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Abstract. Group rings represent a fundamental algebraic construction that bridges group theory, ring theory, and 

representation theory, offering powerful tools for diverse applications in coding theory, cryptography, and signal 

processing. This comprehensive study investigates the algebraic structure of group rings through the lens of 

primitive idempotents, establishing their role as the fundamental building blocks connecting abstract algebraic 

theory with practical applications. We develop the complete Wedderburn decomposition theory for semisimple 

group rings, derive explicit character-theoretic formulas for primitive central idempotents, and demonstrate their 

applications across three major domains. In coding theory, we show how primitive idempotents in 𝔽𝑞𝐶𝑛 generate 

all cyclic codes, including BCH codes with designed distance 𝛿 satisfying the BCH bound 𝑑 ≥ 𝛿, and Reed-

Solomon codes achieving the Singleton bound 𝑑 = 𝑛 − 𝑘 + 1. In signal processing, we establish the fundamental 

connection between primitive idempotents of ℂ𝐶𝑛 and the discrete Fourier transform, revealing that the DFT 

matrix represents the change of basis to the idempotent basis. In cryptography, we analyze group ring structures 

underlying post-quantum schemes including McEliece and NTRU cryptosystems. Computational algorithms for 

idempotent construction are presented with complexity analysis, and extensions to modular representation theory 

address the non-semisimple case. The paper unifies these diverse applications through the common algebraic 

framework of primitive idempotents, demonstrating how a single algebraic concept provides deep insight across 

multiple branches of mathematics and engineering. 

Keywords: Group Rings, Primitive Idempotents, Algebraic Coding Theory, Wedderburn Decomposition, Discrete 

Fourier Transform, Cryptographic Applications, Cyclic Codes, Representation Theory 

 

I. Introduction 
The theory of group rings stands as one of the most elegant and far-reaching constructions in modern 

algebra, providing a unified framework that connects abstract group theory with ring theory, representation theory, 

and numerous practical applications [1], [2]. Given a group 𝐺 and a commutative ring 𝑅, the group ring 𝑅𝐺 

encodes the algebraic structure of 𝐺 within a ring-theoretic framework that allows the full power of ring and 

module theory to be brought to bear on group-theoretic problems [3]. 

The formal definition of the group ring establishes the foundation for all subsequent analysis. For a finite 

group 𝐺 and a field 𝐹, the group ring 𝐹𝐺 consists of all formal linear combinations of group elements with 

coefficients from 𝐹 [4]: 

𝐹𝐺 = {∑𝑎𝑔
𝑔∈𝐺

 𝑔 | 𝑎𝑔 ∈ 𝐹}  (1) 

 

The algebraic operations extend naturally from the constituent structures. Addition is performed component-wise: 

 

∑𝑎𝑔
𝑔∈𝐺

 𝑔 +∑𝑏𝑔
𝑔∈𝐺

 𝑔 = ∑ (𝑎𝑔 + 𝑏𝑔)

𝑔∈𝐺

 𝑔  (2) 

 

Multiplication combines the ring multiplication with the group operation through the distributive law [5]: 

(∑𝑎𝑔
𝑔∈𝐺

 𝑔) (∑𝑏ℎ
ℎ∈𝐺

 ℎ) = ∑ 𝑎𝑔
𝑔,ℎ∈𝐺

 𝑏ℎ  (𝑔ℎ)  (3) 
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This construction transforms questions about group representations into questions about module theory 

over the group ring, enabling the application of powerful ring-theoretic techniques [6]. 

The significance of group rings in modern mathematics extends far beyond their theoretical elegance. In 

coding theory, group rings over finite fields provide the algebraic foundation for cyclic codes, including the 

celebrated BCH codes, Reed-Solomon codes, and quadratic residue codes [7]. The generator polynomial of a 

cyclic code corresponds to an idempotent in the group ring 𝔽𝑞𝐶𝑛, and the minimum distance properties of the 

code relate directly to the algebraic structure of the idempotent [8]. 

 

 
Figure 1. Group Rings: Structure and Applications 

Panel (a) shows the construction of group rings from fields and groups. Panel (b) displays the distribution of 

application areas. Panel (c) compares group orders with primitive idempotent counts. Panel (d) presents the 

semisimplicity criterion from Maschke’s theorem. 

 

In signal processing, the group ring ℂ𝐶𝑛 of the cyclic group over the complex numbers provides the natural 

algebraic setting for the discrete Fourier transform. The DFT matrix corresponds precisely to the change-of-basis 

matrix between the standard basis and the primitive idempotent basis [9]. 

The cryptographic applications of group rings have gained renewed importance in the post-quantum era. Code-

based cryptosystems like the McEliece scheme rely on the algebraic properties of codes generated from group 

ring idempotents [10]. Lattice-based schemes increasingly incorporate group ring structures, as exemplified by 

the NTRU cryptosystem built on the ring ℤ𝑞[𝑥]/(𝑥
𝑛 − 1) [11]. 

The purpose of this study is to provide a comprehensive analysis of group rings and their applications through the 

unifying perspective of primitive idempotents. We develop the theoretical foundations, present explicit 

constructions, and demonstrate applications across coding theory, signal processing, and cryptography [12], [13]. 
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II. Theoretical Framework 
2.1 Semisimplicity and the Wedderburn-Artin Theorem 

The structural theory of group rings depends fundamentally on the semisimplicity property, which is characterized 

by Maschke’s celebrated theorem [14]: 

Theorem (Maschke). Let 𝐺 be a finite group and 𝐹 a field. The group ring 𝐹𝐺 is semisimple if and only if the 

characteristic of 𝐹 does not divide the order of 𝐺: 

char(𝐹) ∤ |𝐺| ⇔ 𝐹𝐺 is semisimple  (4) 
When 𝐹𝐺 is semisimple, the Wedderburn-Artin structure theorem provides a complete description of its algebraic 

structure [15]: 

𝐹𝐺 ≅ ⨁𝑖=1
𝑟 𝑀𝑛𝑖

(𝐷𝑖)  (5) 

where each 𝑀𝑛𝑖
(𝐷𝑖) denotes the ring of 𝑛𝑖 × 𝑛𝑖 matrices over a division ring 𝐷𝑖 . The number 𝑟 of simple 

components equals the number of conjugacy classes of 𝐺 when 𝐹 is algebraically closed [16]. 

For the complex group ring ℂ𝐺, all division rings reduce to ℂ itself, yielding the particularly clean decomposition: 

ℂ𝐺 ≅ ⨁𝑖=1
𝑟 𝑀𝑛𝑖

(ℂ)  (6) 

The dimensions 𝑛𝑖 satisfy the fundamental constraint relating group order to representation dimensions [17]: 

|𝐺| =∑𝑛𝑖
2

𝑟

𝑖=1

  (7) 

This formula reflects the decomposition of the regular representation into irreducible constituents. 

 

2.2 Primitive Central Idempotents 

Each simple component in the Wedderburn decomposition corresponds to a unique primitive central idempotent. 

An element 𝑒 ∈ 𝐹𝐺 is a central idempotent if it satisfies [18]: 

𝑒2 = 𝑒,  𝑒𝑔 = 𝑔𝑒 for all 𝑔 ∈ 𝐺  (8) 
A central idempotent is primitive if it cannot be decomposed as a sum of two non-zero orthogonal central 

idempotents [19]: 

𝑒 = 𝑒1 + 𝑒2,  𝑒1𝑒2 = 0,  𝑒1, 𝑒2 central ⟹ 𝑒1 = 0 or 𝑒2 = 0  (9) 

 
Figure 2. Algebraic Structure of Group Rings 

Panel (a) shows the decomposition hierarchy from group ring to module decomposition. Panel (b) displays 

character degrees for symmetric groups. Panel (c) presents center dimensions for various groups. Panel (d) 

contrasts semisimple and modular cases through Jacobson radical analysis. 



Group Rings and Their Algebraic Applications: Decomposition Theory, Coding Constructions, .. 

DOI: 10.35629/4767-07040110                                          www.ijmsi.org                                                 4 | Page 

The primitive central idempotents 𝑒1, 𝑒2, … , 𝑒𝑟 form a complete orthogonal system satisfying: 

𝑒𝑖𝑒𝑗 = 𝛿𝑖𝑗  𝑒𝑖  (10) 

∑𝑒𝑖

𝑟

𝑖=1

= 1  (11) 

where 1 denotes the identity element of 𝐺 [20]. 

 

2.3 Character-Theoretic Construction 

The explicit construction of primitive central idempotents relies on character theory. For an irreducible character 

𝜒 of degree 𝑛𝜒, the corresponding idempotent is given by the fundamental formula [21]: 

𝑒𝜒 =
𝑛𝜒
|𝐺|

∑𝜒(𝑔−1)

𝑔∈𝐺

 𝑔  (12) 

This formula expresses the idempotent as a weighted sum over all group elements, with weights determined by 

character values [22]. 

The derivation relies on the orthogonality relations for irreducible characters. The first orthogonality relation 

states: 

∑𝜒𝑖
𝑔∈𝐺

(𝑔) 𝜒𝑗(𝑔) = |𝐺| 𝛿𝑖𝑗  (13) 

The second orthogonality relation provides: 

∑ 𝜒

𝜒∈Irr(𝐺)

(𝑔) 𝜒(ℎ) = {
|𝐶𝐺(𝑔)| if 𝑔 ∼ ℎ
0 otherwise

  (14) 

where 𝑔 ∼ ℎ denotes conjugacy and 𝐶𝐺(𝑔) is the centralizer of 𝑔 [23]. 

 

2.4 The Center of the Group Ring 

The center 𝑍(𝐹𝐺) of the group ring consists of elements commuting with all elements of 𝐹𝐺. A basis for 𝑍(𝐹𝐺) 
is provided by the class sums: 

𝐶̂𝑖 = ∑ 𝑔

𝑔∈𝐾𝑖

  (15) 

where 𝐾1, 𝐾2, … , 𝐾𝑟  are the conjugacy classes of 𝐺 [24]. Thus: 

dim𝐹𝑍(𝐹𝐺) = 𝑟 = number of conjugacy classes  (16) 
The primitive central idempotents form an alternative basis for 𝑍(𝐹𝐺) with multiplication given by the simple 

rule 𝑒𝑖𝑒𝑗 = 𝛿𝑖𝑗𝑒𝑖 from Equation (10). 

Table 1 presents the idempotent structure for representative groups. 

 

Table 1. Primitive Idempotent Data for Common Groups 

Group |𝐺| Conjugacy Classes Character Degrees Idempotents 

𝐶4 4 4 1, 1, 1, 1 4 

𝐶6 6 6 1, 1, 1, 1, 1, 1 6 

𝑆3 6 3 1, 1, 2 3 

𝐷4 8 5 1, 1, 1, 1, 2 5 

𝑄8 8 5 1, 1, 1, 1, 2 5 

𝐴4 12 4 1, 1, 1, 3 4 

𝑆4 24 5 1, 1, 2, 3, 3 5 

𝐴5 60 5 1, 3, 3, 4, 5 5 

 

III. Results 
3.1 Cyclic Group Constructions 

For the cyclic group 𝐶𝑛 = ⟨𝑔 ∣ 𝑔𝑛 = 1⟩, all irreducible representations are one-dimensional, and the primitive 

idempotents have an elegant explicit form [25]: 

𝑒𝑗 =
1

𝑛
∑𝜔−𝑗𝑘

𝑛−1

𝑘=0

 𝑔𝑘 ,  𝑗 = 0,1, … , 𝑛 − 1  (17) 

where 𝜔 = 𝑒2𝜋𝑖/𝑛 is a primitive 𝑛-th root of unity [26]. 

The orthogonality verification proceeds by direct computation: 

𝑒𝑖  𝑒𝑗 =
1

𝑛2
∑∑𝜔−𝑖𝑘

𝑛−1

ℓ=0

𝑛−1

𝑘=0

 𝜔−𝑗ℓ 𝑔𝑘+ℓ  (18) 
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Collecting terms by powers of 𝑔: 

=
1

𝑛2
∑ 𝑔𝑚
𝑛−1

𝑚=0

∑𝜔−𝑖𝑘

𝑛−1

𝑘=0

 𝜔−𝑗(𝑚−𝑘)  (19) 

=
1

𝑛2
∑ 𝑔𝑚
𝑛−1

𝑚=0

 𝜔−𝑗𝑚 ∑𝜔(𝑗−𝑖)𝑘

𝑛−1

𝑘=0

  (20) 

The inner sum equals 𝑛 when 𝑖 = 𝑗 (geometric series) and 0 otherwise, confirming the orthogonality relation [27]. 

 

3.2 Applications to Cyclic Codes 

The group ring 𝔽𝑞𝐶𝑛 over a finite field is isomorphic to the quotient polynomial ring: 

𝔽𝑞𝐶𝑛 ≅ 𝔽𝑞[𝑥]/(𝑥
𝑛 − 1)  (21) 

via the substitution 𝑔 ↦ 𝑥. Ideals in this ring correspond to cyclic codes of length 𝑛 over 𝔽𝑞 [28]. 

The factorization of 𝑥𝑛 − 1 over 𝔽𝑞 determines the primitive idempotent structure: 

𝑥𝑛 − 1 =∏𝑓𝑖

𝑟

𝑖=1

(𝑥)  (22) 

where 𝑓𝑖 are distinct irreducible polynomials over 𝔽𝑞. Each factor corresponds to a primitive idempotent: 

𝑒𝑖(𝑥) =
𝑥𝑛 − 1

𝑓𝑖(𝑥)
⋅ (
𝑥𝑛 − 1

𝑓𝑖(𝑥)
)

−1

 mod 𝑓𝑖(𝑥)  (23) 

The minimal ideal generated by 𝑒𝑖 gives a minimal cyclic code with dimension 𝑘𝑖 = deg(𝑓𝑖) [29]. 

 

 
Figure 3. Coding Theory Applications 

Panel (a) compares code parameters for major cyclic code families. Panel (b) shows BCH codes versus the 

Singleton bound. Panel (c) illustrates idempotent-generated codes. Panel (d) presents quadratic residue code 

structure. 
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3.3 BCH Codes and the BCH Bound 

BCH (Bose-Chaudhuri-Hocquenghem) codes represent a major class of cyclic codes with powerful error-

correcting capabilities. A narrow-sense BCH code of length 𝑛 = 𝑞𝑚 − 1 with designed distance 𝛿 is generated 

by the polynomial [30]: 

𝑔(𝑥) = lcm(𝑚𝑏(𝑥),  𝑚𝑏+1(𝑥),  … ,  𝑚𝑏+𝛿−2(𝑥))  (24) 

where 𝑚𝑗(𝑥) is the minimal polynomial of 𝛼𝑗 over 𝔽𝑞 and 𝛼 is a primitive 𝑛-th root of unity in 𝔽𝑞𝑚 [31]. 

The BCH bound guarantees: 

𝑑 ≥ 𝛿  (25) 
where 𝑑 is the actual minimum distance of the code. The idempotent generating this code is: 

𝑒BCH = 1 −∑𝑒𝑗
𝑗∈𝑍

  (26) 

where 𝑍 indexes the zeros of the generator polynomial [32]. 

Table 2 presents parameters of important BCH codes. 

 

Table 2. BCH Code Parameters 

𝑛 𝑞 Designed 𝛿 Parameters [𝑛, 𝑘, 𝑑] Application 

7 2 3 [7, 4, 3] Error detection 

15 2 5 [15, 7, 5] Communications 

15 2 7 [15, 5, 7] Deep space 

31 2 7 [31, 16, 7] Storage 

63 2 11 [63, 36, 11] Networks 

127 2 15 [127, 85, 15] Optical 

 

3.4 Reed-Solomon Codes 

Reed-Solomon codes represent the special case where the code alphabet equals the field extension 𝔽𝑞𝑚 and 𝑛 =

𝑞𝑚 − 1. These codes achieve the Singleton bound [33]: 

𝑑 = 𝑛 − 𝑘 + 1  (27) 
making them maximum distance separable (MDS) codes. The primitive idempotent structure simplifies because 

𝔽𝑞𝑚𝐶𝑛 splits completely [34]: 

𝔽𝑞𝑚𝐶𝑛 ≅ ⨁𝑗=0
𝑛−1𝔽𝑞𝑚  𝑒𝑗  (28) 

with each simple component one-dimensional. Reed-Solomon codes are ubiquitous in data storage (CDs, DVDs, 

QR codes) and telecommunications (deep space, cellular) [35]. 

 

3.5 Connection to Discrete Fourier Transform 

The primitive idempotents of ℂ𝐶𝑛 establish a fundamental connection with the discrete Fourier transform. The 

DFT matrix 𝐹𝑛 has entries [36]: 

[𝐹𝑛]𝑗,𝑘 =
1

√𝑛
 𝜔𝑗𝑘,  𝜔 = 𝑒2𝜋𝑖/𝑛  (29) 

The relationship to idempotents from Equation (17) reveals that 𝐹𝑛 is the change-of-basis matrix from the standard 

basis {1, 𝑔, 𝑔2, … , 𝑔𝑛−1} to the idempotent basis {𝑒0, 𝑒1, … , 𝑒𝑛−1} [37]. 

This connection explains the diagonalization property of the DFT. The group ring element: 

𝑎 = ∑𝑎𝑘

𝑛−1

𝑘=0

 𝑔𝑘  (30) 

transforms under the DFT to: 

𝑎̂ = 𝐹𝑛  𝑎 = ∑ 𝑎̂𝑗

𝑛−1

𝑗=0

 𝑒𝑗  (31) 

where multiplication becomes component-wise in the idempotent basis, enabling the 𝑂(𝑛log𝑛) FFT algorithm 

[38]. 

 

3.6 Modular Representation Theory 

When char(𝐹) divides |𝐺|, the group ring 𝐹𝐺 is no longer semisimple. The Jacobson radical 𝐽(𝐹𝐺) is non-zero, 

and the structure becomes more complex [39]. 

The quotient ring remains semisimple: 

𝐹𝐺/𝐽(𝐹𝐺) ≅ ⨁𝑖=1
𝑟′ 𝑀𝑚𝑖

(𝔽
𝑞𝑑𝑖
)  (32) 
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but 𝑟′ may be strictly less than the number of conjugacy classes. The simple modules correspond to 𝑝-regular 

conjugacy classes [40]. 

 

 
Figure 4. Advanced Applications of Group Rings 

Panel (a) shows roots of unity for the DFT connection. Panel (b) compares key sizes in post-quantum 

cryptography. Panel (c) illustrates quantum stabilizer codes from group algebras. Panel (d) displays research 

trends in group ring applications. 

The block decomposition provides the appropriate generalization: 

𝐹𝐺 = 𝐵0 ⊕𝐵1 ⊕⋯⊕𝐵𝑠  (33) 
where each block 𝐵𝑖  is an indecomposable two-sided ideal. Block idempotents replace primitive central 

idempotents, governed by Brauer character theory and defect groups [41]. 

 

3.7 Computational Aspects 

Efficient algorithms for primitive idempotent construction follow a systematic approach [42]: 

Algorithm: Idempotent Construction 

Input: Finite group 𝐺, field 𝐹 with char(𝐹) ∤ |𝐺| 
Step 1: Compute conjugacy classes 𝐾1, … , 𝐾𝑟 using orbit algorithms 

Step 2: Construct character table using Burnside’s algorithm 

Step 3: For each irreducible character 𝜒𝑖 , compute: 

𝑒𝑖 =
𝑛𝑖
|𝐺|

∑𝜒𝑖(𝑔
−1)

𝑔∈𝐺

 𝑔 

Step 4: Verify orthogonality: 𝑒𝑖𝑒𝑗 = 𝛿𝑖𝑗𝑒𝑖 

Output: Complete set {𝑒1, … , 𝑒𝑟} of primitive central idempotents 

The computational complexity is 𝑂(|𝐺|2log|𝐺|) for groups with efficient multiplication algorithms [43]. 
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IV. Discussion 
4.1 Theoretical Significance 

The study of group rings through primitive idempotents reveals fundamental connections between three major 

algebraic structures [44]: 

• Group structure: Conjugacy classes determine idempotent count 

• Ring structure: Wedderburn decomposition provides matrix algebra components 

• Module structure: Simple modules correspond to irreducible representations 

The idempotent formula (Equation 12) demonstrates how representation-theoretic data (character values) encodes 

directly into the group ring structure [45]. 

 

4.2 Coding Theory Impact 

The application of group ring idempotents to coding theory has transformed the field. Key contributions include 

[46]: 

• Systematic code construction: Idempotents provide algebraic generators for important code families 

• Distance bounds: BCH and Hartmann-Tzeng bounds derive from algebraic properties 

• Decoding algorithms: Algebraic structure enables efficient syndrome decoding 

• Code equivalence: Group ring isomorphisms determine code equivalence 

The codes generated by primitive idempotents in 𝔽𝑞𝐶𝑛 include all cyclic codes, a class containing the most widely 

deployed error-correcting codes in practice [47]. 

 

4.3 Signal Processing Connections 

The DFT-idempotent connection (Section 3.5) provides deep insight into signal processing algorithms [48]: 

• FFT efficiency: The idempotent decomposition explains why convolution becomes multiplication 

• Filter design: Ideal filters correspond to idempotent projections 

• Spectral analysis: Frequency components correspond to idempotent coefficients 

This perspective extends to more general group DFTs on non-abelian groups, with applications in image 

processing and pattern recognition [49]. 

 

4.4 Cryptographic Applications 

In the post-quantum cryptography era, group ring structures provide both security and efficiency [50]: 

McEliece cryptosystem: Based on algebraic codes from group rings, with security relying on the hardness of 

decoding random linear codes. The primitive idempotent structure enables efficient encoding while masking 

algebraic structure [51]. 

NTRU and lattice schemes: Group ring 𝑅𝑞 = ℤ𝑞[𝑥]/(𝑥
𝑛 − 1) underlies NTRU encryption, where the cyclic 

structure provides both algebraic tractability and cryptographic hardness [52]. 

Hash functions: Group ring operations provide efficient mixing operations for cryptographic hash function 

construction [53]. 

 

4.5 Quantum Computing Connections 

Stabilizer codes for quantum error correction utilize group algebra structures [54]: 

The 𝑛-qubit Pauli group 𝒫𝑛 generates a group algebra over 𝔽2. Stabilizer codes correspond to abelian subgroups 

𝑆 ⊂ 𝒫𝑛 , with the code space defined by: 

𝒞 = {|𝜓⟩: 𝑔|𝜓⟩ = |𝜓⟩,  ∀ 𝑔 ∈ 𝑆}  (34) 
The idempotent projection onto the code space is: 

𝛱𝑆 =
1

|𝑆|
∑𝑔

𝑔∈𝑆

  (35) 

connecting quantum error correction to classical group ring theory [55]. 

 

4.6 Limitations and Challenges 

Several limitations constrain current applications [56]: 

• Computational complexity: Large groups require substantial resources 

• Modular complications: char(𝐹) ∣ |𝐺| introduces non-semisimplicity 

• Non-cyclic codes: Extension to general group codes remains incomplete 

• Quantum resistance: Some algebraic structures may be vulnerable to quantum algorithms 

 

4.7 Future Directions 

Promising research directions include [57]: 

• Non-abelian codes: Exploiting non-commutative group structures 
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• Quantum group rings: Extending to Hopf algebras and quantum groups 

• Homomorphic encryption: Utilizing group ring arithmetic for computation on encrypted data 

• Machine learning: Group-equivariant neural networks based on group ring structures 

 

V. Conclusion 
This comprehensive study of group rings and their algebraic applications through primitive idempotents 

establishes several fundamental results with both theoretical depth and practical significance: 

Structural foundation: For semisimple group rings 𝐹𝐺 satisfying Maschke’s condition char(𝐹) ∤ |𝐺|, the 

Wedderburn-Artin decomposition 𝐹𝐺 ≅ ⨁𝑀𝑛𝑖
(𝐷𝑖) provides complete structural understanding, with primitive 

central idempotents 𝑒𝑖 corresponding bijectively to simple components [58]. 

Explicit construction: The character formula 𝑒𝜒 = (𝑛𝜒/|𝐺|)∑𝜒(𝑔
−1) 𝑔 enables practical computation of 

primitive idempotents for any finite group with known character table. For cyclic groups, the elegant formula 𝑒𝑗 =

(1/𝑛)∑𝜔−𝑗𝑘𝑔𝑘 connects directly to roots of unity [59]. 

Coding applications: Primitive idempotents in 𝔽𝑞𝐶𝑛 generate all cyclic codes, including BCH codes satisfying 

the BCH bound 𝑑 ≥ 𝛿, Reed-Solomon codes achieving the Singleton bound 𝑑 = 𝑛 − 𝑘 + 1, and quadratic residue 

codes with special self-duality properties [60]. 

DFT connection: The primitive idempotents of ℂ𝐶𝑛 provide the algebraic foundation for the discrete Fourier 

transform, with the DFT matrix representing the change of basis to the idempotent basis. This explains the 

efficiency of FFT algorithms and the diagonalization of circular convolution [61]. 

Cryptographic relevance: Group ring structures underlie important post-quantum cryptographic schemes 

including McEliece (code-based), NTRU (lattice-based), and various hash function constructions. The algebraic 

properties provide both security foundations and computational efficiency [62]. 

Modular extension: When char(𝐹) ∣ |𝐺|, block decomposition theory and Brauer characters generalize the 

semisimple theory, enabling analysis of modular representations essential for codes over small finite fields [63]. 

Quantum applications: Stabilizer codes for quantum error correction arise naturally from group algebra 

idempotent projections, connecting classical algebraic coding theory with quantum information science [64]. 

These results establish group rings as a unifying algebraic framework of fundamental importance across pure and 

applied mathematics. Future research directions include extensions to non-abelian group codes, quantum group 

generalizations, and applications in homomorphic encryption and equivariant machine learning [65], [66]. 
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