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Abstract 

Let p1,p2 and l be distinct odd primes and let l be a primitive root modulo pα
i 

i with

2 and gcd(l,pi − 1) = 1. In this paper it is shown that the explicit 

expression of θ1(x) from the ring  is sufficient to obtain all Gaussain periods over l-cyclotomic cosets modulo 

m for m = p1p2. In Theorems 2.5, it is shown that for computation of all irreducible factors of 

 over Fl ; α1 , α2 are positive integers, it is sufficient to compute all irreducible factors of 

xp1p2 − 1 Therefore, in this paper we obtain the irreducible factors of xp1p2 − 1 over Fl with the help of the Gaussian 

periods. 
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I. Introduction 

The factorization of xm − 1 over a finite field Fl is a problem of much interest. In coding theory, the 

irreduciable factors of xm −1 over Fl are used in error correcting codes, secure communication, deterministic 

simultation of random processes and digital tracking system (see [4]). Since each irreducible factor can be used 

to generate a minimal cyclic code (see [1], [9]), therefore many authors have obtained the irreducible factors of 

xm − 1 over Fl under different conditions to compute the minimum distance and the weight distribution of cyclic 

codes of length m. When p|(l − 1), Chen et al. [2] showed that the irreducible factors of x2tpn − 1 over Fl are either 

binomials or trinomials. For a positive integer m, Martinez et al. [8] investigated that xm − 1 can be written as a 

product of irreducible polynomials of the form xt − a or x2t −axt +b over Fl. Li and Cao [7] showed that the factors 

of x2apbrc −1 over Fl, where p and r are odd prime divisors of (l − 1), are either binomials or trinomials. In [11] Wu 

et al. factorized xm −1 over Fl, where rad(d) does not divide (l − 1) and rad(d)|(lw − 1);w prime. They also counted 

the number of irreducible factors. 

If ) is the minimal polynomial corresponding to the cyclotomic cosets  where 
ξ is a primitive mth root of unity and 

. Then ηs(x) = xn − β1xn−1 + ... + (−1)nβn where βi are sum of the products of ξj taken i at a time. 

Therefore, to compute βi we need the sum of the form , where s runs over each cyclotomic cosets. As 

Gaussian period corresponding to  is denoted by σs(ξ), where 

, therefore the different σs(ξ) are used to evaluate the 

coefficients of ηs(x). 

Throughout the paper Fl is a finite field of order l and p1,p2 are distinct primes where l as a primitive root modulo 

)) = 2 and gcd(l,pi − 1) = 1. In this paper, all the irreducible factors of xp
1
1 − 1, 

α 

xp
1
1p

2
α2 −1 are obtained by using the irreducible factors of xp1 −1, xp1p2 −1. Further in Lemma 2.7 it is shown that 

to obtain all the irreducible factors of xp1p2−1 and xp1p2p3−1 over Fl, the explicit expression of primitive idempotent 

) (from ) is useful. 
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This paper is organized as follows. In Section 2, some definitions are given and the irreducible factors of 

1 over Fl are obtained. If f(x) = Q 
m(l)(x − ξs), where  is a l-cyclotomic coset modulo m and ξ is a s∈Cs 

primitive mth root of unity, then the coefficient of xi in f(x) is of the form 

Ptk,iσi(ξ) (see [10]), where tk,i are solutions of x1 + x2 + ... + xk = i in runs over each l-cyclotomic coset 

modulo m and . 

Algorithm 2.10 is given to compute the irreducible factors of 1 over 

Fl. 

II. Factorization of  over Fl 

In this section we obtain all irreducible factors of 1 over Fl. First we give some definitions and results 

which are used throughout the paper. 

Denote the l-cyclotomic coset modulo m containing s;0 ≤ s ≤ m − 1 by 

, where t is the smallest positive integer such that 

) denote the order of . Corresponding 

to each  there exist an irreducible factor of xm − 1 defined as  

), where ξ is a primitive mth root of unity. It is also shown 

that the factorisation of 1 over Fl is trivial. 

Definition 2.1 λ−mapping ( Definition 2.2 [5]). Let A1 = {0,1,2,...,p1− 1}, A2 = {0,1,2,...,p2 − 1} and A = 

{0,1,2,...,p1p2}. Then the mapping A1 × A2 → A defined by λ(a1,a2) = a1p2 + a2p1(mod p1p2) is called a λ − mapping. 

Definition 2.2 (Primitive idempotent [1]) Let  be a semisimple ring. The primitive idempotent 

corresponding to  denoted by is given by , where . 

As l is a primitive root modulo , therefore, there are two l-cyclotomic cosets  and  modulo p1. If xp1 

−1 = η0(x)η1(x), where η1(x) is the minimal polynomial of 
primitive p1th root of unity, then 

 α α  i 

Theorem 2.3 The 

Proof. Since l is a primitive root modulo , there are n + 1 cyclotomic cosets modulo , namely,  and 

1. Let β be a primitive th root of unity. Then 
), where 

) is the minimal polynomial of . Let . Then  is a 

primitive p1th root of unity. If η1(x) is the minimal polynomial of , 

α −i−1 

then η1(xp
1
1 ) is the minimal polynomial of δ. Consequently,  

). Hence  

Note 2.4 It is easy to see that when l is a primitive root modulo , then η0(x) = x − 1 and η1(x) = 1 + x + x2 + ... 

+ xp1−1. ⋄ 

We now compute the irreducible factors of xp1p2 − 1 over Fl under the following conditions: For 1 ≤ i ≤ 2, (i) l is 

a primitive root modulo pα
i 

i (ii) 

1) = 1. Then, by Lemma 2 [6], the 

order of l modulo p1p2 i.e. . Therefore, there are five lcyclotomic cosets

 and  modulo p1p2, where a is not congruent to lt mod p1p2. 

Therefore, if xp1p2 −1 = η0(x)η1(x) ηa(x)ηp1(x)ηp2(x), where η1(x)ηa(x) is a product of minimal polynomials of β 
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and βa, ηp1(x) = 1 + x + x2 + ... + xp2−1 is minimal polynomial of βp1 , ηp2(x) = 1+x+x2 +...+xp1−1 is minimal 

polynomial of βp2 ; β is a primitive p1p2th root of unity, then 

 

Theorem 2.5 The  

 
 

Proof. The 2  -cyclotomic cosets modulo , are( See 

Theorem 1[6]),  and  ;0 ≤ 

i ≤ α1−1,0 ≤ j ≤ α2−1. Then  

) is the minimal polynomial corre- 

sponding to . 

Let γ be a primitive th root of unity. Then, ) is a 

product of minimal polynomials of  and γapi
1
pj

2. Choose  and 
α1−i−1 α2−j−1 

. Thenand δap1 p2 are primitive p1p2th root of unity. Therefore, the product 

of their minimal polynomials is η1(x)ηa(x). 

Consequently, ) is a product of minimal 

polynomials of δ and δa. Hence  

). The minimal polynomial of ). If we take 

, then (  becomes primitive p1th root of unity, therefore,) is its minimal polynomial. 

Equivalently, 

α1−−1 

ηp2(xp
1 ) is the minimal polynomial of δ∗. Hence 

Similarly,  

Lemma 2.6 Let B = {s1+s2+...+sk|sj are distinct elements of Cs
p1p2(l)} has tk,i solutions of x1 + x2 + ... + xk = i;i = 0 or 

1 or a or p1 or p2;1 ≤ 

1. Then Ci
p1p2(l) appears tk,i times in B. Moreover, if 

Ps∈Csp1p2(l) s = 0, then, in B, tk,i = tO(Csp1p2(l))−k,−i. 

Proof. Let x1 = s1,x2 = s2,...,xk = sk be a solution of x1+x2+...+xk = i, then 

s1 + s2 + ... + sk = i 

Equivalently, 

 s1lv + s2lv + ... + sklv = ilv;0 ≤ v ≤ O(Csp1p2(l)) − 1 (1) 

In (1), the left hand side is a sum of elements of  taking k at a time 

while right hand side is Ci
p1p2(l), therefore, for each solution of x1 +x2 +...+ xk = i, the Ci

p1p2(l) appears tk,i times in B. 

If, 

 



Irreducible factors of.. 

DOI: 10.35629/4767-7060106                                     www.ijmsi.org                                                        4 | Page 

and, if s1+s2+...+sk = i, then, from above equation, sk+1+...+sO(Csp1p2(l)) = 

−i. Equivalently, tk,i = tO(Csp1p2(l))−k,−i. ⋄ 

Lemma 2.7 Let σi(ξ) = P
s∈Cip1p2(l) ξs and, let p1 be of 4k + 1 type and p2 be of 4k +3 type. Then

 1, σp2(ξ) = −1 and σ0(ξ) = 1. Further, if p1 and 

p2 both are of 4k+3 type, then 

1 and σ0(ξ) = 1. Proof. By Definition 

2.2, in  

). Therefore, 

  (2) 

We now discuss two cases: 

(i) When p1 is 4k+1 type and p2 is 4k+3 type. Then , 

 and  (for 

the values of ϵi see Theorem 3[1]). Therefore, by (2) , 

1 and σ0(ξ) = 1. 

(ii) p1 and p2 both are of 4k + 3 type. Then,  

 and . Again by (2)

 1 and σ0(ξ) = 1.⋄ 
 

Theorem 2.8 The , where 

+ 1 and p2 = 4k + 3 

. 

;p1 = 4k + 3 and p2 = 4k + 3 

Proof. The ηs(x) = Q
s∈Csp1p2(l)(x − ξs), where ξ is a primitive p1p2th root of unity. Since the order of Cs

p1p2(l) is 

O(Cs
p1p2(l)), the degree of ηs(x) is 

 l  l 

). Let  , where ak is a sum of products 

of its roots taking k at a time. Therefore, ak is a sum of terms of form ξs1+s2+...+sk;si ∈ Csp1p2(l). Then, by 

Lemma 2.6, ak = tk,0σ0(ξ) + tk,1σ1(ξ) + tk,aσa(ξ) + tk,p1σp1(ξ) + tk,p2σp2(ξ). By Lemma 2.7, the 

+ 1 and 

  ;p1 = 4k + 3 and 

Remark 2.9 (i) Trivially, η0(x) = x − 1,ηp1(x) = 1 + x + ... + xp2−1 and ηp2(x) = 1 + x + ... + xp1−1. 

(ii) If p1 and p2 both are of 4k + 3 form, then . Therefore, by Lemma 2.6, we have to 

compute tk,i for 1  as 
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tk,i = tϕ(p1p2)−k,i 

4 

a. Algorithm to compute the irreducible factors of xp1p2 − 1 

We have following algorithm to compute the ηs(x) = Qs∈Csp1p2(l)(x − ξs). 

Step 1. Compute B = {s1+s2+...+sk|sj are distinct elements of Step 2. Compute tk,i, where tk,i are number 

of solutions of x1 + x2 + ... + xk = i;i = 0 or 1 or a or p1 or p2 

in B. 

Step 3. Compute ak as discussed in Theorem 2.8. 

l 

Step 4. The. 

Step 5. Stop. 

III. Example 

Example In this example we find all the irreducible factors of x35 − 1 over F17. The 5 distinct 17-cyclotomic cosets 

modulo 35 are  and  . As 17 is a primitive root modulo both 5α1 and 7α2, therefore, we 

compute the irreducible factors of x35 − 1 over F17. Let γ be a primitive 35th root of unity. As order of 17 modulo 

35 is 12, we need to compute ak;1 ≤ k ≤ 11. By Lemma 2.7, σ0(γ) = 1,σ1(γ) = 7,σ2(γ) = 11,σ5(γ) = −1 and σ7(γ) = −1 

Therfore, by Lemma 2.6, t1,0 = 0,t1,1 = 1,t1,2 = 0,t1,5 = 0,t1,7 = 0, and a1 = σ1(γ) = 7, t2,0 = 0,t2,1 = 2,t2,2 = 

1,t2,5 = 3,t2,7 = 3, and a2 = t2,0σ0(γ)+t2,1σ1(γ)+ 

t2,2σ2(γ) + t2,5σ5(γ) + t2,7σ7(γ) = 2, t3,0 = 0,t3,1 = 6,t3,2 = 7,t3,5 = 6,t3,7 = 7, and a3 = t3,0σ0(γ)+t3,1σ1(γ)+ 

t3,2σ2(γ) + t3,5σ5(γ) + t3,7σ7(γ) = 4, t4,0 = 15,t4,1 = 12,t4,2 = 15,t4,5 = 16,t4,7 = 15, and a4 = t4,0σ0(γ) + 

t4,1σ1(γ) + t4,2σ2(γ) + t4,5σ5(γ) + t4,7σ7(γ) = 12, t5,0 = 24,t5,1 = 22,t5,2 = 25,t5,5 = 20,t5,7 = 21, and a5 = 

t5,0σ0(γ) + 

t5,1σ1(γ) + t5,2σ2(γ) + t5,5σ5(γ) + t5,7σ7(γ) = 4, t6,0 = 38,t6,1 = 26,t6,2 = 26,t6,5 = 27,t6,7 = 25, and a6 = t6,0σ0(γ) 

+ 

t6,1σ1(γ) + t6,2σ2(γ) + t6,5σ5(γ) + t6,7σ7(γ) = 12, t7,0 = 24,t7,1 = 25,t7,2 = 22,t7,5 = 20,t7,7 = 21, and a7 = 

t7,0σ0(γ) + 

t7,1σ1(γ) + t7,2σ2(γ) + t7,5σ5(γ) + t7,7σ7(γ) = 9, t8,0 = 15,t8,1 = 15,t8,2 = 12,t8,5 = 16,t8,7 = 15, and a8 = t8,0σ0(γ) 

+ 

t8,1σ1(γ) + t8,2σ2(γ) + t8,5σ5(γ) + t8,7σ7(γ) = 0, t9,0 = 0,t9,1 = 7,t9,2 = 6,t9,5 = 6,t9,7 = 7, and a9 = 

t9,0σ0(γ)+t9,1σ1(γ)+ 

t9,2σ2(γ) + t9,5σ5(γ) + t9,7σ7(γ) = 0, t10,0 = 0,t10,1 = 1,t10,2 = 2,t10,5 = 3,t10,7 = 3, and a10 = t10,0σ0(γ) + 

t10,1σ1(γ) + t10,2σ2(γ) + t10,5σ5(γ) + t10,7σ7(γ) = 6, t11,0 = 0,t11,1 = 0,t11,2 = 1,t11,5 = 0,t11,7 = 0, and a11 = 

t11,0σ0(γ) + 

t11,1σ1(γ) + t11,2σ2(γ) + t11,5σ5(γ) + t11,7σ7(γ) = 11, 

Hence 

+1, 

Since the roots of  are reciprocal of roots of , therefore, 

 

Further, by Remark 2.9(i), it is easy to see that 

+ 1, 

+ 1, and 

1. Hence x35 −1 = (x−1)(x12 −7x11 +2x10 −4x9 +12x8 − 4x7 + 12x6 − 9x5 + 6x2 − 11x + 1)(x12 − 11x11 + 

6x10 − 9x7 + 12x6 − 4x5 + 12x4 −4x3 +2x2 −7x+1)(x4 +x3 +x2 +x+1)(x6 +x5 +x4 +x3 +x2 +x+1). 

By Theorem 2.5,  
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7x11(5α1−i−17α2−j−1)+2x10(5α1−i−17α2−j−1)−4x9(5α1−i−17α2−j−1)+12x8(5α1−i−17α2−j−1)− 

4x7(5α1−i−17α2−j−1)+12x6(5α1−i−17α2−j−1)−9x5(5α1−i−17α2−j−1)+6x2(5α1−i−17α2−j−1)− 

11x(5α1−i−17α2−j−1)+1)(x12(5α1−i−17α2−j−1)−11x11(5α1−i−17α2−j−1)+6x10(5α1−i−17α2−j−1)− 

9x7(5α1−i−17α2−j−1)+12x6(5α1−i−17α2−j−1)−4x5(5α1−i−17α2−j−1)+12x4(5α1−i−17α2−j−1)− 

4x3(5α1−i−17α2−j−1)+2x2(5α1−i−17α2−j−1)−7x(5α1−i−17α2−j−1)+1)Q
α

j=02−1(x4(7α2−j−1)+ 

x3(7α2−j−1)+x2(7α2−j−1)+x7α2−j−1+1)Qαi=01−1(x6(5α1−i−1)+x5(5α1−i−1)+x4(5α1−i−1)+ x3(5α1−i−1) + 

x2(5α1−i−1) + x5α1−i−1 + 1). 
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