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ABSTRACT: In many sampling involving non negative integer data models, the number of zeros is observed
to be significantly higher than the expected number in the assumed model. Such models are called zero-inflated
models. These models are recently cited in literature in various fields of science including; engineering, natural,
social and political sciences. The class of zero-inflated power series distributions was recently considered and
studied. Members of the class of generalized power series distributions are some of the well-known discrete
distributions such as; the Poisson, binomial, negative binomials, as well as most of their modified forms. In this
paper an extension to class of zero-inflated power series distributions was introduced, namely, the zero-one
inflated case, and its structural properties were studied. In particular, its moments and some of its moment’s
recurrence relations were obtained along with some of its generating functions. Some of these results were
shown in term of the zero-inflated cases as well.

Keywords: Zero and Zero-One Inflated Models, Power Series Distributions, non-negative integer sampling,
Moments.

I. INTRODUCTION

In many sampling involving non-negative integer data models, the number of zeros is observed to be
significantly higher than the predicated number by the standard assumed distribution. Hence, as a result of mis-
specifying the proper statistical distribution, leads to the so called the zero-inflated distributions. These models
are recently cited in literature in various fields of science including; engineering, natural, social and political
sciences.

The class of zero-inflated power series distributions (ZIPSDs) was recently considered and studied.
Well-known discrete distributions such as, the Poisson, binomial, negative binomial and the logarithmic, are
members of this class.

Gupta et al [1] studied some structural properties and the distribution of the sum of independent the
ZIPSD, as well as estimation of its parameters. Ridout et al [2] considered the problem of modelling count data
with excess zeros, called them zero-modified distributions. Kolev et al [3] proposed the ZIPSDs for modeling of
correlated count data which exhibit overdispersion. Patil and Shirke [4] provided three asymptotic test for
testing the parameters of the ZIPSDs. Murat and Szynal [5] studied some structural properties and estimation of
the parameters of the ZIPSDs. Bhattacharya et al [6] considered a Bayesian test for testing the ZIPSD as a
mixture of a power series distribution (PSD) and a degenerate distribution at zero. Nanjundan and Naika [7]
considered estimation the parameters of ZIPSDs. Edwin [8] studied the construction and estimation of the
ZIPSDs, and considered some its applications.

In this paper, we introduce in Section 2, the definition of the class of discrete PSDs with some of its
members, properties; its mean, variance, probability generating function (PGF). Then, in Section 3, we
introduce the class of ZIPSD, its definition with some of its properties including the mean, variance, and the
PGF. In Section 4 we introduce the definition of the zero-one inflated power series distribution (ZOIPSD), and
it’s mean and variance, PGF, moment generating function(MGF) and the factorial moment generating(FMGF),
and moment recurrences relations, were given in Section 5. Some of these results are shown in term of the
standard and the zero-inflated cases as well.

1. POWERSERIES DISTRIBUTIONS

Let g(0) = Y, cra, 0" be a power series for 0eQ = {0; 0 < 8 < w}, where w is the radius of convergence of
g(0),anda, = 0for allx e T < 1=1{0,1,2,...}. Then the discrete random variable (rv) X having probability
mass function (pmf);

ay 0%
PX=x)={ s@’ XE€T (1)

0 otherwise,
is said to have a PSD with range T and parameter space Q. The function and g(6) is called the series defining
function (sdf). We will denote that by writing X ~ PSD(6, g(6)).
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The discrete distributions; Poisson, binomial, negative binomial, and the logarithmic series distributions, are
well-known member of the PSD’s with sdf’s; e®, (1 +6)", (1—0)7%, and —In(1 — ), respectively. See
Abdulrazak and Patil [9], [10] and Johnson et al [11] for further details.
The mean of the rv X having PSD(6, g(8)) can be easily seen to be:
g'(®)
EX) =0—=,
g(®)

L ONN{ONEN-(Ol
Va0 = #2005 - [0

and its variance is given by;

Similarly, the PGF of the rv X, Gy (t), is given by;
eaxy _ 80D
Gx(D = E(t") =

EO)

I11.  ZERO-INFLATED POWER SERIES DISTRIBUTIONS
Let the rv X ~ PSD(6, g(0)).as given in (1) with T = {0,1,2,... }, and let o € (0,1) be an extra proportion
added to the proportion of zero of the rv X, then the rv Y defined by;

— o) 2 =
I a+ (1 (x)g(e), y=0
P(Y=y) = _o? = )
| (1-0)25 y=123,..
( 0 otherwise,
is said to have a ZIPSD, and we will denote that by writing Y ~ ZIPSD(6, g(6); o). The mean of Y is given by;
g
EV)=01-0)0 —=
M =1-a)0 7
=1 -0 EX)

and its variance of is given by;

g'® g0

g'(0) 2}

Var(Y)=(1—-a) 0 {6 2(0)

FORErORGRRR
g0’

_ _ _ 2
= (1 - a)Var(X) +a(l— ) 0 [g o
= (1 = )[VarX) + o (EX)?]

The PGF of Y is given by;
{C)
8(0)

IV. ZERO-ONE INFLATED POWER SERIES DISTRIBUTIONS
The following table represents the fetal movement data set that was collected, Leroux and Puterman
[12], in a study of breathing and body movements in fetal lambs designed to examine the possible change in the
amount of pattern of fetal activity during the last two thirds of the gestation period.

GG =a+(1 -0

Number of movements 0 1 2 3 4 5 6 7
Number of intervals 182 41 12 2 2 0 0 1

Edwin [8] considered thatthe number of fetal movement with zero was inflated and studied this case as a ZIPSD
model.

If we look at the above frequencies, we notice that the number of fetal movement with ones is also inflated. This
suggests an extension to the zero-one inflated models.

Let the rv X ~ PSD(6,g(0)) as given in (1) with T= {0,1,2,... }, and let o € (0,1) be an extra proportion
added to the proportion of zero of the rv X, B € (0,1) be an extra proportion added to the proportion of ones of
the rv X, such that 0 < a + § < 1, then the rv Z defined by;
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o+ (1-—0a—-Pp)2, z=0

g(®)’
f(1—oa—p z=1
P(Z=1z) = { P+ o (3)
1-—a—p) agz(e) z=2,3,4,..
0 otherwise,

and is zero otherwise, is said to have a ZOIPSD with sdf g(6), and inflated parameters o and p. We will denoted
that by writingZ ~ ZOIPSD(6, g(0); o, B).

Note that, if  — 0, then (3) reduces to the form of the ZIPSD. Similarly, the case with a — 0 and - 0,
reduces to the standard case of PSD.

Although, it does not fit the nature of the supposed model, the inflation parameters o and B may also take

negative values providing that o € (max {—1,—(1 ) 1?‘;0},0) and B € (max{—l,—(l —a) 1:1},0)

without violating that (3) is a pmf. This situation represents the excluding proportion of zero’s and one’s,
respectively, from the standard model given by (1).

V. MOMENTS AND SOME STRUCTURAL PROPERTIES
Let the rvs X ~ PSD(0,g(0)),Y ~ ZIPSD(6, g(6); o) and Z ~ ZOIPSD(0, g(0); o, B), then the mean of the rv Z is
given by;
_ g ()
E@)=B+1—-a—P)0== o) 4)
Note that;
g'(e)]
E(Z) =EY) + B|1—-0>=—=
(Z) = E(Y) B[ 2(0)
E(Z) = E(Y) + B[1 - EX)]

Similarly,
E[Z(Z—1)] = (1 — a— B)6? g”((;)))
Hence, the variance Z is given by;
g”(e) g (©)

+(1-28)—<

Var(Z) = B1—-B)+ (1 —a— B)e{e
The PGF of Z is given by;

g'(0
2(®) gy TP [ 2() }

_ _ g(0s)
Gz(s) =E[s*] =a+ps+(1 —(6(1)—[3) 2(0)
- _ e
The MGF of the rv Z is given by;
M, (t) = E[e%] = a + Pet + (1 — o — ) gg((ze))
3 . 8(0e)
=My(D) +B [e - —g(O)
Similarly, the FMGF of Z can be shown to be;
Mz (®) = E([1 +t]%)
e+ Bl+D+(1—a— B)g(@(—g)@t)
_ g(6 + ot)
= MY(t)‘FB[(l‘Ft)—gT)
Let u'r be the rth moment of the rv Z then forr=1, 2, 3, .. ;
. =E@Z") = 1 W
N, = E@) =B+ —a—B);z )

Therefore,

W - b= T -a-prEs @)
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It follows that;

d , 0
= (1—&—3)22 azde{eZ[g(e)] )

r+1 _ 9 g() VA N
ez O RIFTO PG

(9)

And using (5), we have that;

d »_ 1. g®

= 5(“r+1 - B) 2(0) - B) (6)

It follows, with the use of (4), that (6) can be written as;

d =B\,
ur+1 p+ 6 — de + (iT_B) (”’r - B)

VI. CONCLUSIONS
We introduced the zero-one inflated generalized power series distributions as an extension to class of

zero-inflated generalized power series distributions. Its structural properties were studied, namely, its mean,
variance, probability generating function, moment generating function, and the factorial moment generating
functions. These results were shown in term of the zero-inflated cases as well. Its moment’s recurrence relations
were obtained also. Further studies for this class of distributions need to done, namely, estimation and testing of
its parameters.
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