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ABSTRACT : Prime numbers in six arithmetical progressions 9n + k, for 1 ≤ k ≤ 9, gcd(k, 9) = 1, are 

considered. As assured by Dirichlet’s Theorem, each of these six arithmetical progressions contains infinite 

number of primes in it. Selecting range of 1 to 1 trillion and 12 blocks of increasing sizes 1 – 10
n
, 1 ≤ n ≤ 12, the 

spacings between primes of same form are determined in these blocks. The minimum and maximum spacings 

between them, the first & last prime starters with such spacings, and the frequencies of such spacings are 

obtained. Then, for primes of all forms 9n + k, the digits in units place and tens place are analyzed. 
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I. INTRODUCTION 

Numbers is so fundamental a notion that human understanding, use, study and exploration of mathematics has 

begun with these numbers in ancient days. Amongst numbers, the fundamental ones are positive integers. The 

multiplicative building blocks of positive integers are prime numbers.A prime number is a positive integer p > 1 

having no positive divisors other than 1 and p. From more than two millennia [1], we know that there are 

infinitely many primes. 

Amongst sequences, the primary ones are arithmetical progressions. An arithmetical progression is a sequence 

of form an + b, where a and b are fixed positive integers and n is integer varying from 0 to ∞.Of course, it 

contains infinitely many integers, all of which are those which when divided by a give remainder b. As there are 

a remainder 0, 1, 2, . . . , a – 1, when division by a is carried out, there are a such arithmetical progression for 

each of these values of b. Well-known theorem due to Dirichlet [2] states that if gcd (a, b) = 1, then an + b 

contains infinitely many primes in it otherwise not. Extensive study of primes in arithmetical progressions 

2n + 1, 3n + k, 4n + k,5n + k,6n + k,7n + k,8n + k has been done recently [3] – [10]. 

We choose a = 9, so that there are 6 numbers that are relatively prime to 9, viz., 1, 2, 4, 5, 7, and 8. For each of 

these values as k, 9n + k contains infinitely many primes. The density distribution of primes in them is available 

[11]. 

 

II. MINIMUM SPACING BETWEEN PRIMES OF FORM 9n + k IN BLOCKS OF 10
n
 

We continue with the recent adopted approach of considering blocks of size 10
n
 for analyzing primes in them. It 

was possible to choose ranges as high as 10
12

 due to best choice of algorithms [12]-[18] to generate primes 

efficiently within least time using minimum resources. The ease of Java programming language [19] was 

harnessed to implement these algorithms on multiple computers simultaneously. 

Neglecting specific blocks having no primes, the minimum spacing between primes of forms 9n + kin blocks of 

10 powers are determined to be 18, except for 9n + 2 for which only it is 9. For larger block sizes, the minimum 

spacing value generally doesn’tincrease; it remains same ahead for blocks of higher powers of 10. 

The smallest considered block-size 10 is special here as the minimum block spacing happens to be 18 and it 

cannot occur within the blocks of 10 for forms other than 9n + 2. 

Since there is only one prime of form 9n + 3, there is no question of computing its spacing with other prime of 

this form! 

The other values are shown graphically. 
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Figure 1: Minimum Block Spacing between Primes of form 9n+k 

Except the block-size of 10, the first and the last primes in the 10
n
sized blocks with minimum spacing in 

between them are as follows: 

 

Table 1 : First Starters of Minimum Block Spacings between Primes of form 9n + k in Blocks of 10
n
 

Sr. 

No. 

Blocks of Size 

(of 10 Power) 

First Prime with Respective Minimum Block Spacing 

Form 9n + 1 Form 9n + 2 Form 9n + 4 Form 9n + 5 Form 9n + 7 Form 9n + 8 

1.  10 Not Found Not Found Not Found Not Found Not Found Not Found 

2.  100& 10n, 2 ≤ n 
≤ 12 

19 2 13 5 43 53 

 

Letting 10
12

 as our inspection limit, the last primes in the 10 power blocks with minimum block spacing also get 

settled. 

 

Table 2: Last Starters of Minimum Block Spacings between Primes of form 9n + k in Blocks of 10
n
 

Sr. 
No. 

Blocks of Size 
(of 10 Power) 

Last Prime with Respective Minimum Block Spacing 

Form 9n + 1 Form 9n + 2 Form 9n + 4 Form 9n + 5 Form 9n + 7 Form 9n + 8 

1.  10 Not Found Not Found Not Found Not Found Not Found Not Found 

2.  100 999,999,993,061 2 999,999,999,571 999,999,998,141 999,999,998,719 999,999,999,269 

3.  1,000& 10n, 3 
≤ n ≤ 12 

999,999,993,061 2 999,999,999,571 999,999,999,599 999,999,998,719 999,999,999,269 

 

We compare them graphically. 

 

 
 

Figure 2: First & Last Starters of Minimum Block Spacing’s between Primes of form 9n + k in Blocks of 10
n
. 

 

The next probe was the number of times these minimum block spacing’s occur between primes of all forms 

9n + 1, 9n + 2, 9n + 4, 9n + 5, 9n + 7 and 9n + 8. 
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Table 3: Frequency of Minimum Block Spacings between Primes of form 9n + k 

 
 

There is increase in the number of times the minimum spacing occurs for primes of all forms except for primes 

of form 9n + 2. The following analysis has omitted from 9n + 2. 
 

 
Figure 3: Deviation in Occurrences of Minimum Block Spacing between Primes of form 9n+k in Blocks of 10 

Powers. 

 

It is found that the occurrences of minimum block spacings for primes of form 9n + 5 and 9n + 8 is always more 

than those of forms 9n + 1, 9n + 4 and 9n + 7.  

 

III. MAXIMUM SPACING BETWEEN PRIMES OF FORM 9N + K IN BLOCKS OF 10
N
 

The maximum spacing between primes for form 9n + kin blocks of 10 powers initially increases with increase in 

the block size. 

 

Table 4: Maximum Block Spacing between Primes of form 9n + k. 
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Figure 4: % Deviation of Maximum Block Spacing in 10

n
Blocks between Primes of forms 9n+k from Average. 

 

The first prime starters of forms 9n + k having maximum spacings with immediate next prime within various 

10
n
 blocks are as follows. 

 

Table 5: First Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10
n
. 

 
 

And the last prime starters of these forms with maximum spacings with immediate next prime within 10
n
 blocks 

are also determined. 

 

Table 6: Last Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10
n
. 
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Their comparative trend is depicted in the graphical representation. 

 
Figure 5: First & Last Starters of Maximum Block Spacings between Primes of form 9n + k in Blocks of 10

n
. 

 

The frequency of occurrence of maximum block spacings primes of these forms is determined. 

 

Table 7: Frequency of Maximum Block Spacings between Primes of form 9n + k. 

 
 

For all rest 10 power blocks for all prime forms under consideration, except 9n + 4, the maximum block spacing 

occurs only once, while for 9n + 4 it continues to occur twice, yielding following pattern for their deviation 

from respective averages. 

 

 
 

Figure 6: Deviation of Number of Occurrences of Maximum Block Spacings from Average. 

 

IV. UNITS & TENS PLACE DIGITS IN PRIME PAIR STARTERS OF FORM 9N + K 
There are only 6 possible digits in units place for primes. The number of primes of form 9n + ktill 1 trillion with 

these different digits in units place are determined. 
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Table 8: Number of Primes of form 9n + k with Different Units Place Digits till One Trillion. 

 
 

Here form 9n + 3 is not seen but it contains single prime with 3 in units place. Their graphical comparison is 

done in which digits 2 and 5 are droppedas they come only once and form 9n + 3 also. 

 

 
Figure 7: Deviation of Units Place Digits of Primes of form 9n + k from Average. 

 

Now we consider two digits together; tens and units place. 

 

Table 9: Number of Primes of form 9n + k with Different Tens and Units Places Digits till One Trillion. 
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Figure 8: Deviation of Last 2 Digits of Primes of form 9n + k from Inter se Average. 

 

Here also form 9n + 3 is omitted. Quite random behavior is seen, as expected! 
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