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ABSTRACT: In this paper, we present a higher order of implicit hybrid block second derivative backward
differentiation formula for the solution of stiff initial value problems in ordinary differential equation. The
developed scheme have shown to be A-stable and the graphical plots are displayed as figures while the
performance of the schemes are very excellent compared to some numerical method of the same order.
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| INTRODUCTION
The development of numerical methods for approximating the solution of initial value problems
of the form

Y = fxy), @<x<b), y(0) =y, (1)
Has attracted considerable attention in the recent decades and many individuals have shown interest in
constructing efficient methods with good stability properties for the numerical integration of (1). Fatunla
(1998) note that mathematical formulation of new models of physical situations in engineering and sciences
often lead to systems of the form (1) and as such there was need to generate techniques to conveniently cope
with these type of problem. Moreover, many numerical integration schemes to generate the numerical
solution to problems of the form(1) have been proposed by several authors. The single-step include those
developed by Fatunla(1986), Aashikpelokhai(1991), Ibijola(1997, 2000), Ibijola and Ogunrinde(2010),
Ibijola and Sunday (2010,2011), Ibijola,Bamisile and Sunday (2011),to mention a few. Block methods for
solving ordinary differential equations have initially have been proposed by Milne (1953). ). Block methods
have been considered by various authors among who are A-stable implicit one block methods with higher orders
by Shampine and Watts (1972). The linear multistep methods(LMMs) generates discrete schemes which are
used to solve first-order ordinary differential equations. Other researchers have introduced the continuous
LMM usimg continuous collocation and interpolation to the approach leading to the development of the
continuous LMMs of the form.
y(x) = Zf:o Qi Yntj + hZ}‘:o Bj frn+j 2

Where «; and B; are expressed as continuous functions of x and are at least differentiable once
Awoyemi et al (2014). According to Okunuga and Ehigie (2009), the existing methods of deriving the
linear multistep methods (LMMSs) in discrete form include the interpolation approach, numerical
integration, Taylor series expansion and through the determination of the order of linear multistep methods
LMM. Continuous collocation and interpolation technique is now widely used for the derivation of LMMs,
hybrid block methods. We develop a continuous hybrid second derivative block backward differentiation
formula base on interpolation and collocation for the solution of stiff ordinary differential equations with
constants step size.

] DEVELOPMET OF THE METHODS
The concept is to approximate the analytic solution y(x) of (1) in the partition
nla, b]=[a = xy < x; < -+ < x, = b] of the integration interval[a, b] by a power series polynomial of
the form.
y(x) =ag+ayx + -+ apx? = 357_jax/ (3)
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Where p=r+s—1
Which is twice-continuously differential function of y(x).

Y = 35 jaxi ! @
with the second derivative given by
y' =T = Pax (5)

where x € [a, b], the a’sare real unknown parameters to be determined and r + s is the sum of the
number of collocation and interpolation points.Our aim is to utilize not only the interpolation point {x;}but
also several collocation point on the interpolation interval and to fit y(x) for y'(x) and y"(x) and interpolate (3)
atx = X, Xp11, Xnt2 » Xn43) Xn4a, Xn4s  and collocate at (4) at x = xn+5,xn+%xn+6 where t and m are the

point of interpolation and gives the steps k = 6 collocation and specifically for this scheme following system
on non-linear equations to give the systems of equation.

_ y10 j
y(x) = Y=o ax’ (6)
) — vI10 ;o -1 _
y( ) = Zj:O]ajx] = foyj (7)
"(x) — v10 ; j—2 _
y @ =301 - Na;xi = g, (8)
And these systems of equation written in matrix form DC =1 as
D=
1 x, x? x2 xr XD x8 x; x8 x; x 10
2 3 4 5 6 7 8 9 10
1 xp41 Xp Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1
2 3 4 5 6 7 8 9 10
1 Xn+2 Xn+2 Xn+2 Xn+42 Xn+2 Xn+2 Xn+2 Xn 42 Xn+2 Xn+2
2 3 4 5 6 7 8 9 10
1 xp43  Xo43 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3 Xn+3
2 3 4 5 6 7 8 9 10
1 X4 Xi4s Xn+4 Xn+4 Xn+4 Xn+4 Xn+4 Xn+4 Xn+4 Xn+4
2 3 4 5 6 7 8 9 10
1 Xpis  Xass Xn+s Xn+5 Xn+5 Xn+5 Xn+5 Xn+5 Xn+5 Xn+5 9)

2 3 4 5 6 7 8 9
0 1 2xn4s  3Xyis  AXyys SXyys 6Xgys TXpps 8Xpys 9%y 45 10xp 45

0 1 2x 11 3x% 1 4xd o 5x3u 6x® o 7x%u 8x) 9x% 1 10x° 11
n+7 n+7 n+7 Tl+2

n+7 n+7 n+7 n+7 TL+7
2 3 3 5 6 7 8 9
0 1 2xn+6 3xn+6 4xn+6 5xn+6 6xn+6 TXn+6 8xn+6 9xn+6 10xn+6

0 0 2 6Xp4s 12x2,s 15x3,5 30x3.c 42x).c 56x..s 72xl.s 90xC.c

0 0 2 6x,46 12x2,¢ 15x3.¢ 30x3,¢ 42x).¢ 56x7.¢ 392x7., 90x°. ]

Similarly, we generate the continuous formulation of the new six step method as:
y(x) = ag()y, + a1 () Yp41 + @20 Yni2 + @3(X)Vny3 + @ () Ypsa + a5 Y45 = h[Bo(x) f +
Br() frs1 + B2 () fuvz + B3 () fraz + Ba(X) froa + Bs () fris + ﬂlz_l(x)fn+12_1 + B () fure] + M2 [vo(X) gy +

](/1 (-;C)gn+1 + 12 gn2 + V30 Gnss + ¥a(X) Gnta + ¥s(X) Gnis + V6 () gn+6]

10

Evaluating (10) at the following points atx,, X, .11, Xn+2, Xn+3) Xn+4 » Xn+11/2 and X, 46 Yields the following
discrete methods which constitute the new three step block method.
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Il ANALYSIS OF THE METHODS
The methods equation (10) isa specific members of the hybrid linear multistep methods (LMMSs) which can be
expressed as:

Z}czo(annﬂ —hBfarj — hzlgjfnﬂ') =0 (12)
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This can be written symbolically as:

p(E)y, —h?o(E)=0 (13)
E is the shift operator defined as E'y, = y,4; and p(E)and o(E) are respectively the first and second
characteristics polynomial of the LMM defined as:
p(E) = Xy E/, o (E) = X[ BE (14)
Following (Fatunla, 1991) and( Lambert,1973) we defined the local truncation error associated with (12) to be
linear difference operator
y(t);h] = f:o & Yntj — hBifnsk — RV Gn+k - (15)
Assuming that y(t) is sufficiently differentiable, we can we expand the terms in (15) as a Taylor series and
comparing the coefficients of h gives

Lly(t); h] = coy(t) + c;hy ® + ¢, h2y"® 4 .. 4 c,hPy? () + - (16)
Where the constant coefficients C,,p = 0,1,2....,j = 1,2, ...k are given as follows:
Co = Z;"‘:O a;
G = Z]]‘(=1j0»’j.
€ = [ 5o —ala = DI} 78] (17)
Where

Co=C =Cy..C, =0 and C,,; # 0. Therefore, C,,, is the error constant and C,,;hP*ly®*D(t,) is the
principal local truncation error at appoint t,,.

Definition 1 The k — step implicit hybrid block linear method (12) and the associated linear difference operator
(17) are said to be to have order p if C, = C; = C; ...C, = 0and C,44 # 0.

Definition 2 The term C, ., is called the error constant and implies that the local truncation error for the implicit
block hybrid formula is given byC, ,; AP 1y @+,

The method K =6 is of order 10 as a block and has error constant

Cia

_ . 2115223185675 1688803284305 215910422275 342499085 146312003735

© 1176791118523712°  153840662776416°  8672608057344° 8561174204’ 2525449789632
2027487 895

— T
24238020886528’7119474824]
Definition 3 The continuous implicit six — step hybrid method ( 12 ) is said to be consistent if it satisfies the

conditions order p = 1
Definition 4 A numerical method is said to be A-stable if the whole of the left-half plane {Z: Re(Z) < 0} is
contained in the region. {Z:Re(Z) < 1}WhereR(Z) is called the stability polynomial of the method
(Lambert,1973)

Figure 1: Region of absolute stability of hybrid block methods with one off-grid point.

v NUMERIAL EXPERIMENT
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In this study, the concern is the application of developed hybrid block scheme on some non-linear systems
initial value problems. The errors obtained from computed and exact values are shown in the table below.
Example 1: Stiff linear system

¥ =101y -y, y1(0) =0

vy, = 2y; — 100.005y, + 99.995y, v,(0) =0

y; = 2y; +99.995y, — 100.005y; y3(0) =0

The exact solutions are: y1(x) = e %01%(cos2x — sin2x)
¥, (x) = e7*01%[(cos2x + sin2x) + e~200%
y3(x) = e7%01%(cos2x + sin2x)

Exact y(1)
— Exacty(2)
Exact y(3)
Num y(1)
Num y(2)
— Num y(@3)

0.5 -

0.5 -

| | | | | | | | |
-15
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 2: Solution curve for example 1 using the proposed hybrid block method

Example 2:
yi = —2y; +y, + 2sinx
y, = 998y, — 999y, (cosx — sinx)
The exact solutions are: y;(x) = 2e™* + sinx y,(0) =2

yy(x) = 2e™* + cosx v,(0) =3
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Exact y(1)
Exact y(2)
Num y(1)

A

Num y(2)

Figure 3: Solution curve for example 2 using the proposed hybrid block method

Example3:
Y1': _100y1 + 990y2 }’1 (O) = 1
Y2 =01y; =y, y1(0) =10
The exact solutions are: y;(x) = e 09%

V2 (X) - 10e—0.99x

\ Exact y(1)

\ — Exact y(2)
9<\ Num y(1)
\ — Num y(2)

Figure 4: Solution curve for example 3 using the proposed hybrid block method

V  CONCLUSION
In this research, the methods developed consist of some members in hybrid methods and have smaller
error constants compare to the existing block methods of the same order. The result presented in this research
shows that the graphical solution of the developed method give better accuracy and region of absolute stability
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plotted in figures 1 have shown to be A-stable. The hybrid block methods of step six are very promising for both
stiff and non-stiff.
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