁ o :171"2 PO, 0= = 2pt — 1, over Fy is
Fpiiot TVptpliplioa
— oy LTI L L L D N oL ¥
6,0 = s oo g Z Z Caphn T 2Tl
B BP D ’

a a T
p1'P2'P° 1) when

Similarly we can find primitive idempotents in in F; [x]/{x
() g=L g.=0g:=1,g;=0
(i) g=1q,=0.q;=0.9; =1

(i) g=04g,=1.9;=14g; =0,
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(ivy g=0.q, =1.q; = 0.9, = 1,
(v) g=0.q,=0.q;=1lg; =1

By the same method, we get the following theorems:

Theorem 4.6: In Theorem 3.5, suppose that i = prfip:*k, ged(k. 2pype) =1 and 1 = izupzi 2,53 IS A

™
P Pz

primitive 2%z, p. > ps>-th root of unity over F;.
TyEEy Taésy 5

Then all the primitive idempotents in F; [x]/(x 2 ""+" "7z 25" _ 1) are given as follows:

5 5 .
When (t.t,.t,) = (0,0,0), each irreducible polynomial x¥P+?2" — v over F; corresponds to the primitive
idempotent:

Pl tpi2piE_y
1 . R
— -ri. . rI'p,p
6 (x) = ST PiE Z L/ S
PP Py =0
When (t.t,.¢,) = (0.0.0). we divide into eight cases:
1) If t<s<wt <s,=<v; and t; <53 = v then each  irreducible  polynomial
s—f, F1701 F3-I2 P B . L L ey .
x¥ Pr PT T Coe ea ratl OVEr Fyfor0 = j = 2'p,*p,* — 1 corresponds to the primitive idempotent:
Py Pz
2fp ;:I.,_l,_.I ;2_ 1 2'l:,_l,:lj :I._ﬂg 2!];3 -1
1 - - - - 54— L 3 £z E3
_ -ir —ryf—ir L T et ettt
B[-J.{x] - Jr+ty Pitly Tatla 5 Z z {Erﬂiiﬂ;zf‘l ’ e T
Py Py Py ry=0 ra=0 T
(2) If tzs <5 <1y and by <X 5y < Vg, then each irreducible polynomial
Fq=04 S3=[3 - a - . t t R .. R
e Rl - - .‘;‘E:ﬂqﬂrzn”r * over F; for 0 = j = 2°p,*p,> — 1 corresponds to the primitive idempotent:
152
Es_ﬂ;i_ﬂzz—l zupzip;zp;a_j_
1 - - - - =4—C Ea— 5 £
_ -ir v O Dl N e B
B[-J.{x] T ogv+s 1"1"‘f1p,1f'z"‘fzj_,],-ga z z {Esﬂiiﬂ;zn ' i T
1= =
Py z a ry=0 ra=0
3) If t=<s=<1w t=s5 and ;<5 < Vg then  each irreducible  polynomial
s—i527L2 i T F1TFL . 2y T . .
¥ P T — ﬂ’zrﬂsiﬂrzn""-"i over F; for 0 = j = 2%p,*p,* — 1 corresponds to the primitive idempotent:
1 72
1 Er_ﬂii_ﬂ ;2 -1 21:?: 1_1:'2 ZF:E -1
— —jry B DR L i W R e
B[.j'{x] T gty Pith Va8 Z Z gzrﬂiiﬂ;z?? 1 fprt 2 R
PR 3 ry=0 ro=0 e
4) If t<s<w B s <1y and ty = 54, then each irreducible polynomial
s—f, T1701 P 1 L2752 . t = C . .
¥ P — Ty e a2 overFifor0=j = 2'p,*py* — 1 corresponds to the primitive idempotent:
Py Pz
2 r,_l,:I ii-ﬂ? -1 2'1:,!,:': 1_.52 ZF;E -1
1 : e —g_ 5=t £y _E
_ —-iry —rykp —iry Tt e telt
B['j{x] T oowtyTitly TatE 52 Z z {2"'1':|r11-_152?’II . e T
Py P3
pj_ pz pg ry=0 rz=0
(5) If s £y =5 and t; =55, then each  irreducible  polynomial

. Ey—5y [3—F

P S L *over F; for 0 = j = 2°p,*p5* — 1 corresponds to the primitive idempotent:
2

zr.ﬂj_ I
1 zr:'-'ii!:';z‘l 21;?:1?:2?;3_1
— -iry —rkpyt T e 2t rpiiptt
Bi'j.{x] T oovsr,Fite Vatss Sz z z ‘{zfﬂiiﬂ?ﬂ' R R fxt mrere
P P P2 D Fa=D i
(6) If tzs f<s <1y and ty = 54, then each irreducible polynomial
pi1ThH i L I . 2. Ly 53 AT
¥ =D e ml P2 “overFyfor0 = j = 2%p,"p," — 1 corresponds to the primitive idempotent:
¥y Fz
1 zs-ﬂii-ﬂ?_l 2"';'1{'1;';2?';3—1
o _ -ir B e e L R
El_j{x] = Sv+sp Vvt VavE: 53 z z {Espiip:zn 2 x 1P 1P,
pj_ pz p! ry=0 rz=0
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@) If tzs §H 25 and t, < 5, = Vo, then each irreducible polynomial
22 i -5 1751 . L T .
xPz T — ﬂ;: . rzn"’r ri" 7 over Fyfor 0 = j = 2°p*p,® — 1 corresponds to the primitive idempotent:
Es_ﬂiip?—l Evﬂbiﬂbzﬂfi 1

1 ronb-g, D175 . F2-I2 5 71 52

9{,;':-"5] = P . z z J:::Jr;ii rzﬂ—ﬁhE Ty —irz y 1P + PPy
Pj_ pz Pg ry=0 =0

(8) If t=s =5 and = s then each irreducible polynomial

_ 3 C £}
e 1 1,27

x— ﬂ’;,ﬂii 27 P2 over F; for 0 = j = 171313 — 1 corresponds to the primitive idempotent:

551 v, 1, T2, 53
1 =p, 'EI -1 2¥ptptp -1
g .(x) = 4;'_ Ity —ri;ﬂr_:!-";1_:1!-";2_:z—l:"zx"iﬂ’zz:!ﬂii!i':z
Lof T oovtEy iR, UatE B 2pyle :2?? '
:pl pz :pg [’1:[:! [’z:[:l

Theorem 4.7: In  Theorem 3.6, suppose that i=2%p"*p*p >k, gcd(k, 2pipeps) =1  and
M = Lwyra,ez,vs is @ primitive 2%p, b py >-th root of unity over F;.

rig Ty¥5q Tadsy Tasg
1T+ g ) )
Py P2 s

Then all the primitive idempotents in F; [x]/{x 1) are given as follows:

When (t, £y, 5, ) = (0,0,0,0), each irreducible polynomial x*P+#2Ps —ni over F; corresponds to the
primitive idempotent:

21.- 1-'1 :2.:';3 1
1 E 253
— FE ﬂ ﬂ B
BLI:’.":::I - 21: vy s T2 ?il 1o ss,
Py Py Py r=0

When (£ t,. 5. t5) # (0.0,0,0), we divide into sixteen cases:

Q) f t==s=w ¢ <5 <v, =<5 <rgand 3 <53 <1 then each irreducible polynomial
s2—fz _S53—I3

Lot ok S| . ty tz ¢ I
S P —ﬂ’zrﬂqﬂrzﬂrgn over F; for 0= j=2%*p*p*—1 corresponds to the primitive
2
idempotent:
i N B S R L e b N
1 L.

El: {x:] = z z (",7 Jrr o F ??_riﬁ_lrz

o papVitly Ui+l Ta+iz 2tpiipiiplt

A R i ri=0 ra=D :

-t F17F Szl 53—l 551,52, 53
Pt 5 2 + 2 gy St Py J}

2 If t=s ty=<s;<v,t<s5;<w;andt; <53 <1ve  then each irreducible  polynomial

P ] i gt=s . z by Tz 13 HSw
xPe P P T ﬁz,ﬂriﬂrzﬂrgn over Fi for 0= j=2%p 'y *p.* —1 corresponds to the primitive
2
idempotent:
Espii_ﬂgngg—l zmﬂbiﬂbzﬂ‘va 1
1 . s
B; {.‘C:] = z Z (":_Jrl.} £yt T?_riﬂ ek
o P48 Pt Va+lz Vz+iz 25 pilpi2ple
A P ri=0 ra=D S

sy—fy Sz—fz S3—f3 5 57,53
eLet-n fin i +r221':| tpling )}

() If t=s=<w t=s,t;<s;<rv;and f; <s53<15 then each irreducible polynomial

R R i fi"i . t. 5 Tz 13 P
AR —ﬂzrﬂsiﬂrzﬂrgﬂ over F; for 0= =2'p*p».*p*—1 corresponds to the primitive
2
idempotent:
Erﬂsiﬂ?ﬂgg 1 2"1'.11'11':!:2151;3 1
1 L Ey—Ey

— it rykp —ir:

B[-J'{x] T vty ity Uty Uatls z Z ({Erﬂsiﬂ;zﬂggﬂ T :
pl p? p! ry=0 ra=0

s—f,F27 02 S3—TC3 5,51, 52 53
HT T R T 2T T )}
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@4 If t=s=wv t <35 < vl, t; =5, and ;3 =s3 < vy, then each irreducible polynomial
g5ty T fiﬂfa ] £, I1 2 imiti
xt R —ﬂzrﬂriﬂ;zﬂrgn over F; for 0 =j=2'p"np, pg — 1 corresponds to the primitive
idempotent:
1 pteilpli-1 2pylpaipyi-t
: - E3—=3 .
B[ {x] = Z Z (“;r Jrr T2 € ??_riupz —ifa
) vt Vitly Ua+Ey Va+iz 2fpipip St
A PR S = = 2 Fs
xrizs—r_ﬂii'ri_ﬂ;E_r3+r.22:ﬂ51ﬂ;2ﬂ;EJ}
) f t=s=w tj=<s =<wv, ¢t;=<5 =<v, and & =s; then -each irreducible polynomial
gi—tyT1F T2 2 i F. f 0=j«<3t Ly Tz =3 1 h P
Fa P2 —f;fﬂriﬂrzﬂ,gn over F; for 0= =2 p,"p," — 1 corresponds to the primitive
idempotent:
pipfptor 2¥piipl3piio
1 ) - J a E3—%3 .
- T —rykp —ir
I9[._1":::::| - v+t vty tp+ly U+ z z (‘:Erﬂfiﬂfzﬂfaﬂ e z
P]_ pz pg ry=0 ra=0
xrizs—r_ﬂii'ri_ﬂ;Z_r2+r.22:ﬂ51ﬂ;2ﬂ;EJ}

6) If t=z=s tyzsy, t<sp<wvyand  t; <53 < vy then each irreducible  polynomial
palmt ey, :3 f2 kzt—Tpi1 T : 2,81 T3 Tz PR
xFz — ﬂz,ﬂsiﬂrzﬂrgn Fa over F; for 0= =2p,"p,"p;° — 1 corresponds to the primitive

idempotent:
1 Esﬂsiﬂzzﬂgg—i. E“ﬂuiﬂgzﬂgg 1
—7 T o T
B[ {x:] = z z ({ Jrsi £z _E ??—t’iHIE By -2
of P4E,, 1 tE Va+lz Vz+iz 27 11-_1 zﬂ 3
A P Pg = = :
LTI ipE 4 2pytpiiplt )}
7 If tzs b <5 <v, b= s and t; <<s3 < w3, then each irreducible  polynomial
e J pat—EpiaTE2 . sz by =3 I3 HSw
e I iz,ﬂriﬂszﬂrgn P2 over Fi for 0= =2 p*p." —1 corresponds to the primitive
idempotent:
) Fpieitpiot Ve tplinii-1
N
8; {x) = z z (J,? J"L} - n—m{! o —iry
of PE,F1tly  Va+Ex Tz+iz *p 11,_.I zﬂ 3
A P S ri=0 ra=D :
xri-ﬂii_ri-ﬂZE'rg+r22:ﬂ51ﬂ;2ﬂ;3 )}
B8 If tz=s ty<sp<v.it;<s<vy and ;=55 then each irreducible polynomial
Si=0i Sa-Il2 t—5, 03753 . L t £ e
2 LI B - -
Py P2 - .‘; :ﬂiiﬂ;zﬂsgn Fz over F; for 0= =2p,"p,"pz" — 1 corresponds to the primitive
idempotent:
1 Esﬂriﬂzzﬂgg—i. E“ﬂuiﬂgzﬂgg 1
onf—g E3—53 .
g (x) = z z ({ J"r eg soq THHE P32
of P4E,, Ptly Va+lz Vz+iz ¥ 11-_1 zﬂ 3
EA P Pg = = :
xriﬂii Ml el tp it )}

9 If t=ws=wv f=s5, L>s and t; <53 <vy;. then each irreducible polynomial
zs—rﬂ;rfa i mii -Tiﬂ;Z':Z F 0< _::zt 54 1 ..
x° —i;z ﬂ:iﬂszﬂrgﬂ over F; for 0 =j=2'p pz pg — 1 corresponds to the primitive

idempotent:
ptetp o1 Vp tpiipniot
1 £y— :1 Ea—53 .
9[ {x:] = z z (":_Jr} 52t T?_riuﬂi Pz ek
of Pt F1tEy  Vzt+Ex Tz+iz 2tpiip zﬂ 3
A R i ri=0 ra=D :
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Lo - b 5,152 53
PR rE = RS Pl Dl . J}

(10) If t=s=1w t =5, ;=<5 =<v; and t; =55, then each irreducible polynomial

g5—tyT2702 i rpttTTptaTR . £ 5y S

PC _gzrﬂ,iﬂrzﬂ,m 1 3 over F; for 0 =j=2'n p pa* — 1 corresponds to the primitive
2

idempotent:
1 pitpilpo1 2p) lpaipyi-t

— iTy —rykep T T
B[-J.{x] - Ju+t, VatEs Uatly Uiz z z (’qzrﬂsiﬂ;zﬂ;gﬂ ’ :
pl p? pg ry=0 =0

-t _F27L2 £ 5152 53
PRt 2iry1 o - )}

1) If t=s=1wv ¢t =<5 =1, t;=5 and 3 =s; then each irreducible polynomial

E—L, 5171 i L=z [3—53 r = .

oee - ﬁ;rﬂriﬂizﬂ:gn“% Pz over F; for 0 =<2 *p%p;" — 1 corresponds to the primitive
idempotent:

e teptor Vpy tpiipiio
1 s 2752 [z—83 .
— T - kp bl —ir:
Hl'..l'{x:I T g, Prtly Tatsy Vits; z z (fzrﬂriﬂ:zﬂsg?? 1RFz P 2
P]_ pz pg ry=0 ra=0

st F17T1 £ 5152 53
PRt i o - )}

(12) If t=s ty=s5, tp =5 and ty <53 <13, then each irreducible  polynomial
s3—l3

n i "_.Er—: fi siﬂl'Z"Z . 5.8 Sz I3 P
P - ﬂz,ﬂsiﬂszﬂrgn 2 over F; for 0 =j=2%p p:"p;" — 1 corresponds to the primitive
2
idempotent:
Es_ﬂii_ﬂiz_ﬂgg—i. z-uﬂl'iﬂl'zﬂl'a 1
1 - —_ Lq{—5% C2—5 .

— -ty v - DL N b

EE.J'{x] T gptsyFati Vatsy Vatls z z ({zsﬂfiﬂgzﬂfiﬂ b e !
p]_ p! pﬂ ri=0 ra=0

3-E3 N T
1Pz +r et s )}

13) If tzs b8, B<s;<v; and t; =55, then each irreducible  polynomial

2tz -5, 0175 [3—53 R = r & .-
2P - gizsﬂ,iﬂrzﬂ,gn“ PP T over Fy for 0= = 2%p,*p,*p.* — 1 corresponds to the primitive
idempotent:

zspii_ﬂ;z_ﬂza _1 v ﬂl' 1ﬂ1' zﬂl' 2_q
1 - _ Ly—% r3—% -

(x) = —Jry —n kTt g R—in

El.J {.‘L’] - 21;+3p1:1+31p1:2+r2p1:3+33 z z (‘:E:ﬂfiﬂ;zﬂfaﬂ t 3
1 Z 2 ri=0 ra=0

s3-Ez 5 57,53
iz +r221':| nilpg )}

(14) If t=s bH=s5,<1v, =5 and t; =55, then each irreducible polynomial

ET Bl & -5, [a=57 [3-=%3 - L & £ - oy
e — §=: n“r P s over F; for 0 =j=2%p'p*n*—1 corresponds to the primitive
idempotent:
Esﬂriﬂ?ﬂ?—i E“ﬂuiﬂgzﬂgg 1
1 - —_ [2—5 Cz—% .

— ity —ry k2t p 2 2 3T

B[_J-{x:] - av+s P+t U +E; Tz+8z z z (gzsﬂri . -’3?? t FzoFE 2
2
pj_ pz p! ry=0 ry=0

51=Ey 5 57,53
Tl +r221':| nilpg )}

(15) If t<s=v Lzs5 t=s and t; 5;, then each irreducible  polynomial

—t ] ty=5y [3=53 [3-53 ] 5 54 E L

x - §;rﬂsiﬂ:zﬂ:3n“i LER & over F; for 0 =j=2'p*p m"—1 corresponds to the primitive

2
idempotent:

1 Erﬂiiﬂ';zﬂg -1 E“ﬂuiﬂgzﬂgg 1
_ ity —rykpt tiplaTII g lETEE g

B[_J-{x:] T gty PitR UrFE T3TS z z ({zrﬂfiﬂfzﬂfaﬂ R z

P Py Ps oy e 2
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L 551,52, 53
R rT il PR M )}

(16) If t=s5 b =5, b =5 and ty = 54, then each irreducible polynomial
Hr—:ﬂii'si [p=s5p [3=fz By Bg

—§J;,ﬂ;1 gt LER & over F; for 0= j=2p*p?p;* —1 corresponds to the primitive

idempotent:
6 ;(x)
Fpiiptpiiot 2ptplipii-1

1 b Ei- - —_
_ {'J"i L SR P I
21:_,_3?1:1 +31p1:2 ¥E; pvg 5z 2pitpTiy T 1
1

Z 2 ry=0 rz=0
xr'1+r'22"ﬂ o; 21:!53)}
Lr
Theorem 4.8: In Theorem 3.7, suppose that i = [y (pl.r‘)k, ged(k. [T pr) =1. Then all the primitive
zsnir[ 1.lr :r}n [1.:I ] }

idempotents in F; [x]/{x — 1} are given as follows:

: . . R ¥ 3 B -
When ty = 0 for all i.each irreducible polynomial x ‘[ﬂl }—n‘ over F; corresponds to the primitive
idempotent:
Te{, (o)
1 . rn_,[ﬂ’i’]
9[(-1] = — — Z nTix Pi )
My {pifl }HJ" (pﬁ"J ) r=0
When ¢ = 0 for all i".we divide into the following cases:
: : : Tl )
1) If ty = 57 =<y for all ', then each irreducible polynomial x ‘[ﬂt }—ii'_l [ Lr}n over E; for
e

0= j = Iy ( : ) — 1 corresponds to the primitive idempotent:
Hi'[F:rir]"i Hi’[?:’i ]'HJ"[FJJ’. J'L

§ _ 1 —iry .. AR
I?lljlzx] n[r( vl.,ﬂl.,)njr ( SJ-r) z z (‘:1'[[,[_,._. i']l?i'

v PJ-r ry=0 =0 if

i
. Ty Hl-r[p:,ir _rlrI|+ r2 [l [ﬂ g r]l )}

(2) If £, <5, <wvyrand ty =501 <u'v" =+ u' 2 v ). then each irreducible polynomial

::rH“r[P‘:f —iﬁ ﬂ }n"H o2 i) over F; for 0 =j =, (pi‘r‘r) I, (pi}‘r) -1
corresponds to the pr|m|t|ve |dempotent:
B; ; (x)
Hur[j':':ﬁr}ﬂurl:p:urr}—i I [:_ﬂ:'ri’} HJ_,[:.E}:-r}_ 1
1

= Pty Ty r+E,r B I '
[T (?tl‘r " )Hvr (:al’ = )H;r (p-r’) Zu rZZD { Murlp 3 ) ur(p 2]

o

??—rilt]_-_[u [ T r]l [r;xriﬂur[pi‘fr_r“r]l+rzHL-r[IJ-:r"r]|)}.

. C.r—5.r
I{Hir['_ﬂl:r" "j'

3) If &7 = sy for all i, then each irreducible polynomial x—ﬂJ [ﬂl}n over F; for

0=j=[l (pl.r‘r) — 1 corresponds to the primitive idempotent:
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P W
1 - — -r(pf,‘r_:frjl—[r;
S ) "

i it ry=0 ra=0

. ry+1g [ I:!-":rir })}

Theorem 4.9: In Theorem 3.8, suppose that i = 2° [1; (p:,‘r) k.ged(k, 2 [T py) =1. Then all the primitive

'|.| SH r :r H
[ o, [ — 1) are given as follows:

5.
:H,;r[!-"irl:'

idempotents in F; [x] '

; . . . z :
When (t tr1 =0 for all i'.then each irreducible polynomial x —n* over F; corresponds to the
primitive idempotent:

T Y ‘ :J'r\
2 HE’[."-"L-r }H-'.r[:ﬂjr J_L

1 X rz’l-_[.rl:ﬂ:ir}

g (x) = o o z i R

2v n[’{]ﬂ[rl :}Hj’ (’.F:"J-r‘I ) r=0
When (& 7] = 0 for all i",we divide into the following cases:
@ If t< s b = s <vyp for all i then each irreducible polynomial
:-rH TR . ; o )

x [ }— §J oL [ r,}n over F; for 0= j = 2t [I;s ( ) — 1 corresponds to the primitive idempotent:

zt

E. v.p 5.y
ErHi’[F.rlr]"’- zuHi’I:-ﬂ"L]HJ"[-”-': -1
L L VS

1 ; b
8 ;(x) = = ~ D ) (f Db B
v 20+t [ ( A )Hf (inJ) ry=0 ry=0 erfr[pc’L}

_ S.—C.r ap
2 Tl p ‘]'+r==’Hfr[r-rL3')}
x L L .

@ ftzs ty<=sy=<wvyand tr 25,0, 1=u, v =e u' =v =], then each irreducible polynomial

oy : 10, B . by '
e ]—ﬂi;nur[p;f}nur[p:ﬂ”" E7) over i for 025 2T () T () -1

corresponds to the primitive idempotent:

B[_J-{x] 2““31_.[ ( Tty r) ( v, r+&ur) P { )
o)A s T )

o _ | SH |: r r_:'l.lr:l_[rz
Z z [SUCNEY e v
r2=D ( EIHur['ﬂuE ]IHUTI:'_D ki ]I

ry=0

Y )]

B If t=s=w tyr=sy=<vyand tr =5y 1=ulv' <e u v =), then each irreducible

75 rHu |: Tty r} i I{Hur[ﬂrur-: r}

olynomial x - t oy 5y over F; for 0=j=
p y azs Hur[!-‘ulf ]Hur[_ﬂu.? ]Irl L .Ir
2y (o3 )Ty (7)) -1 ds to the primitive idempotent:

u AP, v \By corresponds to the primitive idempotent:

1
S e e G ) G )

i
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2 T{p ¥ Voo )2 #Malp M2 1 )2
z z (f—jt’i i . ﬂ_rii;ﬂvr[p:,_r;r-:vr)‘l_[rz
ry=0 rz=0 er“r['ﬂulfr}H“r['ﬂv.lr; JI
PR
i Eaf- :H [ Eir—=; r)‘|
(4) If t = 5 ty = sp for all i', then each irreducible polynomial x — I, [ j“ if over F; for

0=j=2[ly {pf,"r) — 1 corresponds to the primitive idempotent:
g ;(x)
Esﬂir[_ﬂ:rirjl—:l_ 2" Hl-r[_ﬂ:rirjnjr[?j{rj—l

—jiry -y k2t I [ Lr _:‘rjl ry
21,+sn ( "’”'JH ,( ) z z ({E‘Hir[p:r‘rjlﬂ

ri=0 Fra=0
r1+r2251'_[ tl
x

V. THE MINIMUM HAMMING DISTANCES OF THE IRREDUCIBLE CYCLIC CODES
In this section, first we give the check polynomials, minimum Hamming distances and the dimensions

of the irreducible cyclic codes generated by the primitive idempotents in F; [x]/{x2 P+ #2" =2c" _ 1) for e = 3
and then give generalized result. We indicate that the parameters of the irreducible cyclic codes in

F, [x]/(x®P'P2 =P° 1) also can be easily obtained based on the primitive idempotents in
Fy [x])/ (x 9173 =" 1),
Let € denote an irreducible cyclic code of length 2*’;::rL 1pr pf“ generated by a primitive idempotent &(x),

whose check polynomial is an irreducible divisor of xTPUPTPS 1 gt s clear that
= {8z} = {glx) ), where g(x) = ged (B (x), x2P2 P20 B 1) is called the generator polynomial of the

irreducible cyclic code C.
Theorem 5.1: In Theorem 4.2, suppose that i = pr*k. ged(k, ps) = 1,0 < § < 2°p0*pip)® — 1.

(1) If t; =0, then ¢, =(8;(x)) is an [2%pfpS2p)"%, p%, 2°pfp*p % cyclic code whose check
polynomial is x¥ : - C T
2) If t; <53, C;= {B[__j'(ﬂ} 0‘::}‘:: P *_1, is an [23?"1_1?32?;3”3: F"gg tz 23p31p32?t3+t3] cyclic
code whose check polynomial is X - ﬂ’ 3 ﬁzsﬂsiﬂ:zﬂvg
3 If t; =55 G;=1{8,;()) 0=7=p® -1, is an [2°pfp%p™"™,1, 257 p%p " [ cyclic code
J 1 1 Fz I3
I E3—53

whose check polynomial is x — ﬂ‘ :gf; ﬂgsi .

P 'Elz 'Elg

Proof: If t; = 0,then by the construction of & (xJ, we have a ring isomorphism:

¢ ={8;(x)) =6, (x)R, =F, [-""]J"r{-""f:la;3 - § sy 53 vk

ﬂ ﬂz ﬂ
where R, = F, [x]/{x¥#1272 7% _ 1) Hence x+ — ﬂ;,ﬂiiﬂizﬂ:g is the check polynomial of ¢;. On the other
hand, if c(x) € Filx]. then by division algorithm e(x) = q{x) (x?? - §' ﬂ.—iﬂ:zﬂbgj +r(x), where
2

g(x), r(x) € Filx].deg »(x) < pi*. Then we have
c(x)8; (x) = r(x)g; (x) (mn:u:l P Fy 1).
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Recall that
Fplpiipri-1
60 = s
i = 28 %1 52,3 {E:ﬂfiﬂ;:ﬂ:ax
Py Py Py r=0

The degree of each item about & (x) differs at least ps> and deg r(x) = p;>. If r(x) = 0. then we get the
Hamming weight of c(x)&; (x} in Ry is just

Wy (rGD 8, ) = Wy (r() ). Wy, (8, () = Wy (8; () = 25pt pi2p)

In fact, the equality holds if and only if W, ((x)) = 1. Thus we have dx(C) = 2°p; ps ps

If ¢; < 53, then by the construction of & ;(x}, we have a ring isomorphism:

cIJ = {HLJ&]} R 9 {x] 2 F [.'t' J"r{xﬂg - - ? r3§25ﬂ:1ﬂ:2ﬂ1'3}

53—

Hence xP= —§ £3 izs 2172573 is the check polynomial of G;;.

Recall that
-1 Tpytpitpyi-i

53— 5

N —jry ;- R—iry iy +Fafy

D MDY« v I |
Py Py pa ry=0

L1 3: ta”a

Similarly, we have dg(Cij) = 2°p; Py P

We can also get the proof in the case £; = s5.

By the same method, we can get the following theorems:

Theorem 5.2: In Theorem 4.4, suppose that i = 2%k, gcd(k. 2) =1, 0 =i = 2°p pps® — 1.

1) If t; = 0, then G = (& ()} is an [2+5p*pi7p%, 2%, 27 p* pi2p5% ] cyclic code whose check polynomial
. ya

IS x~ — gzuﬂfiﬂ;zﬂza

) If £, < s, Gy= (8 {x]} 0= = 2°—1, is an [2°%%pftpfips®, 257F, 28+ 1p0 p2 % ] cyclic code
whose check polynomial is P ":2 ﬂzyﬂ 172 pTE"

?3) If t, = 5, G5 = {6 ;(x)), 0= j = 2° — L is an [2°%p/p2p%, 1, 29+pf*pf2p%] cyclic code whose

r—5
check polynomial is x — zsﬁ'z‘fﬂsiﬂszﬂsg

Theorem 5.3: In Theorem 4.5, suppose that i= 2%p,*k, ged(k,I,L,) =1, 0<i< 2% 'piips® — 1.
When (t.£,) = (0,0), then ¢ = (& (x)) is an [25*p* " p2p=, 252, Etpfipf’pfg] cyclic code whose check
polynomial is x*° 71—t

When (. t,) # (0,0), we divide into four cases:

(1) If t=s=<v and & =<s;<v, then @G;=16;&x)) 0=j= 2p* —1, is  an

[2o+spfatiapiip®, po-tpft~i go+tyitipfp®loyclic code  whose  check  polynomial s
zs—r_ﬂfi‘fi _ i k

x t azrp;:lrl '

2) If tzs and t<s;<wvy, then G;=(6;(x}), o0=j= 2pit—1,  is  an

[2o+epfetiipfipds, pft~l, grespitiipBy®] cyclic code  whose  check  polynomial s
F1-C1 i -5

x-ﬂi - E;:_ﬂ;irl t

(3) If t<s<v and t;=s, then G;=(6;) 0=j=2p*-1, is an

[2o+spfetirpfapt, po=t, quetyfrti,f 5] cyclic  code  whose  check  polynomial is
=t i [1—5

xE _ a.lzr-ﬂii.r.luﬂi

(4) If t=s  and ty=s;,  then  ¢;=(6;(x)) 0= =2°p* -1, is  an

[2o+spftoapfp®, 1, 2745 p " p%2 5% ] cyclic code whose check polynomial is x — ﬁés s k2t~Tp gt
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Theorem 5.4: In Theorem 4.6, suppose that i = 2°p/*p 2k, ged(k, 2p,p) =1, 0 < i< 2% 'pr p — 1.
When (¢, t,,t,) = (0,0,0), then ¢; = {8 (x)} is an [2"’*3;::‘”‘;:;"”‘;:53, 25ptp, 2% p %] cyclic code
whose check polynomial is TP oy,
When (t.t,.¢,) = (0.0.0). we divide into eight cases:

1) If t<s<wt,<s, <v, and t; <5, <v, then G=1(8;(x))0=j<2%p s ~1, is an

[goespfatiapratiogis ge-tpfmliyfanla guetyTatfipy P2ty ] cyclic code whose check polynomial is

5=y Si=ry  S2-l3

x* P Fz _gz ﬂfiﬂfzrl

2) If t=s t,<s;<v, and t; <5 <wvy then G;= (6 ;(x)), 0=j=2%p fpit—1, s an

[aoespfatiaplatiogts pRmfipfa=ia guesy Pty tatizg®oyclic  code  whose check  polynomial s
W ; -

xFs Pz —ﬂ‘;; fi l'zT'IHr :

(3) If t<s<wv t,=s5 and t; <5, <wvy then ;= (6 ;(x}). 0=j=2%*p*—1 is an

! 1 1 2 2 2! ij LaJ : =21= Py F" S a

[aoespfatiaplatiagls gs-tyfa=la guityPa*éa,Patfzg®]  cyclic code whose check polynomial is
=l s2-r2 i En fi"i

For - azrﬂfiﬂfzrl

(4) If t<s<wv, f<sy;<v, and t;=s; then G;=(F;(x}), 0=j= 2%pftp — 1, s an

[2o+spfaroaplatiagis gs-tyf=h gueyPath,fatf,%] cyclic code  whose check  polynomial s
=l 101 i En fZ"Z

b - azrﬂfiﬂfz"l

(5) If t<s<w t;=s; and t;=s; then G;=(6;())0o=j<2p P 1 is an

[gotepfetsspiatiagss ge-t gurtyPitfigtatiag®=] cyclic  code  whose  check  polynomial s
ot - r1—51 £2—52

x5 - gJ2r1':|511':|52 n P2

(6) If tzs ty<sy<wv, and t; =5, then G;=(6;(x)), 0=,< Zptpt—1, is an

[aorspfararplatingis pEmh gresyitfTatig 5] cyclic code  whose  check  polynomial s

51 1

i ta—=s2
xFs - ﬂ;:ﬂiiﬂ;zrl“r P :
(7 If tzs t,=zs; and t; <s;<wy then ¢;=1(6;()) 0=j= Zpiipit—1, is an
[2orspfaraaplatiag s pomfa gresyfataa,Tatizg®] cyclic  code  whose  check  polynomial s
xﬂgz Lz _ g‘l.; :1 rz'r'| gzt :_ ;:I. 1

il
(8) If t=zs t;=2s, and t;=s;, then ¢;=(8;(x))., 0=j=2p p -1 is an
[2orepferarpla*iagis g grespPitayftf,S] cyclic code  whose  check polynomial is

Ly—54_ Ca—5
_ J Eaft- 5_ 11 1!_.,22 2
x gzsﬂsi :z'l’] .

t.. b1

Theorem  55: In  Theorem 47, suppose that i= 2'p *p,2pk, god(k, 2pypops) = 1,
0<i=< 2% p py* " — 1. When ( £, £y, £, £5) = (0,0,0,0), then ¢; = (8, (x)} is an [25+5p[* "5 pS2 520575,

25 ptpitp, 2°p pl 2] cyclic code whose check polynomial is x

When (t. t,. 5. t5) # (0.0,0,0), we divide into sixteen cases:
(1) If t<s5<w ty =< 5y < 1y, t; <55 < vy and ty <53 <vq then G= {H‘l[x]} is an

[21:+3p:1+31p;2+32p;’3+33 75— I.‘pl:l. fip:z fzp:B Iz 2t+rp:1+f1p;z+fzp;3+f3] cyclic code whose check

rpitees _—

: £ F170L S2—Il3 S3—Il3 r
ol fn o il ]
polynomial is x* ¥1 2 E — ﬂz ﬂriﬂ;zﬂrgn
(2) If t=s b =5 vy, by S5 <vand ty < 5p < Vo then G = {Bl {I]} is an
[2ospfatoapratiny avss BTy, Samla g, fants gueay Tty P2t ia ¥ ] cyclic code whose check polynomial is
-T:I. ri 2 '-'2 s3Iz J. 2"-_:
xP1 Pz Pz - ;;E:ﬂfiﬂfzﬂfarl
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@) If

[ v +3p1f‘1 +E4 pt‘z +83
1 2

t=s=w t =5, 4

p1’3+33 25— rp,:z fzp

B3T3 o4t Pi+Ey
3 25 py

< 5, < v, and t; <53 <vy  then ¢=(8()) s
Pa+iz Va+iz

P oty ] cyclic code whose check polynomial

an

75Ty 52 f2ﬂ53 Iz ]
x 3 - azrﬂfiﬂ;zﬂfan“pi
(4 If t<s<wv t<s, <v, t,=zs, and tz<s;<wv, then ¢G={8&)} is an

B Py+E Pa+E +E: - 24T Ex—T. A y+T 7 7 r H =
[2ospfatoapFatiay Bvss gs—tyfimhiy, Sl grety fitiiy, 2t 7av ] cyclic code whose check polynomial
zs—rﬂsi_ri 53 Iz I rZ_-TZ
x o1 - gz ﬂfiﬂfzﬂfarl
(5) If t<s<wv t<s;<v, t<s;<v, and t3=55 then ¢=(&E)} is an
B Py+E Pa+E +E: - 24— Ea—T B 4T Po+ T 7 H H H
[2o+spfaroaplatiay Bvss ge-tyfimi,mi guety Ptha,Pati P2t cyclic code whose check polynomial is
zs—rﬂfi‘fiﬂfz Lz I r3_53
x o1 2 - gzrﬂfiﬂ;zﬂfarl i
6) If t=z=s t,=s, t; <5, < vy and t; <53 <wvy then G=1{(6(x)) is an
) Ty+E Ta+E Ta+E Eg =T Ea=T 1 Ty+E Ta+l +I H -
[2“3;:11 1p PR 3T, gl T IR, a1ty 2, B 2] cyclic code whose check polynomial is
sp—f3 S3—f3 —5 E1—54
B B i k2tE
xTr T -0 :ﬂfiﬂfzﬂfarl 1
7 I tzs t<s <y, b= and ty<s;<wv, then ¢=1(6&)) is an
H Ty +E Ta+E " +E 2y —T 23T 2 v+ Ta+E +r H - -
[aovspfatiaplatioy ot pa—liy ol guesy Pt Pats, =4 5] cyclic code whose check polynomial is
5y—fy S3—Lz -5 Ez—57
B B J] Sl
v vs - aza'ﬂiil'-";zﬂrirlu Pz .
(8) If t=s <5 Sy, by <8, S0y and ty =54, then ¢G= {I?l{x]} is an
B Py+E Pa+E +E: 24 —T Ea—T B 4T v T 7 H H H
[2orspfaroaplatiay avss pam,fmh gresy, Pt PaviBst 5] cyclic code whose check polynomial is
S S - S - i - nb—5, L3523
o b J Rzt
X 2 - ﬂ!‘piip;zp‘;gn Pz
9 If t<s<wv t =5, ;=5  and t; <53 <vy,  then ¢=(6)) is an
H Ty +E Ta+E " +E - 2z—T 2 Ty +E Vo482 s+l - H H
[2“3;:11 iy TR 3T, 25y sT guatp PR, Tt 3] cyclic code whose check polynomial is
Es—rﬂfi‘fi J Ey—5y [2—52
i - ﬂz rﬂfiﬂ;zﬂ;anwi Fa '

(10) If t<s<w f=s5, tp<s, <v, and t; =5, then ¢=1(&K)) is an
) Ty+E Ta+E e +3 - Eg=T 2 Ty+E Pa+l Pa+E . . .
[2“3;:11 tp, 1T, 25 AT AP TR AT B 3] cyclic code whose check polynomial is

zs—rﬂ:Z_rZ J Ly—&y [3—53
r2 - ﬂz rﬂfiﬂ;zﬂ;anwi Pz '
(11 If t<s<v, t<s5,<v, t; =5 and t; =55, then ¢=1(&&)) is an
B Py+E Pa+E Ty +& - 24— 3 v+ Pa+E v H H H
[2orspfaroaplatiay avss ge-ryfimh gretyPitha, et P2t 5] cyclic code whose check polynomial s
zs—rﬂfi'ri J Lp=fz [z=f3
x o1 - gzrﬂfiﬂ;zﬂfanwz Pz
(12) If t=zs b =5, bt =5 and t; <5, <v;, then  G= (8 (x)) is an
H Ty +E Ta+E +E 23 —T 2 Ty +E Ta+E 73+ . . .
[aoespfatiaplatioy et pialz guespfitfi,atf, 5] cyclic code whose check polynomial s
f3-rz t—5,017F1 [3—52
xﬂg - anﬂsiﬂszﬂrg .r-lu:2 P1 Pz '

(13) If tzs to=s, tp <5 < and t; =5, then ¢ =1{8x)) is an
) Ty+E Ta+E Ta+E -t LAY Ty+E o+l Ta+E - B -
[2“3;:11 1p 3T 3T, priT, presp TRy T2t T ] cyclic code whose check polynomial is

22 r—5,017F1  [3—53
xF2 - ﬂJ: 5 2 537'|u.2 Pa Ps '
F Py P Pa
(14) If tzs b <5 <v, ;=5 and t; =5,  then ¢ =1(6()) is an
; Vy+Ey Ty+E + t vy+ty Up+E . . .
[2o+ep 1p22 patiE, TR gres, it TS, Bt ] cyclic code  whose  check  polynomial s
S1-r4 t—sg, [2—5Fz [3=53
o k2
X - § :ﬂiiﬂ:zﬂfarl Fa Pz
(15) If tss<v £ =5t =5 and ty = 5. then = {8, (=)} is an
pan. Uy+Es  Ta+Ss Va3 —f AU+P Ti+E Va+Es Ug+E . . .
[2 Pl gyt pyt o, 25T, 20 T 2T R 2] cyclic code whose check polynomial s

ES—F

x kpt et TCpg

_
ﬂz EpltyiiplE Ll

fy—sy  fa—%z, F3—%z
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(16) If t=s f =5, Lzs and ty = 5. then ¢ = (8, (x)) is an
[21;4.3 Py+Ey Ta+8x Tha+Ez 1 21;4.3 Py+Ey  Da+Ez 1.-g+33]

- My - ey P cyclic code whose check  polynomial s
r—5, 0175 La—%z [3—53
xX— ﬁJz:ﬂfi ﬂ;zﬂsi .r-lu:2 Py Pz Pz .
Now we give the following theorems as generalization of above results:
t.r
Theorem 5.6: In Theorem 4.8, suppose that i=1Ily (p[r‘ )k, gedk, Il prd =1,

0<i< l_I-r{ [L;ir)l_.[jr (rﬂf"r) —1. When =0 for all i.then ¢=(&IL s an
e (7)1 (62 ) T (3).1 (55) 1 5

J.r’r)] cyclic code whose check polynomial is

Hl:r _ﬂ:r" 1

) _ i

When ¢ = 0 for all i',we divide into the following cases:

(1) If tr<sp<wy for all  iten ¢=1{6;&)) o=;=Il (p:r‘r) -1, is an

[H ( o r+3r)ﬂj’ (P;"'r) Il (ps}r h); Iy ( tr”r) I (p‘;"r)] cyclic code whose check polynomial is
Moo )

S P

2 If by <5y <vy  and  ty sy, l=ulv' Srou zv EjL then = (8 ;(x)),
0= j=1I r(p; J ( ) 1 is an [H ( 1”Hr)ﬂjr (p;"'r) [T {pfr rr),
[ (ptrm r)l_I (:a: " r)l_I‘,-r (p;"r)] cyclic code whose check polynomial is
Mafp ™) KI5 ")

* §Jnur[s{;s’}Hur[.f{“r’]lﬂ |

@ If trzse for al & then ¢=(6;()) 0<j<Ma(p)-1 is an
[H ( “”rjﬂj ( ) 1, [y ( “”rjﬂjr (p;"r)] cyclic code whose check polynomial s

_d :
X gﬂir [p:r':rjlrl

Theorem 57: In  Theorem 4.9, suppose that i= 2]l (p:r‘r) k. ged(k, [Ty pr ) =1,

3

D=<i=<2'[] ( ) ( B, r)—l. When (t.ts) =0 for all i.then ¢=1{(80x)) is an
e 3 1 . 2r £ ) .

[2"”1’[ ( e )H ( ) 2 [y ( ;‘ ) 29 [Ty (p:}‘ )HJ-r (P‘J-FI )] cyclic code whose check polynomial is

x H‘r[p‘r } -

When (t, ;) = 0 for all i".we divide into the following cases:

1) If t<s<wty<sp<wr for all i.then ¢=1(8;&)) o=;=2"[ly (p:r‘rj -1 is an

[2"”1’[ ( Tt r)l’IJI (’p J 221 ( e “) 25 1 ( 1'rJ'rr)l_IJ-r (p;"r)] cyclic code whose check

-\_

i i ES-EH_ -ﬂ_l.r I.-I.r . -
polynomial is x ‘r[ o ]I - §J N
ErHir[-ﬂiL}
2 If tzstr<sy<wyrand  tyzsplsule’ e w zv EfL then 6= (6 ;(x))

0= j= 2Tl r(pi‘r‘rj [ (pj}’rj—l is an [2"”1—[ ( . r)l_I‘,-r (p;jr) [, { e )
20+5 [T ( Fu )l’[[r (pj?’r”“rjﬂjr (gﬁf"r)] cyclic  code  whose  check  polynomial  is

Hur[p::fr ru’} - ﬁj £y 5 ¢ T"IMr-:H“r[!ﬂv‘hrI ’ ]I
Esﬂur[pu‘f ]Hur[p i ]l

X

WWw.ijmsi.org 69 | Page



Qg

The Minimum Hamming Distances of the Irreducible Cyclic Codes of Length Zﬂpl pﬂ e P

3)

If t<s<wtr<sy<prand tyzsylsuv e u zv =), then =18 ;{))

0= < 2 Mulpd) Mo (o) -1 is  an [27°M0 (o) (p). 27 M (p22).
27+ [ {p_v‘fm“r) IT; (pvﬁ'rﬂ“r:l [T, {;r;jr) ] cyclic  code  whose  check  polynomial s

x

£ i 4

:rl.'r'\. |'5|'

75— rl'[u |:1‘.'I u _ a.i. h']'-[l.- |1‘.'| Lo ,

o5 , I.'_un 'l :1.:“
v Hu"._‘-:'ur ,Ival._ﬂL.r

g

@) Ift=s tr =5y forall i’ then¢ = {6 ;(x))0=j= H[r{ g )— lisan [7”31_[ { . r)ﬂjr {p;jr);

vrE y J l"'1'[Irr-Tr
1, 2% ][I ( )Hj-r {pJ )] cyclic code whose check polynomial is x — e nn
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