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Certain Generalized Birecurrent Tensors In K® — GBR-F,,.
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Abstract: We presented a Finsler space F, whose Cartan's fourth curvature tensor Kj ,, satisfies

Kjl}(hlg m = e Kﬁcmm + boy, Kjﬁch , Kj;'{h # 0, where A, and b,,,, are non-zero covariant vector field and

covariant tensor field of second order, respectively. such space is called as K"-generalized birecurrent space
and denoted briefly by K"— GBR-F,. In the present paper we shall obtain some generalized birecurrent tensor
inan K" — GBR —E,.
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l. Introduction
Let F, be An n-dimensional Finsler space equipped with the metric function a F (x, y) satisfying the request
conditions [7].
Cartan's second kind covariant differentiation form arbitrary vector field x! with respect to x* is given by [3],[4]
Xy =0, X — (0, X") G} +X"T;} .
M. Motsumoto [5],[6] calls this derivative as h — covariant derivative.
The vector y‘and the metric tensor g;;and its associate satisfies the following relations

(1.1) a) yi =0 , b) gyp=0 and c) g7=0.
The tensor Cy;, is known as (h)hv - torsion tensor [5], it is positively homogeneous of degree —1 in y'and

symmetric in all its indices. By using Eulers theorem on homogeneous properties, this tensor satisfies the
following

(1.2) Ciji y' = Cyj v = Cjii y'=0.
Also satisfies the following relation
(1.3) Cyg™ =C.

The (v)hv-torsion tensor jl}( is the associate tensor of the (h)hv-tensor Cyj, and defined by
(1.4) C == gV Cij -

The tensor Cl2 is positively homogeneous of degree —1 in y* and symmetric in its lower indices.
The tensor Pjik is called the v (hv)-torsion tensor and given by

(1.5) e =OTh)y" = Ty ™.
Berwald curvature tensor H;k , and the h(v)- torsion tensor H ), are related by
Hjlkh y/ =Hjpy, .

The deviation tensor H . is positively homogeneous of degree two in y ¢ and satisfies

(16)  Hjy"=H].

Cartan's fourth curvature tensor Kjikh satisfies the following identity known as Bianchi identity
(A7) Kifnje + Kby + K frepe + yr{(asl}?)Krshf + (asl—}‘*fi) kh +(asrj71i)Krsfk = 0.

The associate tensor K ., of the curvature tensor Kjikh is given by

(1.8) Kijin :=8rjKikn -

The tensor K ;. , also satisfies the condition

(1.9) Kpiji + Kinjie = =2 Cpir Ky *.

The curvature tensor Kjikh satisfies the following relations too

(1.10) Kjikhyj =Hjy ,
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(L11)  Kj, =K
and

* — h/k means the subtraction from the former term by interchange the indices h and k.
N. S. H. Hussien [4] and M. A. A. Ali [1] obtained some birecurrent tensors in a K" - birecurrent Finsler space.

I1. Certain Generalized Birecurrent Tensors
Let us consider an K"~ GBR- F, characterized by the condition
(2.1) Kj;'ch|€|m = /1{’Kj;‘ch|m + bem Kﬁch ) Kﬁch #0
where A, and b;, = A, are non-zero covariant vector fields and covariant tensor field of second order,
respectively. The space and the tensor satisfying the condition (2.1) will be called K"-generalized birecurrent
space and h-generalized birecurrent tensor, respectively. We shall denote them briefly by K"- GBR-F, and
h- GBR, respectively.
Transvecting (2.1) by the metric tensor g;, , using (1.8) and (1.1b) we get
(2.2) Kipicnjepm = AeKipic him + bem Kipicn -
Contracting the indices i and h in (2.2) and using (1.11), we get
(2.3) Ki jepm = Ao Kigcjm + bom K -
Transvecting (2.3) by y* and using (1.1a), we get
(2.4) Kijopm = Ao Ky + bpm K;
where K y* = K; .
Transvecting (2.1) by y/ , using (1.1a) and (1.10), we get
(2.5) Hiniem = Ae Hinpm + bom Hip .
Contracting the indices i and h in (2.5) and using (H,, = H}; ), we get
(2.6) Hyjeym = Ap Hipm + bgyy Hy.
Differentiating (1.9) covariantly with respect to x? in the sense of Cartan and using(1.10), we get
(2.7) Khijije + Kinjkje = (—2Chir Hij 1o -
Differentiating (2.7) covariantly with respect to x™ in the sense of Cartan, we get
(2.8) Khijicjeim + Kinjk jem = (—2Chir Hig ) ejm-
Using (2.2) in (2.8), we get
(2.9) Ae(Knijic jm + Kinjie pm) + bem (Knijie + Kinje) = (—2Chiy Hii ) ejm-
Putting (1.9), (1.10) and (2.7) in (2.9), we get
(2.10) (Chir Hi Dpetm = Ae(Crir Hiye Jjm + by (Chir H ) -
Transvecting (2.10) by g"?, using (1.1c) and (1.4), we get
(2.11) (CEHI ) epm = Ae(ChH Yim + bom (CEH).
Transvecting (2.11) by y/, using (1.1a) and (1.6), we get
(2.12) (Ch H ) jeym = Ae(Cl. HE Yym + b (CE. HY).
Transvecting (2.10) by g, using (1.1c) and (1.3), we get
(2.13) (G Hi erm = 40(Cr Hjy Jpm + bem (G Hjy, ).
Transvecting (2.13) by y/, using (1.1a) and (1.6), we get

(214) (Cr Hl:)ll’lm = A{’(Cr HI:)|m +b{’m(Cr H}:)
Contracting the indices p and k in (2.12), we get
(2.15) (Ch HY)jerm = 2e(CLHY Y + bem (CLHy).

Thus, we conclude
Theorem 2.1. In K "~ GBR- F,, the tensors (Cy,;- Hj,).(Ch.H}.).(CLHE ), (CH}), (C. Hy) and (C. Hy)
are all generalized birecurrent.
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We know the identity [7]

(2.16) K =H —HC.
Differentiating (2.16) covariantly with respect to x* in the sense of Cartan, we get
(2.17) Ko = Hyjp — (H G-

Differentiating (2.17) covariantly with respect to x™ in the sense of Cartan, we get
(2.18) Kijopm = Hjjoym — (H C)pm-
Using (2.4) and (2.14) in (2.18), we get
(2.19) Kiiopm = Ae{Hm — (H} €} + bem {H; — (H} €} .
Putting (2.16) and (2.17) in (2.19), we get
(2.20) Kijojm = e Kjpm + benm K;
Thus, we conclude
Theorem 2.2. In K"~ GBR- F,, the vector K; is generalized birecurrent.
Also, we have the identity [7]
(2.21) R, =K +C., H .
Differentiating (2.21) covariantly with respect to x* in the sense of Cartan, we get
(2.22) Rip = Ko + (C}Lr H)pe -
Differentiating (2.22) covariantly with respect to x™ in the sense of Cartan, we get
(2.23) Rijom = Kijopm + (C]lr H{ ) opm-
Using (2.15) and (2.20) in (2.23), we get
(224) R]|€|m - A{’{ \j [m + (Cl Hir)|m} + b{’m{Kj + (C};Hzr )} '
Putting (2.21) and (2.22) in (2.24), we get
leflm = /11 lem + b{ij .
Thus, we conclude
Theorem 2.3. In K "~ GBR-F,, the vector R; is generalized birecurrent.
We have Cartan's fourth curvature tensor j}; n» V(hv)- torsion tensor jl}( and Berwald curvature tensor
H}y.j, are connected by the formula (1.12).
Differentiating (1.12) covariantly with respect to x* in the sense of Cartan, we get
(2.25)  Hjkpie— Kjkne = B + B Prn — h/K)pe.
Differentiating ( 2.25) covariantly Wlth respect to x™ in the sense of Cartan, we get
(226)  Hiniepm — Kjinjepm = B + Bl Pin — h/K) oy
Using (2.1) and if Berwald curvature tensor ]kh is generalized birecurrent, (2.26) reduces to
2.27)  2e(Hjxnpm=K jinpm) + bem (Hikn=Kjicn) = By + P Pia= /K pjm -
Putting (1.12) and (2.25) in (2.27), we get
Plein + PPl h/1) o = Aol + P Php=h/ k) pm
+bem (i, + P Pl=h/k).
Thus, we conclude
Theorem 2.4. In K"~ GBR—Fn, the tensor ( ok ih T Bk P, — h/k) is generalized birecurrent [provided
Berwald curvature tensor ]kh is generalized birecurrent].
We know the curvature tensor K;;, , satisfies [5] the identity
(2.28) Kniji — Kikni = Hpj Cri = Hpie Crij + Hig Copj= Hij Copie= Hjje G + Hp G-
Differentiating (2.28) covariantly with respect to x? in the sense of Cartan, we get
(229)  Knijk 1o~ Kiknite = (Hpj Crie — Hpg Crij + Hije Copj — Hij Crpge
—Hj Copi + Hpi Coji e
Differentiating (2.29) covariantly with respect to x™ in the sense of Cartan, we get
(2.30)  Knijijepm = Kikniterm = (Hpj Cre — Hpge Crij + Hyye Crpj — Hj Copge
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= Hjy Copni + Hp; Crjie )jopm-
Using (2.2) in (2.30), we get
(2.31) A(Knijicje = Kienie ) + bem (Knije — Kigni) = (Hyj Crie — Hpy Crij +
Hjy, Cppj — Hi; Cope — Hi Copi + Hpy Cojic jepm-
Putting (2.28) and (2.29) in (2.31), we get
(2.32) (Hpj Crigg= Hpp Crij + Hjy Copj— Hij Copge— Hiye Copg + Hpy G ) jom
= A¢(Hpj Cryge = Hpy Crij + Hiy Copj= Hi Copge= Hjje Cropi + Hpi Crji )jm
+ bo (Hirlj Crik=Hpy Crij + Hiy Copj=Hjj Crpg=Hjj Cppy + Hp; Critc)
Transvecting (2.32) by y/ , using (1.1a), (1.2) and (1.6), we get
(2.33) (Hp Crig— H{ Coppe + Hi Crrnidjoym = Ae(Hp Crige= H{ Copie + Hi Crnidjm
+bem (Hp, Crige = Hi Crnge + Hi Copy).
Transvecting (2.33) by g”” , using (1.1c) and (1.4), we get
(Hj Cizl)c — H C}) + H}, C}?i)|f|m = Aeo(Hj, Cizljc — H[ C}), + Hj, C}?i)lm
+bym (Hf, Cl, — HI Cf) + HE C).
Thus, we conclude
Theorem 2.5. In K"~ GBR- F,, the tensors (H;j Crix = Hpic Crij + Hiy Copj — Hjj Copge — Hjpe Gy +
HAL rCrjk, Hh rCrike—Hi rCrik+Ak rCriiand (B rCikp— Hi rChikp+ Kk rChip) are all generalized
birey et/e the identity [7]
(2.34) Ky + Kijn + Kinig = =2 " ( Cyjs K + Cies Kjn + Cins K3 ).
Using (1.10) in (2.34), we get
(2.35)  Kijpi + Kigjn + Kipgg = —2 (Cijs Hiy + Cies Hjy + Cins Hj )-
Differentiating (2.35) covariantly with respect to x? in the sense of Cartan, we get
(236)  Kyjnije + Kijne + Kinijje = —2(Cyjs Hiype + Cis Hiy + CinsHp; )Ié’ :
Differentiating (2.36) covariantly with respect to x™ in the sense of Cartan, we get
(2.37)  Kynkerm + Kijnjepm + Kintg em = —2(Cyjs Hijge + Cus Hij, + Cithﬁj)
Using (2.2), (2.35) and (2.36) in (2.37), we get
(2.38) (Cys Hiyp + Cus Hy + Cithifj) = 2,(Cys Hiy + Cus Hiy + Cithlij)

[elm

[£lm |m

+bon (Cijs Hie + Cus Hy + CinsHj; ).

Transvecting (2.38) by y/, using (1.1a), (1.2) and (1.6), we get
(2.39) (Cirs Hit~ CinsHi: )Iflm = Le(Cixs Hi - ConsH; )Im + bom (Ciks Hiy = CinsHE ).
Transvecting (2.39) by g?", using (1.1c) and (1.4), we get

(CEHR = CReHE ) gy = Ae(Chs Hi = CRg HE) o+ bew (CEH}, — CRGHR ).
Thus, we conclude

Theorem 2.6. In K"~ GBR- F,, the tensors (Cyjs Hjjy + Cius H% + Cins H; ), (Cis Hi — Cips Hi ) and

(¢l Hi —CP Hf ) are all generalized birecurrent.
Differentiating (1.7) covariantly with respect to x™ in the sense of Cartan, we get

(2.40) Kichiepm + K'onpm + Khetkim +yr{(as1}1:i) Themm + (‘15?) kh|m
+(asI;;i)K1§t’k|m}+yr {(ésljﬁi)lm Kohe + (aslﬁi)lm kh
+ (351};i)|m rS{’k} = 0.
Using (2.1) in (2.40), we get
(2.81) 2K nim + nK'oipm + Ak Kipepm+ bem Kiicn, +brm Ko+ biom Kine
+y" {(351;1:i) hem + (351};i) khpm T (aSG;i)KrS#klm}
+y" {(ésl],ji)lm he T (351};i)|mekh + (3sGZi)|mKrS#k} =0.

|[€lm
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If Cartan's fourth curvature tensor K,-Zh is recurrent, (2.41) becomes
(282) g AnKfin + A AnK g + A 2 Kinp + bom K, + b Ko+ bion K
+ Ay yr{(asl}'l:i)KrSh{’ + (851;;i)Krskh + (351;Zi)Krsfk
+y {(3s1}1:i)|m he T (asl;;i)lmKrSkh + (351]Zi)|mKrsfk} =0.
Putting (1.7) in (2.42), we get
Ao A K + Ay An Ko + 2 A Ko+ bom K D K'gre +bim e
~Am( Kiene + Klown + Khep )+ v" {(351;1:i)|m1{1~sh£’ + (551};i)lmKrskh +

(asl;;li)lml{:{’k} =0.
which can be written as
(243)  bonKjen + brm Kl + bon Ko + + 5" {(O5) K +

(ésﬁzi)lm kn (3s1}2i)|m rsek} =0

Transvecting (2.43) by y/, using (1.1a), (1.10) and (1.5), we get
(2.44) bem Hip + b Hig + bin Hhe + Pogm Hio+Pigpm Hith + Popym Hie = 0.
Thus, we conclude

Theorem 2.7. In K"~ GBR- F,, we have the identities (2.43) and (2.44) [provided Cartan fourth curvature
tensor K}kh is recurrent].

We know that the associate tensor R, of Cartan's third curvature tensor Rj"k , satisfies the identity [7]
(2.45) Rijni + Rigjn + Ripgy + (Cijs Ko + Cies Kijn + Cins Ky )y" =0.
Using (1.11) in (2.45), we get
(2.46) Rijni + Rigjn + Rinkj + Cijs Hix + Cies Hjjy + Cins Hij = 0.
Differentiating (2.46) covariantly with respect to x? in the sense of Cartan, we get

(2.47) Rijhje + Rinje + Rinjje + (Cyjs Hiy + Cues Hiy + Cins Hi )If’ =0.

The associate tensor K;;,, of Cartan's fourth curvature tensor Kjl;( » and the associate tensor Ry, of Cartan's
third curvature tensor R}k » are connected by the identity [7]

(2.48) Kpije — Kinjk = 2Rpji. -

Differentiating (2.48) covariantly with respect to x? in the sense of Cartan, we get

(2.49) Khijic 1o — Kinjic 1o = 2Rnijice-

Differentiating (2.49) covariantly with respect to x™ in the sense of Cartan and using (2.2), we get
(2.50) Ae(Knijijm — Kinjicym) + bem (Knije — Kinji) = 2Rpijic jojm -

Putting (2.48) and (2.49) in (2. 50), we get

(2.51) Rhijiciepm = AeRnijiym + Dem Ruijic -

Differentiating (2.47) covariantly with respect to x™ in the sense of Cartan and using (2.51), we get
(252) A¢(Rijnkjm + Rikjnm + Rinkjim) + bem (Rijni + Rijn + Rinkj)
+(Cys Hiy + Cis Hy + Cips Hy )wm =0.
In view of (2.46) and putting (2.45) in (2.52), we get
(2.53) (Cyjs Hijy + Cis H}y + Cips H; )It’lm = Af(cijs Hpy + Cyes Hy + Cis Hi )
+ bew (Cys Hiye + Cis Hiy + Cips Hij ).
Transvecting (2.53) by y/, using (1.1a), (1.2) and (1.6), we get
(2.54) (Cixs Hiy - Cins Hi, )Illm = 2¢(Cuks Hj; = Cins Hi )Im + bom (Ciks Hi, = Cins HE)-
Transvecting (2.54) by gP*, using (1.1c) and (1.4), we get
(Chs Hi = CRs Hi), gy, = Ae(Chs HY = CRo HE),, + b (C, Hi, — CRH ).

Thus, we conclude

Im

[£lm
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Theorem 2.8. In K"-GBR-F,, the tensors (Cys Hiy + Cius HYy + Cins Hi; ), (Cas Hiy

(cP Hi —c}, Hf) are all generalized birecurrent.
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