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Certain Generalized Birecurrent Tensors In 𝐊𝐡 − 𝐆𝐁𝐑–𝐅𝐧. 
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Abstract: We presented a Finsler space  𝐹𝑛  whose Cartan's fourth curvature tensor 𝐾𝑗𝑘 ℎ
𝑖  satisfies 

𝐾𝑗𝑘 ℎ |ℓ |𝑚   
𝑖 =  𝜆ℓ 𝐾𝑗𝑘 ℎ |𝑚

𝑖 + 𝑏ℓ𝑚  
𝐾𝑗𝑘 ℎ   

𝑖 ,  𝐾𝑗𝑘 ℎ
𝑖 ≠ 0, where 𝜆ℓ and 𝑏ℓ𝑚   are non-zero covariant vector field and 

covariant tensor field of second order, respectively. such space is called as  𝐾   
ℎ–generalized birecurrent space 

and denoted briefly by 𝐾   
ℎ– 𝐺𝐵𝑅–𝐹𝑛 . In the present paper we shall obtain some generalized birecurrent tensor 

in an  𝐾ℎ  −  𝐺𝐵𝑅 − 𝐹𝑛 .   

Keywords: Finsler space, 𝐾ℎ– Generalized birecurrent Finsler space, Ricci tensor. 

 

I. Introduction 

Let 𝐹𝑛  be An 𝑛-dimensional Finsler space equipped with the metric function a 𝐹 𝑥, 𝑦  satisfying the request 

conditions [7]. 

Cartan's second kind covariant differentiation form arbitrary vector field 𝑥𝑖  with respect to 𝑥𝑘  is given by [3],[4] 

                    𝑋|𝑘
𝑖  ∶= 𝜕𝑘  𝑋𝑖 −   𝜕 𝑟  𝑋𝑖  𝐺 𝑘

 𝑟 + 𝑋𝑟Γ 𝑟𝑘
∗ 𝑖   . 

M. Motsumoto [5],[6] calls this derivative as ℎ − covariant derivative. 

The vector 𝑦𝑖and the metric tensor g𝑖𝑗 and its associate satisfies the following relations  

(1.1)             𝑎)    𝑦  |𝑘
 𝑖 = 0    ,    b)   𝑔 𝑖𝑗 |𝑘 = 0     and   c)  𝑔  |𝑘

 𝑖𝑗
=0. 

The tensor 𝐶𝑖𝑗𝑘  is known as  ℎ ℎ𝑣 - torsion tensor [5], it is positively  homogeneous of degree −1 in 𝑦𝑖  and 

symmetric in all its indices. By using Euler
'
s theorem on homogeneous properties, this tensor satisfies the 

following  

(1.2)             𝐶 𝑖𝑗𝑘  𝑦
𝑖 = 𝐶 𝑘𝑖𝑗  𝑦𝑖 = 𝐶 𝑗𝑘𝑖  𝑦𝑖 = 0. 

Also satisfies the following relation 

(1.3)              𝐶 𝑖𝑗𝑘 g𝑗𝑘 = 𝐶𝑖 . 

The (𝑣)ℎ𝑣-torsion tensor 𝐶𝑗𝑘  
𝑖 is the associate tensor of the (ℎ)ℎ𝑣-tensor 𝐶𝑖𝑗𝑘  and defined by 

(1.4)            𝐶𝑖𝑘
ℎ ∶= gℎ𝑗𝐶𝑖𝑗𝑘  . 

The tensor 𝐶𝑖𝑘
ℎ   is positively homogeneous of degree −1 in 𝑦𝑖  and symmetric in its lower indices. 

The tensor 𝑃 𝑗𝑘   
 𝑖 is called the 𝑣(ℎ𝑣)-torsion tensor and given by  

(1.5)          𝑃 𝑗𝑘
 𝑟 =  𝜕 𝑗Γ ℎ𝑘

∗𝑟  𝑦ℎ =  Γ 𝑗ℎ𝑘
∗𝑟 𝑦  ℎ  .     

Berwald curvature tensor 𝐻𝑗𝑘 ℎ
𝑖  and the ℎ(𝑣)- torsion tensor 𝐻 𝑘ℎ

 𝑖   are related by 

                  𝐻 𝑗𝑘 ℎ
 𝑖  𝑦  𝑗 = 𝐻 𝑘ℎ

 𝑖  . 

The deviation tensor 𝐻 𝑘
 𝑖   is positively homogeneous of degree two in 𝑦  𝑖  and satisfies  

(1.6)           𝐻 ℎ𝑘
 𝑖  𝑦 ℎ = 𝐻 𝑘

 𝑖  . 

Cartan's fourth curvature tensor 𝐾 𝑗𝑘 ℎ
 𝑖  satisfies the following identity known as Bianchi identity 

(1.7) 𝐾𝑗𝑘 ℎ |ℓ
 𝑖 + 𝐾𝑗ℓ𝑘 |ℎ

 𝑖 + 𝐾 𝑗ℎℓ|𝑘
 𝑖 + 𝑦𝑟  ∂ sΓ𝑗𝑘

∗𝑖 𝐾 𝑟ℎℓ
 𝑠 +  ∂ sΓ𝑗ℓ

∗𝑖 𝐾𝑟𝑘ℎ
 𝑠 +   ∂ sΓ𝑗ℎ

∗𝑖 𝐾 𝑟ℓ𝑘
 𝑠  = 0.  

The associate tensor  𝐾 𝑖𝑗𝑘 ℎ  of  the curvature tensor 𝐾 𝑗𝑘 ℎ
 𝑖  is given by 

(1.8)          𝐾 𝑖𝑗𝑘 ℎ ∶= g  𝑟𝑗𝐾 𝑖𝑘ℎ
 𝑟  .         

The tensor 𝐾 𝑖𝑗𝑘 ℎ  also satisfies the condition 

(1.9)          𝐾 ℎ𝑖𝑗𝑘 + 𝐾 𝑖ℎ𝑗𝑘 = −2 𝐶 ℎ𝑖𝑟  𝐾 𝑠𝑗𝑘
 𝑟 𝑦 𝑠. 

The curvature tensor 𝐾 𝑗𝑘 ℎ
 𝑖  satisfies the following relations too 

(1.10)        𝐾 𝑗𝑘 ℎ
 𝑖 𝑦  𝑗 = 𝐻 𝑘ℎ

 𝑖   , 
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(1.11)       𝐾 𝑗𝑘𝑖
 𝑖 = 𝐾 𝑗𝑘  

and 

(1.12)         𝐻 𝑗𝑘 ℎ
 𝑖 − 𝐾 𝑗𝑘 ℎ

 𝑖 = 𝑃 𝑗𝑘 |ℎ
 𝑖  +  𝑃 𝑗𝑘  

 𝑟  𝑃 𝑟ℎ
 𝑖 −  ℎ 𝑘 

∗
. 

 

* −  ℎ 𝑘 means the subtraction from the former term by interchange the indices ℎ and 𝑘. 

N. S. H. Hussien [4] and  M. A. A. Ali [1] obtained some birecurrent tensors in a 𝐾ℎ  – birecurrent Finsler space.  

 

II. Certain Generalized Birecurrent Tensors 

Let us consider an 𝐾   
ℎ– 𝐺𝐵𝑅–𝐹𝑛  characterized by the condition  

(2.1)        𝐾𝑗𝑘 ℎ |ℓ |𝑚   
𝑖 =  𝜆ℓ 𝐾𝑗𝑘 ℎ |𝑚

𝑖 +  𝑏ℓ𝑚   
𝐾𝑗𝑘 ℎ     

𝑖 ,  𝐾𝑗𝑘 ℎ
𝑖  ≠ 0   

where  𝜆ℓ and 𝑏ℓ𝑚 = 𝜆ℓ|𝑚   are non-zero covariant vector fields and covariant tensor field of second order, 

respectively. The space and the tensor satisfying the condition (2.1) will be called 𝐾   
ℎ–generalized birecurrent 

space and ℎ–generalized birecurrent tensor, respectively. We shall denote them briefly by 𝐾   
ℎ– 𝐺𝐵𝑅–𝐹𝑛  and 

ℎ–𝐺𝐵𝑅, respectively. 

Transvecting (2.1) by the metric tensor  g𝑖𝑝  , using (1.8) and (1.1b),  we get  

(2.2)         𝐾𝑗𝑝𝑘 ℎ |ℓ|𝑚   =  𝜆ℓ𝐾𝑗𝑝𝑘 ℎ |𝑚 + 𝑏ℓ𝑚  
𝐾𝑗𝑝𝑘 ℎ  . 

Contracting the indices  𝑖 and  ℎ in (2.2) and using (1.11), we get  

(2.3)         𝐾𝑗𝑘 |ℓ|𝑚  = 𝜆ℓ 𝐾𝑗𝑘 |𝑚 + 𝑏ℓ𝑚  𝐾𝑗𝑘 . 

Transvecting (2.3) by 𝑦𝑘  and using (1.1a), we get 

(2.4)         𝐾𝑗 |ℓ|𝑚  = 𝜆ℓ 𝐾𝑗 |𝑚 + 𝑏ℓ𝑚  𝐾𝑗  .  

where  𝐾𝑗𝑘  𝑦𝑘 =  𝐾𝑗  . 

Transvecting (2.1) by  𝑦𝑗  , using (1.1a) and (1.10), we get 

(2.5)         𝐻𝑘ℎ |ℓ |𝑚   
𝑖 =  𝜆ℓ 𝐻𝑘ℎ |𝑚

𝑖 + 𝑏ℓ𝑚  𝐻𝑘ℎ   .  
𝑖

 
 

Contracting the indices  𝑖 and  ℎ in (2.5) and using (𝐻𝑘 = 𝐻𝑘𝑖   
𝑖 ), we get  

(2.6)         𝐻𝑘 |ℓ|𝑚  = 𝜆ℓ 𝐻𝑘 |𝑚 + 𝑏ℓ𝑚  𝐻𝑘 . 

Differentiating (1.9) covariantly with respect to 𝑥ℓ in the sense of Cartan and using(1.10), we get 

(2.7)         𝐾ℎ𝑖𝑗𝑘 |ℓ + 𝐾𝑖ℎ𝑗𝑘 |ℓ = (−2𝐶ℎ𝑖𝑟   𝐻𝑗𝑘  
𝑟 )|ℓ . 

Differentiating (2.7) covariantly with respect to 𝑥𝑚  in the sense of Cartan, we get 

(2.8)         𝐾ℎ𝑖𝑗𝑘 |ℓ|𝑚 + 𝐾𝑖ℎ𝑗𝑘 |ℓ|𝑚 = (−2𝐶ℎ𝑖𝑟   𝐻𝑗𝑘  
𝑟 )|ℓ|𝑚 . 

Using (2.2) in (2.8), we get 

(2.9)            𝜆ℓ(𝐾ℎ𝑖𝑗𝑘 |𝑚 + 𝐾𝑖ℎ𝑗𝑘 |𝑚 ) + 𝑏ℓ𝑚 𝐾ℎ𝑖𝑗𝑘 + 𝐾𝑖ℎ𝑗𝑘  = (−2𝐶ℎ𝑖𝑟   𝐻𝑗𝑘  
𝑟 )|ℓ|𝑚 . 

Putting (1.9), (1.10) and (2.7) in (2.9), we get 

(2.10)          (𝐶ℎ𝑖𝑟  𝐻𝑗𝑘  
𝑟 ) ℓ 𝑚 = 𝜆ℓ(𝐶ℎ𝑖𝑟𝐻𝑗𝑘  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶ℎ𝑖𝑟  𝐻𝑗𝑘  
𝑟 ) . 

Transvecting (2.10) by gℎ𝑝 , using (1.1c) and (1.4), we get 

(2.11)          (𝐶𝑖𝑟
𝑝
𝐻𝑗𝑘  

𝑟 ) ℓ 𝑚 = 𝜆ℓ(𝐶𝑖𝑟
𝑝
𝐻𝑗𝑘  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶𝑖𝑟
𝑝
𝐻𝑗𝑘  

𝑟 ). 

Transvecting (2.11) by 𝑦   
𝑗 , using (1.1a) and (1.6), we get 

(2.12)          (𝐶𝑖𝑟
𝑝

 𝐻𝑘  
𝑟 ) ℓ 𝑚  = 𝜆ℓ(𝐶𝑖𝑟

𝑝
 𝐻𝑘  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶𝑖𝑟
𝑝

 𝐻𝑘  
𝑟 ). 

Transvecting (2.10) by gℎ𝑖 , using (1.1c) and (1.3), we get 

(2.13)          (𝐶𝑟  𝐻𝑗𝑘  
𝑟 ) ℓ 𝑚  = 𝜆ℓ(𝐶𝑟  𝐻𝑗𝑘  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶𝑟  𝐻𝑗𝑘  
𝑟 ). 

Transvecting (2.13) by  𝑦   
𝑗 , using (1.1a) and (1.6), we get 

(2.14)           (𝐶𝑟  𝐻𝑘  
𝑟 ) ℓ 𝑚  = 𝜆ℓ(𝐶𝑟  𝐻𝑘  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶𝑟  𝐻𝑘  
𝑟 ). 

Contracting the indices  𝑝 and  𝑘  in (2.12), we get 

(2.15)           (𝐶𝑖𝑟
𝑝

 𝐻𝑝  
𝑟 ) ℓ 𝑚  = 𝜆ℓ(𝐶𝑖𝑟

𝑝
𝐻𝑝  

𝑟 )|𝑚 + 𝑏ℓ𝑚 (𝐶𝑖𝑟
𝑝
𝐻𝑝  

𝑟 ). 

Thus, we conclude 

      Theorem 2.1. In 𝐾   
 ℎ– 𝐺𝐵𝑅–𝐹𝑛 , the tensors (𝐶ℎ𝑖𝑟𝐻𝑗𝑘

𝑟 ),(𝐶𝑖𝑟
𝑝
𝐻𝑗𝑘

𝑟 ), 𝐶𝑖𝑟
𝑝
𝐻𝑘  

𝑟  , (𝐶𝑟𝐻𝑗𝑘
𝑟 ), (𝐶𝑟   𝐻𝑘  

𝑟 ) and (𝐶𝑖𝑟
𝑝

  𝐻𝑝  
𝑟 ) 

 are all generalized birecurrent. 
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     We know the identity [7]
 

(2.16)            𝐾𝑗  = 𝐻𝑗  − 𝐻𝑗  
𝑖𝐶𝑖  . 

Differentiating (2.16) covariantly with respect to 𝑥ℓ in the sense of Cartan, we get 

(2.17)           𝐾𝑗 |ℓ  = 𝐻𝑗 |ℓ  − (𝐻𝑗  
𝑖𝐶𝑖)|ℓ.  

Differentiating (2.17) covariantly with respect to 𝑥𝑚  in the sense of Cartan, we get 

(2.18)          𝐾𝑗 |ℓ|𝑚 =  𝐻𝑗 |ℓ|𝑚 − (𝐻𝑗  
𝑖𝐶𝑖)|ℓ|𝑚 . 

Using (2.4) and (2.14) in (2.18), we get               

(2.19)          𝐾𝑗 |ℓ|𝑚  = 𝜆ℓ 𝐻𝑗 |𝑚 − (𝐻𝑗  
𝑖𝐶𝑖)|𝑚  + 𝑏ℓ𝑚  𝐻𝑗 − (𝐻𝑗  

𝑖𝐶𝑖)  
. 

Putting (2.16) and (2.17) in (2.19), we get 

(2.20)          𝐾𝑗 |ℓ|𝑚  =  𝜆ℓ 𝐾𝑗 |𝑚 + 𝑏ℓ𝑚𝐾𝑗   . 

Thus, we conclude 

      Theorem 2.2. In 𝐾   
ℎ–𝐺𝐵𝑅–𝐹𝑛 , the vector 𝐾𝑗   is  generalized birecurrent. 

       Also, we have the identity [7]
 

(2.21)           𝑅𝑗  = 𝐾𝑗 + 𝐶𝑗𝑟
𝑖  𝐻𝑖

𝑟  . 

Differentiating (2.21) covariantly with respect to 𝑥ℓ in the sense of Cartan, we get 

(2.22)           𝑅𝑗 |ℓ   =  𝐾𝑗 |ℓ + (𝐶𝑗𝑟
𝑖  𝐻𝑖

𝑟)|ℓ . 

Differentiating (2.22) covariantly with respect to 𝑥𝑚  in the sense of Cartan, we get 

(2.23)           𝑅𝑗 |ℓ|𝑚 =  𝐾𝑗 |ℓ|𝑚 + (𝐶𝑗𝑟
𝑖  𝐻𝑖

𝑟 )|ℓ|𝑚 . 

Using (2.15) and (2.20) in (2.23), we get 

(2.24)          𝑅𝑗 |ℓ|𝑚 = 𝜆ℓ  𝐾𝑗 |𝑚 + (𝐶𝑗𝑟
𝑖 𝐻𝑖

𝑟)|𝑚  + 𝑏ℓ𝑚  𝐾𝑗 + (𝐶𝑗𝑟
𝑖 𝐻𝑖

𝑟  ) 
 
. 

Putting (2.21) and (2.22) in (2.24), we get 

                    𝑅𝑗 |ℓ|𝑚  =  𝜆𝑙   𝑅𝑗 |𝑚 + 𝑏ℓ𝑚𝑅𝑗   . 

Thus, we conclude 

      Theorem 2.3. In 𝐾   
 ℎ– 𝐺𝐵𝑅–𝐹𝑛 , the vector 𝑅𝑗   is generalized birecurrent. 

      We have Cartan's fourth curvature tensor 𝐾𝑗𝑘 ℎ
𝑖 , 𝑣  ℎ𝑣  – torsion tensor 𝑃𝑗𝑘

𝑖  and Berwald curvature tensor 

𝐻𝑗𝑘 ℎ
𝑖  are connected by the formula (1.12). 

Differentiating (1.12) covariantly with respect to 𝑥ℓ in the sense of Cartan, we get 

(2.25)       𝐻 𝑗𝑘 ℎ |ℓ
 𝑖 −  𝐾 𝑗𝑘 ℎ |ℓ

 𝑖 = (𝑃𝑗𝑘 |ℎ
𝑖 + 𝑃𝑗𝑘

𝑟  𝑃𝑟ℎ
𝑖 − ℎ 𝑘 )|ℓ. 

Differentiating ( 2.25) covariantly with respect to 𝑥𝑚  in the sense of Cartan, we get 

(2.26)      𝐻 𝑗𝑘 ℎ |ℓ|𝑚
 𝑖 −  𝐾 𝑗𝑘 ℎ |ℓ|𝑚

 𝑖 = (𝑃𝑗𝑘 |ℎ
𝑖 + 𝑃𝑗𝑘

𝑟  𝑃𝑟ℎ
𝑖 − ℎ 𝑘 )|ℓ|𝑚 . 

Using (2.1) and if Berwald curvature tensor 𝐻𝑗𝑘 ℎ
𝑖  is generalized birecurrent, (2.26) reduces to 

(2.27)      𝜆ℓ 𝐻 𝑗𝑘 ℎ |𝑚
 𝑖 –𝐾 𝑗𝑘 ℎ |𝑚

 𝑖  + 𝑏ℓ𝑚 𝐻𝑗𝑘 ℎ
 𝑖 –𝐾𝑗𝑘 ℎ

 𝑖  = (𝑃𝑗𝑘 |ℎ
𝑖 + 𝑃𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 – ℎ 𝑘 )|ℓ|𝑚   . 

Putting (1.12) and (2.25) in (2.27), we get 

               (𝑃𝑗𝑘 |ℎ
𝑖 + 𝑃𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 – ℎ 𝑘 ) ℓ 𝑚 = 𝜆ℓ(𝑃𝑗𝑘 |ℎ

𝑖 + 𝑃𝑗𝑘
𝑟 𝑃𝑟ℎ

𝑖 – ℎ 𝑘 )|𝑚  

                                                         +𝑏ℓ𝑚 𝑃𝑗𝑘 |ℎ
𝑖 + 𝑃𝑗𝑘

𝑟 𝑃𝑟ℎ
𝑖 – ℎ 𝑘  . 

Thus, we conclude 

      Theorem 2.4. In 𝐾   
ℎ–𝐺𝐵𝑅–𝐹𝑛 , the tensor  𝑃𝑗𝑘 |ℎ

𝑖 + 𝑃𝑗𝑘
𝑟 𝑃𝑟ℎ

𝑖 − ℎ 𝑘   is generalized birecurrent [provided 

Berwald curvature tensor 𝐻𝑗𝑘 ℎ
𝑖  is generalized birecurrent]. 

      We know the curvature tensor 𝐾𝑖𝑗𝑘 ℎ  satisfies [5] the identity 

(2.28)  𝐾ℎ𝑖𝑗𝑘 –𝐾𝑗𝑘 ℎ𝑖 = 𝐻ℎ𝑗
𝑟 𝐶𝑟𝑖𝑘 –𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 + 𝐻𝑖𝑘
𝑟 𝐶𝑟ℎ𝑗–𝐻𝑖𝑗  

𝑟  𝐶𝑟ℎ𝑘–𝐻𝑗𝑘  
𝑟 𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟  𝐶𝑟𝑗𝑘 . 

Differentiating (2.28) covariantly with respect to 𝑥ℓ  in the sense of Cartan, we get 

(2.29)    𝐾ℎ𝑖𝑗𝑘 |ℓ–  𝐾𝑗𝑘 ℎ𝑖|ℓ = (𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 − 𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 + 𝐻𝑖𝑘  
𝑟 𝐶𝑟ℎ𝑗 − 𝐻𝑖𝑗  

𝑟 𝐶𝑟ℎ𝑘     

                                         − 𝐻𝑗𝑘  
𝑟  𝐶𝑟ℎ𝑖 +  𝐻ℎ𝑖  

𝑟  𝐶𝑟𝑗𝑘 )|ℓ. 

Differentiating (2.29) covariantly with respect to 𝑥𝑚   in the sense of Cartan, we get 

(2.30)    𝐾ℎ𝑖𝑗𝑘  ℓ 𝑚  –  𝐾𝑗𝑘 ℎ𝑖 ℓ 𝑚 = (𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 − 𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 + 𝐻𝑖𝑘  
𝑟  𝐶𝑟ℎ𝑗 −  𝐻𝑖𝑗  

𝑟 𝐶𝑟ℎ𝑘  
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                                               − 𝐻𝑗𝑘  
𝑟 𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟 𝐶𝑟𝑗𝑘  )|ℓ|𝑚 . 

Using (2.2) in (2.30), we get 

(2.31)   𝜆ℓ 𝐾ℎ𝑖𝑗𝑘 |ℓ − 𝐾𝑗𝑘 ℎ𝑖 |ℓ  + 𝑏ℓ𝑚  𝐾ℎ𝑖𝑗𝑘 − 𝐾𝑗𝑘 ℎ𝑖 = (𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 − 𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 + 

            𝐻𝑖𝑘  
𝑟 𝐶𝑟ℎ𝑗 − 𝐻𝑖𝑗  

𝑟 𝐶𝑟ℎ𝑘 − 𝐻𝑗𝑘  
𝑟 𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟 𝐶𝑟𝑗𝑘  )|ℓ|𝑚 .  

Putting (2.28) and (2.29) in (2.31), we get 

(2.32)   ( 𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 –  𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 + 𝐻𝑖𝑘  
𝑟 𝐶𝑟ℎ𝑗–𝐻𝑖𝑗  

𝑟  𝐶𝑟ℎ𝑘–𝐻𝑗𝑘  
𝑟 𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟 𝐶𝑟𝑗𝑘 ) ℓ 𝑚  

             = 𝜆ℓ( 𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 –𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 +  𝐻𝑖𝑘  
𝑟 𝐶𝑟ℎ𝑗–𝐻𝑖𝑗  

𝑟 𝐶𝑟ℎ𝑘–  𝐻𝑗𝑘  
𝑟  𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟  𝐶𝑟𝑗𝑘 )|𝑚  

             + 𝑏ℓ𝑚  𝐻ℎ𝑗  
𝑟 𝐶𝑟𝑖𝑘 –𝐻ℎ𝑘  

𝑟 𝐶𝑟𝑖𝑗 +  𝐻𝑖𝑘  
𝑟 𝐶𝑟ℎ𝑗–𝐻𝑖𝑗  

𝑟  𝐶𝑟ℎ𝑘–𝐻𝑗𝑘  
𝑟 𝐶𝑟ℎ𝑖 + 𝐻ℎ𝑖  

𝑟 𝐶𝑟𝑗𝑘   

Transvecting (2.32) by 𝑦   
𝑗  , using (1.1a), (1.2)  and (1.6), we get 

(2.33)  (𝐻ℎ  
𝑟 𝐶𝑟𝑖𝑘 –  𝐻𝑖  

𝑟𝐶𝑟ℎ𝑘 + 𝐻𝑘  
𝑟 𝐶𝑟ℎ𝑖) ℓ 𝑚  = 𝜆ℓ(𝐻ℎ  

𝑟 𝐶𝑟𝑖𝑘 –  𝐻𝑖  
𝑟𝐶𝑟ℎ𝑘 + 𝐻𝑘  

𝑟 𝐶𝑟ℎ𝑖)|𝑚  

                                                                    +𝑏ℓ𝑚  (𝐻ℎ  
𝑟 𝐶𝑟𝑖𝑘 –  𝐻𝑖  

𝑟𝐶𝑟ℎ𝑘 + 𝐻𝑘  
𝑟 𝐶𝑟ℎ𝑖). 

Transvecting (2.33) by  g𝑝𝑟  , using (1.1c) and (1.4), we get 

             (𝐻ℎ  
𝑟 𝐶𝑖𝑘

𝑝
− 𝐻𝑖  

𝑟𝐶ℎ𝑘
𝑝

+ 𝐻𝑘  
𝑟 𝐶ℎ𝑖

𝑝
) ℓ 𝑚  = 𝜆ℓ(𝐻ℎ  

𝑟 𝐶𝑖𝑘
𝑝
− 𝐻𝑖  

𝑟𝐶ℎ𝑘
𝑝

+ 𝐻𝑘  
𝑟 𝐶ℎ𝑖

𝑝
)|𝑚  

                                                                   +𝑏ℓ𝑚 (𝐻ℎ  
𝑟 𝐶𝑖𝑘

𝑝
−  𝐻𝑖  

𝑟𝐶ℎ𝑘
𝑝

+ 𝐻𝑘  
𝑟 𝐶ℎ𝑖

𝑝
). 

Thus, we conclude 

      Theorem 2.5. In 𝐾   
ℎ–𝐺𝐵𝑅–𝐹𝑛 , the tensors  𝐻ℎ𝑗  

𝑟 𝐶𝑟𝑖𝑘 –𝐻ℎ𝑘
𝑟 𝐶𝑟𝑖𝑗 + 𝐻𝑖𝑘  

𝑟 𝐶𝑟ℎ𝑗 −  𝐻𝑖𝑗  
𝑟 𝐶𝑟ℎ𝑘 − 𝐻𝑗𝑘  

𝑟 𝐶𝑟ℎ𝑖 +

𝐻ℎ𝑖 𝑟𝐶𝑟𝑗𝑘, 𝐻ℎ 𝑟𝐶𝑟𝑖𝑘−𝐻𝑖 𝑟𝐶𝑟ℎ𝑘+𝐻𝑘 𝑟𝐶𝑟ℎ𝑖 and (𝐻ℎ 𝑟𝐶𝑖𝑘𝑝− 𝐻𝑖 𝑟𝐶ℎ𝑘𝑝+ 𝐻𝑘 𝑟𝐶ℎ𝑖𝑝)  are all generalized 

birecurrent.        We have the identity [7]  

(2.34)       𝐾𝑖𝑗 ℎ𝑘 + 𝐾𝑖𝑘𝑗 ℎ +  𝐾𝑖ℎ𝑘𝑗 = −2 𝑦   
𝑟  𝐶𝑖𝑗𝑠  𝐾𝑟ℎ𝑘

𝑠 + 𝐶𝑖𝑘𝑠  𝐾𝑟𝑗 ℎ
𝑠 + 𝐶𝑖ℎ𝑠  𝐾𝑟𝑘𝑗  

𝑠  . 

Using (1.10) in (2.34), we get 

(2.35)      𝐾𝑖𝑗 ℎ𝑘 + 𝐾𝑖𝑘𝑗 ℎ + 𝐾𝑖ℎ𝑘𝑗 = −2  𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠  . 

Differentiating (2.35) covariantly with respect to 𝑥ℓ  in the sense of Cartan, we get 

(2.36)      𝐾𝑖𝑗 ℎ𝑘 |ℓ  + 𝐾𝑖𝑘𝑗 ℎ |ℓ + 𝐾𝑖ℎ𝑘𝑗 |ℓ  = −2 𝐶𝑖𝑗𝑠𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠𝐻𝑘𝑗  
𝑠  

|ℓ
 . 

Differentiating (2.36) covariantly with respect to 𝑥𝑚   in the sense of Cartan, we get 

(2.37)     𝐾𝑖𝑗ℎ𝑘 |ℓ|𝑚 + 𝐾𝑖𝑘𝑗 ℎ |ℓ|𝑚 + 𝐾𝑖ℎ𝑘𝑗 |ℓ|𝑚 = −2 𝐶𝑖𝑗𝑠𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠𝐻𝑘𝑗
𝑠  

|ℓ|𝑚
 . 

Using (2.2), (2.35) and (2.36) in (2.37), we get 

(2.38)    𝐶𝑖𝑗𝑠𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠𝐻𝑘𝑗
𝑠  

|ℓ|𝑚
= 𝜆ℓ 𝐶𝑖𝑗𝑠𝐻ℎ𝑘

𝑠 + 𝐶𝑖𝑘𝑠𝐻𝑗ℎ
𝑠 + 𝐶𝑖ℎ𝑠𝐻𝑘𝑗

𝑠  
|𝑚

 

                                                                      +𝑏ℓ𝑚 𝐶𝑖𝑗𝑠𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠𝐻𝑘𝑗  
𝑠  . 

Transvecting (2.38) by 𝑦   
𝑗 , using (1.1a), (1.2)  and (1.6), we get 

(2.39)   𝐶𝑖𝑘𝑠𝐻ℎ
𝑠–𝐶𝑖ℎ𝑠𝐻𝑘  

𝑠  
 ℓ 𝑚

= 𝜆ℓ 𝐶𝑖𝑘𝑠  𝐻ℎ
𝑠–𝐶𝑖ℎ𝑠𝐻𝑘  

𝑠  
|𝑚

 + 𝑏ℓ𝑚 𝐶𝑖𝑘𝑠𝐻ℎ
𝑠– 𝐶𝑖ℎ𝑠𝐻𝑘  

𝑠  . 

Transvecting (2.39) by  g𝑝𝑟 , using (1.1c) and (1.4), we get 

            𝐶𝑘𝑠
𝑝
𝐻ℎ

𝑠 − 𝐶ℎ𝑠
𝑝
𝐻𝑘  

𝑠  
 ℓ 𝑚

= 𝜆ℓ 𝐶𝑘𝑠
𝑝

 𝐻ℎ
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠  
|𝑚

 + 𝑏ℓ𝑚 𝐶𝑘𝑠
𝑝
𝐻ℎ

𝑠 − 𝐶ℎ𝑠
𝑝
𝐻𝑘  

𝑠  . 

Thus, we conclude 

      Theorem 2.6. In 𝐾   
ℎ–𝐺𝐵𝑅–𝐹𝑛 , the tensors  𝐶𝑖𝑗𝑠  𝐻ℎ𝑘

𝑠  + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ
𝑠 +  𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  

𝑠  ,    𝐶𝑖𝑘𝑠  𝐻ℎ
𝑠 − 𝐶𝑖ℎ𝑠  𝐻𝑘  

𝑠    and 

  𝐶𝑘𝑠
𝑝

 𝐻ℎ
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠     are all generalized birecurrent.  

Differentiating (1.7) covariantly with respect to 𝑥𝑚   in the sense of Cartan, we get 

(2.40)        𝐾𝑗𝑘 ℎ |ℓ|𝑚
𝑖 + 𝐾𝑗ℓ𝑘 |ℎ|𝑚

𝑖 + 𝐾𝑗ℎℓ|𝑘|𝑚
𝑖 +𝑦   

𝑟  𝜕 𝑠𝛤𝑗𝑘
∗𝑖 𝐾𝑟ℎℓ|𝑚

𝑠 +  𝜕 𝑠𝛤𝑗ℓ
∗𝑖 𝐾𝑟𝑘ℎ |𝑚  

𝑠     

                  + 𝜕 𝑠𝛤𝑗ℎ
∗𝑖 𝐾𝑟ℓ𝑘 |𝑚

𝑠  +𝑦   
𝑟   𝜕 𝑠𝛤𝑗𝑘

∗𝑖 
|𝑚

 𝐾𝑟ℎℓ  
𝑠 +  𝜕 𝑠𝛤𝑗ℓ

∗𝑖 
|𝑚

𝐾𝑟𝑘ℎ  
𝑠  

                 +   𝜕 𝑠𝛤𝑗ℎ
∗𝑖 

|𝑚
𝐾𝑟ℓ𝑘  

𝑠  = 0. 

Using (2.1) in (2.40), we get 

(2.41)    𝜆ℓ𝐾𝑗𝑘 ℎ |𝑚
𝑖 + 𝜆ℎ𝐾𝑗ℓ𝑘 |𝑚

𝑖 + 𝜆𝑘  𝐾𝑗ℎℓ|𝑚
𝑖 + 𝑏ℓ𝑚  𝐾𝑗𝑘 ℎ

𝑖  +𝑏ℎ𝑚𝐾𝑗ℓ𝑘
𝑖 + 𝑏𝑘𝑚𝐾𝑗ℎℓ

𝑖

   
 

             +𝑦   
𝑟    𝜕 𝑠𝛤𝑗𝑘

∗𝑖 𝐾𝑟ℎℓ|𝑚  
𝑠 +  𝜕 𝑠𝛤𝑗ℓ

∗𝑖 𝐾𝑟𝑘ℎ |𝑚  
𝑠 +  𝜕 𝑠𝛤𝑗ℎ

∗𝑖 𝐾𝑟ℓ𝑘 |𝑚  
𝑠   

             +𝑦   
𝑟   𝜕 𝑠𝛤𝑗𝑘

∗𝑖 
|𝑚

𝐾𝑟ℎℓ  
𝑠 +  𝜕 𝑠𝛤𝑗ℓ

∗𝑖 
|𝑚

𝐾𝑟𝑘ℎ
𝑠 +  𝜕 𝑠𝛤𝑗ℎ

∗𝑖 
|𝑚

𝐾𝑟ℓ𝑘  
𝑠  = 0. 
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If Cartan's fourth curvature tensor  𝐾𝑗𝑘 ℎ
𝑖   is recurrent, (2.41) becomes 

(2.42)     𝜆ℓ 𝜆𝑚𝐾𝑗𝑘 ℎ
𝑖 +  𝜆ℎ  𝜆𝑚𝐾𝑗ℓ𝑘

𝑖 + 𝜆𝑘  𝜆𝑚𝐾𝑗ℎℓ
𝑖 +  𝑏ℓ𝑚  𝐾𝑗𝑘 ℎ

𝑖  + 𝑏ℎ𝑚𝐾𝑗ℓ𝑘
𝑖 + 𝑏𝑘𝑚𝐾𝑗ℎℓ

𝑖  

              +  𝜆𝑚  𝑦   
𝑟  𝜕 𝑠𝛤𝑗𝑘

∗𝑖 𝐾𝑟ℎℓ  
𝑠 +  𝜕 𝑠𝛤𝑗ℓ

∗𝑖 𝐾𝑟𝑘ℎ  
𝑠 +   𝜕 𝑠𝛤𝑗ℎ

∗𝑖 𝐾𝑟ℓ𝑘  
𝑠    

              + 𝑦   
𝑟    𝜕 𝑠𝛤𝑗𝑘

∗𝑖 
|𝑚

𝐾𝑟ℎℓ
𝑠 +  𝜕 𝑠𝛤𝑗ℓ

∗𝑖 
|𝑚

𝐾𝑟𝑘ℎ  
𝑠 +   𝜕 𝑠𝛤𝑗ℎ

∗𝑖 
|𝑚

𝐾𝑟ℓ𝑘  
𝑠  = 0 .     

Putting (1.7) in (2.42), we get 

           𝜆ℓ 𝜆𝑚𝐾𝑗𝑘 ℎ
𝑖 + 𝜆ℎ  𝜆𝑚𝐾𝑗ℓ𝑘

𝑖 + 𝜆𝑘𝜆𝑚𝐾𝑗ℎℓ
𝑖 + 𝑏ℓ𝑚  𝐾𝑗𝑘 ℎ

𝑖  +𝑏ℎ𝑚𝐾𝑗ℓ𝑘
𝑖  +𝑏𝑘𝑚𝐾𝑗ℎℓ

𝑖  

          −𝜆𝑚 ( 𝐾𝑗𝑘 ℎ |ℓ
𝑖 + 𝐾𝑗ℓ𝑘 |ℎ

𝑖 + 𝐾𝑗ℎℓ|𝑘
𝑖 )+ 𝑦   

𝑟   𝜕 𝑠𝛤𝑗𝑘
∗𝑖 

|𝑚
𝐾𝑟ℎℓ

𝑠 +  𝜕 𝑠𝛤𝑗ℓ
∗𝑖 

|𝑚
𝐾𝑟𝑘ℎ  

𝑠 +   

             𝜕 𝑠𝛤𝑗ℎ
∗𝑖 

|𝑚
𝐾𝑟ℓ𝑘  

𝑠  = 0. 

which can be written as 

(2.43)     𝑏ℓ𝑚𝐾𝑗𝑘 ℎ
𝑖 + 𝑏ℎ𝑚  𝐾𝑗ℓ𝑘

𝑖 + 𝑏𝑘𝑚  𝐾𝑗ℎℓ
𝑖 + + 𝑦   

𝑟   𝜕 𝑠𝛤𝑗𝑘
∗𝑖 

|𝑚
𝐾𝑟ℎℓ

𝑠 +    

                𝜕 𝑠𝛤𝑗ℓ
∗𝑖 

|𝑚
𝐾𝑟𝑘ℎ  

𝑠 +  𝜕 𝑠𝛤𝑗ℎ
∗𝑖 

|𝑚
𝐾𝑟ℓ𝑘  

𝑠  = 0 

Transvecting (2.43) by  𝑦   
𝑗 , using (1.1a), (1.10)  and (1.5), we get 

(2.44)  𝑏ℓ𝑚  𝐻𝑘ℎ
𝑖 + 𝑏ℎ𝑚  𝐻ℓ𝑘

𝑖 + 𝑏𝑘𝑚  𝐻ℎℓ
𝑖  + 𝑃𝑠𝑘 |𝑚

𝑖  𝐻ℎℓ
𝑠 +𝑃𝑠ℓ|𝑚  

𝑖 𝐻𝑘ℎ
𝑠 + 𝑃𝑠ℎ |𝑚  

𝑖 𝐻ℓ𝑘
𝑠  = 0 .          

Thus, we conclude 

        Theorem 2.7. In 𝐾   
ℎ– 𝐺𝐵𝑅–𝐹𝑛 , we have the identities (2.43) and (2.44)  [provided Cartan fourth curvature 

tensor  Kjkh
i   is recurrent]. 

        We know that the associate tensor 𝑅𝑖𝑗𝑘 ℎ  of  Cartan's third curvature tensor 𝑅𝑗𝑘 ℎ  
𝑖  satisfies  the identity [7]

 

(2.45)   𝑅𝑖𝑗ℎ𝑘 + 𝑅𝑖𝑘𝑗 ℎ + 𝑅𝑖ℎ𝑘𝑗 +  𝐶𝑖𝑗𝑠  𝐾𝑟ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠  𝐾𝑟𝑗 ℎ  

𝑠 +  𝐶𝑖ℎ𝑠   𝐾𝑟𝑘𝑗  
𝑠  𝑦   

𝑟 = 0. 

Using (1.11) in (2.45), we get 

(2.46)   𝑅𝑖𝑗ℎ𝑘 + 𝑅𝑖𝑘𝑗 ℎ +  𝑅𝑖ℎ𝑘𝑗 + 𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠  + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ  

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠 = 0. 

Differentiating (2.46) covariantly with respect to 𝑥ℓ  in the sense of Cartan, we get 

(2.47)   𝑅𝑖𝑗ℎ𝑘 |ℓ + 𝑅𝑖𝑘𝑗 ℎ |ℓ +  𝑅𝑖ℎ𝑘𝑗 |ℓ +  𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠  +  𝐶𝑖𝑘𝑠  𝐻𝑗ℎ  

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠  

|ℓ
= 0. 

     The associate tensor 𝐾𝑖𝑗𝑘 ℎ  of Cartan's fourth curvature tensor 𝐾𝑗𝑘 ℎ  
𝑖 and the associate tensor 𝑅𝑖𝑗𝑘 ℎ  of  Cartan's 

third curvature tensor 𝑅𝑗𝑘 ℎ  
𝑖 are connected by the identity [7] 

(2.48)               𝐾ℎ𝑖𝑗𝑘 − 𝐾𝑖ℎ𝑗𝑘 = 2𝑅ℎ𝑖𝑗𝑘 . 

Differentiating (2.48) covariantly with respect to 𝑥ℓ  in the sense of Cartan, we get 

(2.49)               𝐾ℎ𝑖𝑗𝑘 |ℓ − 𝐾𝑖ℎ𝑗𝑘 |ℓ = 2𝑅ℎ𝑖𝑗𝑘 |ℓ. 

Differentiating (2.49) covariantly with respect to 𝑥𝑚   in the sense of Cartan and using (2.2), we get   

(2.50)               𝜆ℓ(𝐾ℎ𝑖𝑗𝑘 |𝑚 − 𝐾𝑖ℎ𝑗𝑘 |𝑚 ) +  𝑏ℓ𝑚  (𝐾ℎ𝑖𝑗𝑘 − 𝐾𝑖ℎ𝑗𝑘 ) = 2𝑅ℎ𝑖𝑗𝑘 |ℓ|𝑚 . 

Putting (2.48) and (2.49) in (2. 50), we get 

(2.51)               𝑅ℎ𝑖𝑗𝑘 |ℓ|𝑚 =   𝜆ℓ𝑅ℎ𝑖𝑗𝑘 |𝑚 + 𝑏ℓ𝑚  𝑅ℎ𝑖𝑗𝑘 .  

Differentiating (2.47) covariantly with respect to 𝑥𝑚   in the sense of Cartan and using (2.51), we get   

(2.52)   𝜆ℓ 𝑅𝑖𝑗ℎ𝑘|𝑚 + 𝑅𝑖𝑘𝑗 ℎ |𝑚 + 𝑅𝑖ℎ𝑘𝑗 |𝑚 + 𝑏ℓ𝑚    𝑅𝑖𝑗ℎ𝑘 + 𝑅𝑖𝑘𝑗 ℎ + 𝑅𝑖ℎ𝑘𝑗   

             + 𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ  

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠  

|ℓ|𝑚
= 0. 

In view of (2.46) and putting (2.45) in (2.52), we get 

(2.53)   𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠  

|ℓ|𝑚
=

  
𝜆ℓ

 𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠 + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ

𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠  

|𝑚
 

            + 𝑏ℓ𝑚   𝐶𝑖𝑗𝑠  𝐻ℎ𝑘
𝑠  + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ  

𝑠  + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  
𝑠   . 

Transvecting (2.53) by 𝑦   
𝑗 , using (1.1a), (1.2) and (1.6), we get 

(2.54)   𝐶𝑖𝑘𝑠  𝐻ℎ  
𝑠 – 𝐶𝑖ℎ𝑠  𝐻𝑘  

𝑠  
|𝑙|𝑚

= 𝜆ℓ 𝐶𝑖𝑘𝑠  𝐻ℎ  
𝑠 –𝐶𝑖ℎ𝑠  𝐻𝑘  

𝑠  
|𝑚

+ 𝑏ℓ𝑚   𝐶𝑖𝑘𝑠  𝐻ℎ  
𝑠 – 𝐶𝑖ℎ𝑠  𝐻𝑘  

𝑠  .               

Transvecting (2.54) by g𝑝𝑖 , using (1.1c) and (1.4), we get 

           𝐶𝑘𝑠
𝑝

 𝐻ℎ  
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠  
|ℓ|𝑚

= 𝜆ℓ 𝐶𝑘𝑠
𝑝

 𝐻ℎ  
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠  
|𝑚

+ 𝑏ℓ𝑚   𝐶𝑘𝑠
𝑝

 𝐻ℎ  
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠   . 

Thus, we conclude 
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      Theorem 2.8. In 𝐾   
ℎ–𝐺𝐵𝑅–𝐹𝑛 , the tensors   𝐶𝑖𝑗𝑠   𝐻ℎ𝑘

𝑠 + 𝐶𝑖𝑘𝑠  𝐻𝑗ℎ  
𝑠 + 𝐶𝑖ℎ𝑠  𝐻𝑘𝑗  

𝑠  ,  𝐶𝑖𝑘𝑠  𝐻ℎ  
𝑠 − 𝐶𝑖ℎ𝑠  𝐻𝑘  

𝑠   and 

 𝐶𝑘𝑠
𝑝

 𝐻ℎ  
𝑠 − 𝐶ℎ𝑠

𝑝
 𝐻𝑘  

𝑠    are all generalized birecurrent.  
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