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ABSTRACT: This note aims at applying recently defined infinite matrix method which we apply in the
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I. INTRODUCTION
In 2003, Kalman and Mena wrote that among numerical sequences the Fibonacci numbers achieved a
kind of celebrity status, because they are famous for possessing wonderful and amazing properties — some are
well known. Among these properties, are that the difference of two Fibonacci numbers is a Fibonacci number,
ratios of Fibonacci numbers converge to the golden mean, any four consecutive Fibonacci numbers are
Fibonacci numbers, the greatest common divisor, gcd, of two Fibonacci numbers is another Fibonacci number,
just to mention but few. So, Fibonacci numbers stand out to be a kind of super sequence. To start with,

Fibonacci sequence f_say, are the terms of the sequence0,1,1, 2, 3,5,... wherein each term is the sum of the

two preceding terms starting with 0 and 1 denoted by f  and f,, respectively. The name Fibonacci sequences

is due to Francois Edwouard Anatole Lucas in 1876. Sum of squares, asymptotic behavior, running sums, finite
matrix form of Fibonacci numbers can be seen in [15]. Recently, infinite matrices generated by Fibonacci
numbers has been used in the works of [16].

The book by [18], version 2002 | feel, is the principal authority in the studies of Fourier series, wherein he also
wrote a certain form of trigonometrical series called Fourier series of form:

1 .
—a, +» (a,cosvx+b, sinvx) (1)

v=1

b, b,, ... are independent of x. The coefficients are real, and since all the

where the coefficients a, a b,

e
terms of (1) are of period 2 , it is sufficient to study trigonometrical series in any interval of length2z , for
example, (0,2z)or(-=,7). The system of functionsi,cos x,sin x,cos2x,sin2x,..., called the

trigonometrical system is orthogonal in (-, =) . Furthermore, let

o ”m‘n denoting the corresponding integrals with

m,n

4 '
Imn:I sin mxsinnx and |
! -z

cosmxsinnx and cos mx cos nx. Integrating the formula
2sinmxsin nx = cos(m — n)x —cos(m + n)x and taking into account the periodicity of integral functions,

then we find that! =0 whenever m = n. This is true even when m = n. Thel'sare now
2z, 7, x, ... andso, if for a given function f we put
1 z 1 F 4 i
a, :—J' f (t) cosvtdt, b, =—'|' f (t)sin tdt 2
T - T -

Then (1) is called the Fourier series of f . On changing the definition of Fourier series in the case ofa,, we

shall call a, and b, the Fourier coefficients of the function f . So many works on the study of Fourier series

and their convergence were carried out by several authors starting from [5] who worked mainly on Fourier
series. This paper cannot contain all the references to research works in this respect starting from late 1800’s.
However, the following periodical papers as grouped below were enough for this piece of work:
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On summability and convergence of Fourier series see [2], [3], [4], [6] and [17]; on Cesaro summability of
Fourier series see [6], [7], [8] and [9]; on linear and triangular methods of summability see [11] and [12]; and on
matrix methods of summability see [13] and [14].

In 1911, Teoplitz, O. published some work concerning infinite matrices with conditions. They were matrices of
the form:

:Vaoo 8y, 8gp -8y, —}
|a10 PP TPRTRL VP |
A=l oo |
| |
|an0 an:l an2 ann |

The matrix A is called a Teoplitz matrix or T-matrix if
()lima, =0, v=0,1, 2,..,

(ii)lim A, =1 and

(iii)N, <C,i=0,1,2, ..

where C is independent of i, see ([18], p. 39).

Summability is about generalization of the convergence of sequences and series. The use of infinite matrices to

realize convergence cannot be over emphasized. Any infinite matrix used in summability of sequences and

series is called a method of summability, for instance the (C, 1) method called the Cesaro method of

summability, where the limit of a sequence (x,) according to Cesaro can be defined as limy,, where (y,) is given
1

> % . In [5] Fejer’s theorem on the other hand states that if a
n+1.,

byy, =

function f € L"(0, 27), 1< p < o then the Cesaro’s means Yy, of the partial sum of the Fourier series of f

converges to f in the L®- norm. If in addition ,f is continuous and f (z) = f (-z), theny converges

uniformly to f . Several generalizations of (C, 1) method led to the methods (C, k), up to (C, « ). The work of

Bosanquet, see [1] is regarded as the best generalization of (C, « ) method. We remark that it is natural replace
to replace (C, 1) method with any other methods. We wish to replace with Fibonacci infinite matrix denoted by
F, defined in [16] as follows:

[ f°

\

. J , forl<v<n
F = (fnv)n,v:l = fn n+1 (3)

0, forv>n

It is a triangle, thatis, f =0 and f =0 forv>n (n=1,2,3,..). Itisalso a regular matrix, for it

nn

is regular if and

satisfies the condition of regular matrices as spelt out in [19], that any matrix A = (anv):vz1

only if
(i) thereexists M > 0, suchthatforevery n=1,2,3,.. % |a  I<1
v=1

(ii)lima, =0 foreveryv=1,2,..and

n— o

(i) lim Y a,, =1.
n— o vt

Clearly, the Fibonacci matrix F is regular. We wish to establish an analogue that is replaced by (C, 1) method is
replaced F, then F —transform of the of the partial sum of the Fourier series of 27 -period continuous function f

converges uniformly to f. To do this, we need to fix notations and some necessary preceding lemmas to the
main result of this paper.
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I1. BASIC DEFINITIONS AND LEMMAS
Definition 21 C, ={f:0 — 0 | fis2z - periodicand continuous}, the set of all continuous, 27 -

periodic functions. If any f is 2z -periodic and f e (—z,~) is Riemann integrable, then (2) holds.
Ifv=0,thenb = 0and the Fourier series (1) is the Fourier series of f with Fourier

coefficientsa, and b .Foreach f € C, andn e O the equality

1 T
sn(f,t)=—j f (x)D, (t - x)dx
T

1
sin(n + —)t v
where, D (t)= —2, te [, —= vz iscalled the Dritchlet kernel. And s (f,t) the nth
Vv
2sin — 2
2

partial sum of the Fourier series (1). D, has the following properties:

1
Lemma2l:(i)D,eC, forallvel, and (ii)|D (t)|<v+—<v+1 foranyveD andtel .
2

In the equation:
1 =
o, (f.)y=3 fnvsv(f,t):—J’ f(X)K [ (t-x)dx, with K" (t)=Y a D (t) (4)
\ T - v

o—: ( f,t) is the sequence of partial sums of the Fourier series of any 27z — periodic continuous function f,
while K nF (t) is the nth kernel corresponding to the Fibonacci matrix, F. We wish to show thatcrnF (f,t),the

transform of s_( f,t) under F converges uniformly to f.
We wish to adopt the following notations:

1 k3
ol (x; f):—J' f(x+ 1)K (1)dt (5)
T -
0 V.4
| f(x+t)K (t)dt = f(x—t)K (t)dt (6)
- 0
Note that K~ (-t) = K (t), forthe kernel K " (t)is 2 — periodic and continuous function. Also,
2 = f t f -t
ol )= =] { B T )}Kf(ndt @)
T °0 2
Let
f t f —t
o, (x) = lim (x+O+ T(x=t) (8)
t—>o0" 2

This function is defined at those points for which the preceding limit exists. If f is continuous at some point x
then o, (x) = f (x);and if it has a jump discontinuity at x,, then
fF(x,+)+ f(x,-)
2
Lemma 2.2 (Kalman and Mena, [15]): Let( f_) be a sequence of Fibonacci numbers. Then their sum of squares

o (x,) =

", fo+1

va:fnfnﬂand —> 0asn—-o o
f

v=1

n

Lemma 2.3 (Kara and Basarir, [16]): Let ( f ) be a sequence of Fibonacci numbers. Then

) <

. q .
> f—,converges, and (ii) sup (£

v=1 v n=v n o n+l
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Lemma 2.4: For any bounded sequence suchthat | x, | < M, ve O, we have

1 " 2 1 ! 2
| 3 1%, < S 20, |
n ‘n+l v=l n ‘n+1 v=l
< M Zn:fz M
Tt f o

n n+l v=l
Lemma 2.5 ([17] p.44): Let nth kernel of an identity infinite matrix be denoted by K  (t) satisfying the
following conditions;

1 ks
(a)—j K, (t)dt =1,
72- -
(b)K ()20,
1 k3
(c)—J' | K_(t)|dt < C with Cindependent of n, and
72- -

(d) if p (6)=max|K (t)], (0<& <7x) then u (6) = 0 foreach fixed 6. Then the nth kernel is

o<t<rm

positive if it satisfies conditions (a) and (b); and is called quasi-positive if it satisfies condition (c) only.

Lemma 2.6 ([18], p.46): (i) IfK (1) is a positive kernel, then for any f satisfyingm < f < M , we have
m<o (x,f)<M . (i) IfK _(t)is a quasi-positive kernel, and| f < M then it implies that
o, (x, f)|£CM ,with C as in condition (c).

The last Lemma and equation (4) above suggest that we must perform the calculations for K nF (t), the nth
kernel corresponding to the Fibonacci matrix, F defined in (3),and subsequently for
sup L andu, (6) = max | K (t)]. So, we should have:

n S<t<rm

Ko (t) = 3 a,D,
v=0

2

o f

= Z v DV
v=0 fn n+1
1 n
= z f\/ZDV
fn fn+1 v=1
where,
) 1
sin(n + —)t
D,(t) =
v
2sin —
2
. 1
n sin(n + —)t
F 1 2 2
= Kn(t)z—z ff.——, n2x1
n n+l v=1 2sin —
2
. 1
n . sin(n+ —)t
1 ) 2
= Z f Z —— n=>1
f f .V
n n+l v=1 v=1 2sin —
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M -

N |-

<
1l
-

1

v
2sin —
2

v
2sin —
2

or,

IN

IN

Also,
u (5)

S<t<rm

1
< —.

=max [K ()],

. 1
sin(n + —)t
2

v
sin —
2

ot 1
> sin —sin(v + —)
2 2

v=0

n

> (cosvt—cos(v+1))t

v=0

-(vl-—cos(v+1)t

©)

I (10)

0<o <

1

- 0, forn=>1

sin —

Theorem 3.1:let f e C[-7,7]

F = (f,,) satisfying
M (v+1) [ f, I< o,

(i f.

l 1

2 e
(iii)sup L. = —jo K, (t)|dt<
n T

2

I11. MAIN RESULT

be such that s(f,x)=s (f,x)fornel,xel and a matrix

o , and
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(iv) 1, (8) = max | K (t) |- 0, for all 5 € (0,1). Then VifeCl[-z,z],tel, we
S<tsw

have:o © (f,x) > o, (x), uniformly.

Proof: Assume that o, (x)exists at some pointx € [0,2z]. Then there exists some0 < § < x such

f(x+t)+ f(x-1) . . -
that -o,.(x)|<e,forall 0 <t< s .Inview of uniform continuity of f, we can select
2
a & to be independent of x € [a,b]. So, from (5) and (7) we have,

‘O‘: —Gf(x)‘:3 :[ f(X+t);— f(X_t)—o-f(x)}KnF(t)dt
7

2 o f(x+t)+ f(x-t
s—J ( ) ( )—O'f(x)KnF(t)dt
w70 2
2 | f(x+t)+ f(x-t
| ( )+ )—af(x)KnF(t)dt
A 2
Let us perform some necessary estimates as follows:
2 o f(x+t)+ f(x-t
—j ( )+ 1 )—O'f(x) K (t)dt
T 0 2
2 s
<—J e K (t)dt
V 0
2 .« .
s—j eK, ()dt < ¢ 1)
T 0
And, since
2
n+1
|(sm( )t\|
Ky (t)=—] |
4n| ot |
sin —
2 )
< , foreachd <t<r.
4nsin’® —
2
This implies that
1 o f(x+t)+ f(x-t H
ol —o (x)|< ( )+ T )—O'(X) dt < — (12)
n f f
.2 0 70 2 4n
4nsin —
2
where,
1 o f(x+t)+ f(x-t
H = j ( ) ( )—af(x) dt
L, 0 Y0 2
T sin —

H
Clearly, H is independent of x. So, for some N, choose — < ¢, then the estimates in (11) and (12) yield
4n

a: -0, (x)|<e+e < 2¢,istrue for all n> N and for all x < [a,b] provided f is continuous on

[-7z,7z].Thus o  — o, (x),uniformly.
Q.ED.
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IV. CONCLUSION

In conclusion we have successively used Fibonacci Matrix of recent origin to realize uniform convergence of
Fourier series, a method different from Fejér since 1904. Thus the contribution is new method, or proof, to
show uniform convergence of Fourier series.
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