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I. INTRODUCTION
The notion of nano topological space was introduced by Lellis Thivagar [5], [6] which was

defined in terms of lower approximations, upper approximations and boundary region of a subset X of
an universe using an equivalence relation on it. Lellis Thivagar et al. [6] studied a new class of functions
called nano continuous functions and their characterizations in nano topological spaces. Stephan Antony
Raj et al. [12] studied the expansion of nano-open sets and obtained decompositions of nano continuity in
nano topological spaces. The concept of ideals in topological spaces is treated in the classic text by
Kuratowski [4] and Vaidyanathaswamy [14]. The notion of a nano ideal topological space was introduced
by Lellis Thivagar et al. [7]. The concept of NIg-closed sets in nano ideal topological spaces was introduced
by Parimala et al. [9]. In this paper, we obtained some decompositions of nano * -continuity in nano ideal
topological spaces by introducing NIrg™ -closed sets and NG - | -LC™ - sets.

I1. PRELIMINARIES
Definition 1.1 [6] Let U be a non-empty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Then U is divided into disjoint
equivalence classes. Elements belonging to the same equivalence class are said to be indiscernible with
one another.  The pair (U, R) is said to be the approximation space.
Let X < U. Then,
1. The lower approximation of X with respect to R is the set of all objects, which can be for certain
classified as X with respect to R and is denoted by Lgr(X). That is, Lr(X) = U {R(a) : R(d) € X, a €
U}, where R(a) denotes the equivalence class determined by a€U.
2. The upper approximation of X with respect to R is the set of all objects, which can be possibly
classified as X with respectto R and is denoted by Ug(X). Thatis, Ur(X) =U {R(a):R(a) N X # ¢, a € U}.
3. The boundary region of X with respect to R is the set of all objects, which can be classified
neither as X nor as not X with respect to R and it is denoted by Bg(X). That is, Br(X) = Ur(X) -
Lr(X).

Property 1.2 [5] If (U,R)is an approximation space and X, Y < U; then
Lr(X) € X <€ Lg(X).

Lr(X) = Ur(X)= ¢ and Lg(U) = Ug(U) = U.

Ur(X NY ) S Ur(X) NUR(Y).

Lr(X U Y) 2 Lg(X) U Lg(Y).

Lr(X NY ) =Lg(X) N Lg(Y).

Lr(X) € Lr(Y) and Ugr(X) € Ugr(Y) whenever X C.

Ur(X¢) = [Lr(X)] ¢ and Lr(X) = [Ur(X)]°.

URUR(X) = LRUR(X) = UR(X)
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10. LRLR(X) = URLR(X) = LR(X)

Definition 1.3 [6] Let U be the universe and R be an equivalence relation on U. Thenfor X < U,
wR(X) = {¢, Lr(X), Ur(X), Br(X), U }is called the nano topology on U. Then by property 1.2, 1r(X)
satisfies the following axioms:

1. U and ¢ € Rr(X).

2. The union of the elements of any subcollection of tg (X) is in tx (X).

3. The intersection of the elements of any finite subcollection of g (X) is in 1 (X).

We call (U, 1r(X)) as a nano topological space. The elements of tr(X) are called nano - open
sets and the complement of a nano - open set is a nano - closed set.

If (U, w,r(X)) is a nano topological space with respect to X, where X € U and if A< U, then
(i) The nano interior of the set A is defined as the union of all nano - open subsets contained in
A and is denoted by Nint(A).
(i) The nano closure of the set A isdefined as the intersection of all nano-closed subsets containing
A and is denoted by NCcl(A).

Definition 1.4 [4] An ideal I on a topological space (X, 1) is a non-empty collection of subsets
of X satisfying the following properties:

1. Ael and Be A imply B €1 (heredity),

2. Ae l and Bel imply AUB € | (finite additivity).

Definition 1.5 [7] A nano topological space (U, g (X)) with an ideal | on U is called a nano
ideal topological space or nano ideal space and denoted by (U, 1r(X), ).

Definition 1.6 [7] Let (U, r(X), I) be a nano ideal topological space. A set operator A% :
P(U)—P(U), is called the nano local function of T on tr(X) and is defined as A% = {x€: UNA¢g I;
for every U € 1x(X) }. The nano closure operator is defined as Ncl*(A) = A U (A}).

Definition 1.7 [5] Let (U, 1r(X)) be a nano topological space and A < U. Then A is said to
be nano regular open if A = Nint(Ncl(A)).

Definition 1.8 A subset A of a nano topological space (U, tr(X)) is said to be

1. Ng-closed [1] if Ncl(A) € S whenever A € S and S is nano-open.

Nrg-closed [13] if Ncl(A) €S whenever A € S and S is nano regular open.

Ng*-closed [10] if Ncl(A) €S whenever A € S and S is Ng - open.

Nrg*- closed [8] if Ncl(A) €S whenever A € Sand S is Nrg-open in U.

The complement of a Ng - closed (resp. Nrg - closed, Ng* - closed, Nrg* - closed) set is called
Ng - open (resp. Nrg - open, Ng* - open, Nrg* - open).

Bl el

Definition 1.9 [3] A subset A of a nano topological space (U, 1r (X)) is said to be
1. Nano Locally Closed (briefly NLC) if G N F where G is nano - open and F is nano - closed.
2. NGLC*-set if G N F where G is Ng-open and F is nano - closed.

Definition 1.10 [9] A subset A of a nano ideal topological space (U, 1r (X), 1) is nano * - closed
(briefly n= - closed) if Afc A.

Result 1.11 [7] Let (U, twR(X), 1) be a nano topological space with an ideal | on X and A is a
subset of X. If A c A%, then A= Ncl(A%h) = Ncl(A) = cl*(A).

Definition 1.12 Let (U, 1r(X)) and (V, (Y )) be nano topological spaces. Then a mapping

(U, r(X)) — (V,1r(Y)) is said to be

nano continuous [6] if f ~!(A) is nano-closed in (U, tr(X)) for every nano-closed set A of (V, tr(Y)).

Ng -continuous [2] if f ~!(A) is Ng-closed in (U, tr(X)) for every nano-closed set A of (V, (Y )).

NLC -continuous [3] if f~!'(A) is aNLC -set in (U, tr(X)) for every nano-closed set A of (V,t=(Y)).

NGLC* -continuous [3] if f ~'(A) is a NGLC™ -set in (U, 1tx(X)) for every nano-closed set A of

(V, w=(Y)).

5. Nrg*-continuous [8] if f ~'(A) is Nrg* -closed set in (U, tr(X)) for every nano-closed set A of
(V. w(Y)).
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6. Ng*-continuous [10] if f ~'(A) is Ng* -closed set in (U, 1x(X)) for every nano-closed set A of
(V, (Y )).

Theorem 1.13 [11] Every n - closed set is NIg* -closed.

Definition 1.14 [11] A subset A of a nano ideal topological space (U, tr(X), 1) is said to be
NIg*- closed if A5cS whenever Ac S and S is Ng-open in U.

I1I. NG-1-LC* SETS
Definition 2.1 A subset A of a nano ideal topological space (U, tr(X), 1) is said to be NG -I - LC*-
set if A= GNF, where G is Ng-open and F is n = -closed.

Definition 2.2 A subset A of a nano ideal topological space (U, tr(X), I) is said to be weakly
NG -1 -LC*-set if A=GNF, where G is Nrg-open and F is n * -closed.

Proposition 2.3 For a subset A of a nano ideal topological space (U, tr (X), 1), the following hold.
1. If A is Ng-open, then A is a NG -1-LC* - set.

2. If Ais nx-closed, then A is a NG - 1-LC* - set.

3. If Ais NG-1-LC*-set, then A is a weakly NG -1-LC* - set.

Proof. It is obvious from Definition 2.1 and Definition 2.2.

The converse of Proposition 2.3 need not be true as seen from the following example.

Example 2.4 Let U = {a, b, c, d} be the universe, X ={a, b} € U with U\R = {{a}, {c}, {b, d}},
rR(X) { o, {a}, {b, d}, {a, b, d}, U} and the ideal I ={¢, {a}}. Then

1. {c} is a NG -1 - LC* -set but not Ng - open.

2. A {b} is a NG -1-LC*-set but not n = -closed.

3. A = {b,c}is a weakly NG -1-LC*-set but not a NG --LC*-set.

Theorem 2.5 Let (U, 1:r(X), 1) be a nano ideal topological space and A be a NG - |- LC*- subset of
X. Then the following hold.

1. If B is a nx-closed set, then AN B is a NG -1-LC*- set.

2. If B is a Ng-open set, then AN B is a NG -1 -LC*- set.

3. If BisaNG-I-LC* set, then ANB is a NG - | - LC*- set.

Proof. 1. Let B be a n=-closed set. Then AN B =(GN F)NB=GN (FNB), where FNB is

n * -closed. Hence ANB is a NG -1-LC* - set.

2. Let B be a Ng-open set. Then ANB = (GNF)NB= (GNF)NB, where GN B is Ng - open [1].
Hence ANB is a NG-1-LC* - set.

3. Let B be a NG-1-LC*-set. Then ANB = (GNF)N (UNV) = (GNU)N(FNV), where
GNU is Ng-open and FN'V isn*-closed. Hence ANB is a NG -1-LC* - set.

Definition 2.6 A subset A of a nano ideal topological space (U, tr(X), I) is said to be NIrg™ - closed
if AYc'S whenever AcS and S is Nrg-open in U.

Theorem 2.7 For a subset A of a nano ideal topological space (U, tr(X), 1), the following hold.

1. If Ais n=-closed, then A is NIrg™ - closed.

2. If A is nx-closed, then A is a weakly NG -1-LC* - set.

3. If A is NIrg* - closed, then A is NIg* - closed.

Proof. Suppose that A is a subset of a nano ideal topological space (U, tr(X), ).

1. Let Abean * -closed. Then A% c A. Now A% c U whenever Ac U, where U is Nrg - open. Hence
A is a NIrg* - closed set.

2. Follows from Proposition 2.3.

3. Let Abe a NIrg* - closed set. That is, A, ¢ G whenever A c G, where G is Nrg-openin U. Let

G c U.Since U is Ng-open, G is Ng - open. Therefore, Ay c G whenever A c G, where G is Ng -
open in U.Hence A is NIg* - closed.

The Converse of Theorem 2.7 need not be true as seen from the following example.

Example 2.8 Let U={a, b,c,d, e} be the universe, X = {a, b,c} € U with U\R = {{a, b}.{c, d},{e}},
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w=(X) ={ ¢, {a, b}, {c, d}, {a, b, ¢, d}, U} and the ideal | = { ¢, {a}}. Then
1. A={a,b,c e} is a NIrg" - closed set but not a n = - closed set.

2. A={b} is a weakly NG -1-LC*-set but not a n*-closed set.

3. A={b, e} is a NIg*-closed set but not a NIrg* - closed set.

Theorem 2.9 A subset A of a nano ideal topological space (U, tr(X), I), is n*-closed if and only
if it is a weakly NG - I-LC*-set and a NIrg*- closed set.

Proof. Necessity is trivial. We shall prove only sufficiency. Let A be a weakly NG - I -LC™* - set and
aNIrg* - closed set. Since A is a weakly NG -1-LC* -set, A=GNF where G is Nrg-open and F is
n * -closed. So we have A=GNF c G. Since A is NIrg* -closed, A*cG. AlsoA=GNFc Fand F
isn *- closed implies A% c F. Consequently, we have A, ¢ GNF = Aand hence A is n * -closed.

Theorem 210 For a subset A of a nano ideal topological space (U, tr(X), 1), the following are
equivalent.

1. A'is n*-closed.

2. Aisa NG-1-LC*-set and a NIrg™ - closed set.

3. Aisa NG-1-LC* set and a NIg*-closed set.

Proof. (1) = (2): This is obvious.

(2) = (3): Follows from the fact that every NIrg™ - closed set is NIg* - closed set [ Theorem 2.7 (3) ].
(3)=(1): Let A be a NG-1-LC*- set and a NIg* - closed set. Since A is a NG-1-LC* - set,
A=G NF where G is Ng-open and F is n*-closed. Now Ac G and A is NIg*- closed implies A}, c
G. Also Ac Fand F is n * -closed implies that A, c F. Therefore, A, ¢ GNF = A. Hence A is n *
-closed.

Remark 2.11

1. The notions of NG -1 -LC*-sets and NIg* - closed sets are independent.

2. The notions of NG - 1-LC* -sets and NIrg”* - closed sets are independent.

3. The notions of weakly NG -1-LC*-sets and NIrg*- closed sets are independent.

Example 2.12 Let U={p,q,r,s, t} be the universe, X ={p, s} € U with U\R = {{p, a}.{r, t}, {s}},
w(X) ={ ¢, {p, a}, {s}, {p, 4, s}, U} and the ideal 1 ={¢,{p}}. Then,

1. A={r,t} is a NIg*-closed set but not a NG -1-LC*- set.

A={p,q,s} is a NG-1-LC* set but not a NIg*- closed set.

A={p,q,r s} is a NG-1-LC*-set but not a NIrg*- closed set.

A={q,r,t} is a NIrg* - closed set but not a NG -1-LC* - set.

A={p,q,s, t} is a weakly NG -1-LC*-set but not a NIrg*- closed set.

A={r,s,t} is a NIrg*- closed set but not a weakly NG -1-LC™ - set.

ok wd

1VV. A NEW SUBSET OF A NANO TOPOLOGICAL SPACE
Definition 3.1 Let A be a subset of a nano topological space (U, tr(X)). Then the nano g - kernel
of the set A, denoted by Ng - ker(A) is the intersection of all Ng-open supersets of A.

Definition 3.2 A subset A of a nano topological space (U, tr(X)) is called nano Aq-set if A= Ng-
ker(A).

Definition 3.3 A subset A of a nano ideal topological space (U, tr(X), I) is called NAg -I-closed if
A = GNF where G is a nano Ag-set and F is n* -closed.

Proposition 3.4 In a nano ideal topological space (U, tr(X), 1), every n = - closed set is NAg -1-closed.
Proof. It is obvious from Definition 3.3

The converse of Proposition 3.4 need not be true as seen from the following example.
Example 3.5 Let U={a, b, c, d} be the universe, X ={a, b} € U with U\R = {{a}, {c}, {b, d}},
w(X)={¢,{a}, {b,d}, {a,b,d, U} and the ideal I = { ¢, {a}}. Then the set A = {a} is NAg-I-

closed but not n *-closed.

Lemma 3.6 For a subset A of a nano ideal topological space (U, 1r(X), 1), the following are
equivalent.
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1. A is NAg- |- closed.

2. A = PN Ncl*(A) where P is a nano Ag- set.

3. A = Ng-ker(A) N Ncl* (A).

Proof. (1) =(2): Let A be a NAg-1-closed set. Then A = PN Q, where P is aNAg-1-set and Q
is n = -closed. Clearly, A c P N Ncl*(A). Since Q is n * -closed, Ncl*(A) € Nel*(Q) = Q and so

P N Ncl*(A) € P N Q =A. Therefore, A = P N Ncl*(A).

(2) = (3): Let A = PN Ncl*(A), where P is a nano Ay-set. Since P is a nano A, - set, we have

A = Ng -ker(A) N Ncl*(A).

(3) = (1): Let A = Ng-ker(A) N Ncl*(A). By Definition 3.2 and the notion of n * -closed set, we
get A is NAg- | - closed.

Lemma 3.7 A subset A of a nano ideal topological space (U, tr(X), I) is NIg*- closed if and only if
Ncl*(A) © Ng - ker(A).

Proof. Assume that A €U is NIg* - closed set. Let x € Ncl* (A). Suppose x & Ng - ker(A). Then there
exists a Ng-open set U containing A such that x € U. Since A is a NIg* -closed set, AS G and G
is Ng - open implies that Ncl* (A) € G and so x & Ncl® (A), which is a contradiction. Therefore,
Ncl*(A) € Ng - ker(A).

Conversely, let Ncl*(A) € Ng-ker(A). If P is any Ng -open set containing A, then

Ncl*(A) ENg - ker(A) € P. Therefore A is NIg* -closed.

Remark 3.8 The notions of NIg*-closed sets and Nig - | - closed sets are independent.

Example 3.9 Let U= {a, b,c, d} be the universe, X = {a, b}<cU with U\R = {{b, d}, {a}, {c}},
w=(X) = { b, {a}, {b, d}, {a, b, d}, U} and the ideal I = { ¢, {a}}. Then

1. The set A={b} is Nig- I -closed but not NIg *-closed.

2. The set A= {b,c} is NIg*-closed but not NAg - | -closed.

Theorem 3.10 A subset of a nano ideal topological space (U, tr(X), 1) isn = -closed if and only if it
is both NIg * -closed and NAg - | -closed.

Proof. Necessity is obvious from Theorem 1.13 and Proposition 3.4. We shall prove Sufficiency.

Let A be a NIg* -closed set and a NAg- | -closed set. As A is a NAg-|-closed set, A = PNQ,
where Pis a nano Ag-set and Q is n-closed. Now, A c P and A is NIg* -closed set implies A% c P.
Also, AcQ and Q is nx-closed set implies A% c Q. Thus A, c PN Q=A. Hence A is n * -closed.

V. DECOMPOSITIONS OF NANO #-CONTINUITY
Definition 4.1 A function f: (U, r(X), 1) — (V, 1r(Y )) is said to be nano =-continuous (briefly n = -
continuous) if f ~!(A) is a n*-closed in (U, tr(X), 1) for every nano-closed set A of (V, 1r(Y)).

Definition 4.2 A function f: (U, tr(X), I) = (V, tr(Y)) is said to be NIg* - continuous (resp. NIrg* -
continuous, NG - 1 - LC* - continuous, weakly NG - 1-LC* - continuous) if f ~!(A) is NIg* - closed
(resp. NIrg*™ -closed, NG - 1 —LC* -set, weakly NG - | — LC* -set) in (U, 1r(X), 1) for every nano-
closed set A of (V, 1r(Y)).

Definition 4.3 A function f: (U, tr(X), I) = (V, 1r(Y ))is said to be NAg - | - continuous if f ~!(A) is
aNAg - | closed set in (U, 1r(X), 1) for every nano-closed set A in (V, tr(Y)).

Theorem 4.4 A function f: (U, 1r(X), 1) = (V, tr(Y)) is n = -continuous if and only if it is weakly
NG - | - LC*-continuous and NIrg*-continuous.
Proof: This is an immediate consequence of Theorem 2.9.

Definition 4.5 A subset A of a nano topological space (U, 1x(X)) is weakly NGLC* -set if
A=GNF,where G is Nrg-open and F is nano-closed.

Definition 4.6 A function f: (U, 1r(X)) — (V, ta(Y)) is said to be weakly NGLC* -continuous if
f “1(A) is weakly NGLC* -set in (U, 1r(X)) for every nano-closed set A of (V,tr(Y)).

Corollary 4.7 Let (U, tr(X), 1) be a nano ideal topological space and |1 ={ ¢}, then a function
f: (U, t(X), I) = (V, 1r(Y)) is continuous if and only if it is weakly NGLC* -continuous and
Nrgd" - continuous.
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Theorem 4.8 For a function f: (U, ,r(X), ) — (V, tr(Y)), the following are equivalent.
1. f isn x-continuous;

2. fis NG-1-LC* - continuous and NIrg* - continuous;

3. fis NG-1-LC* - continuous and NIg* - continuous.

Proof. This is an immediate consequence of Theorem 2.10.

Corollary 4.9 Let (U, r(X), 1) be a nano ideal topological space and | = { ¢ }, then for a
function f: (U, tr(X), I) — (V, 1r(Y)), the following are equivalent.

1. f is nano continuous;

2. fis NGLC™* - continuous and Nrg™* - continuous;

3. f is NGLC™* - continuous and Ng* - continuous.

Theorem 4.10 A function f: (U, wr(X), I) = (V, (Y )) is n x -continuous if and only if it is both
NIg*- continuous and NAg -I- continuous.
Proof. This is an immediate consequence of Theorem 3.10.
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